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PRISTUP

0.1. T U M A Č S K R A Ć E N I C A

Skraćenica Značenje, odnosno primjer upotrebe

1 :: Znači. Čita se.

2 A A1 :: aksiom 1.

5 u D3 :: definicija 3.

4 K K5 :: konvencija 5-

5 T T7 :: teorem 7.

6 Def. (X Def.) :: (X je definicija).

7 Sup. (X Sup.) :: (X je pretpostavka).

8 >--- (DIO,T22 >---T23) :: (iz definicije 10ì
teorema 22, očit je (dokazuje seHeòrem 
23), (str.13).

9 (analog ) (D18,D20,T56 (analog T60) >---T61) ::
(iz D18,D20,T56, analogno dokazu teorema 
60, dokazuje se i teorem 61), (str.21).

10 (tot.indukc.) (T44,D17 (tot.indukc.) >--- 1 ) ::
(iz T44 i D17 potpunom indukcijom doka­
zuje se 1), (str.19).

11 (2.pr.indukc.) (10,11,17 (2.pr.indukc.) >--- 18) ::
(iz 10,11 i 17 po drugom principu* mate­
matičke indukcije, očit je,(dokazuje se) 
18), (str.56).

*(S.M.Lane, G.Birkhoff, Algebra 1967> str,42, Th. 8)
xv



T192 >— < T193 :: teorem 193 je dual teorema 192.
Odnosno, iz dokaza teorema 192 dobiva se dokaz teo­
rema 193 tako, da se svaki m-simbol zamjeni dualnim 
m-simbolom, a sve ostalo ostavi nepromjenjeno.

X «— — ■» Y :: umjesto X, kadgod to ne može dovesti 
do zabune, pisat de se Y.

(Primjer upotrebe: konvencija 6, str. 199).
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Osi•o . GLOSARIJ SIMBOLA MATEMATIČKE LOGIKE, TEORIJE SKUPOVA
I ALGEBRE

1 ~i “1 X nije x. Negaci ja.
2 & X & y x i y. Konjukci ja.
3 V x v y x ili y. Disjunkcija.
4 x — ► y x povlači y. Implikaci ja
5 x ► y x ako i samo ako y. Ekvivalencija.
6 x y x 111 ekskl. y* Ekskluzivna 

disjunkci ja.
7 = x = y x je jednako y. Identičnost.
8 X 4= y x nije jednako y. Negacija 

jednakosti.
9 € X€ X x je element od X. Skupovska

pripadnost.
10 V (VX€X) za svako x u X. Univerzalni 

kvantifikator.
11 3 (?X€X) postoji X u X. Egzistenci jalni 

kvantifikator.
12 3! (5T!xeX) postoji točno 

jedno x u X.
Kvantifikator 
jedinstvenosti.

13 0 ouX X je prazan Prazni skup.
14 ( , ) (x,y). dvojka x,y. Uređeni par.
15 í : } íx: F(x)} 

(Suppes, 
1960,str.

•
Axiomatic Set Theory,
34,Definition Shema 11)

Operator
okupljanja.•

16 { } (a,b,c,•• ì :: skup kojem su elementi a,b,c,..

H 1 kim :: m je djeljivo sa k.

18 = x == y (mod n) :: x i y su kongruentni modulo n. 
Relacija kongruencije cijelih brojeva.

19 E nExi !!
1=0

X  ̂+ X, + ... + x^.o i  n

20 - k i: -k. Inverzija realnih brojeva.
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21 c X £  Y :: X je sadržano u Y. Inkluzija.

22 cz X C  Y : ol: X je pravi poekup od Y. Prava 
inkluzi ja.

23 \ X \ Y :: X manje Y. Diferencija.

24 X X x  Y :: X puta Y. Kartezijev 
produkt.

25 n X fì Y :: presjek od X i Y. Presjek.

26 u X U Y :: unija od X i Y. Unija
U X :: unija svih skupova koji su elementi od X

27 *. Kardinalni broj skupa prirodnih brojeva. Alef nula.

28 Adom Ađom(F) :: antidomena relacije F. 
dnosti relacije F.

Područje vrije-

29 Dom Dom(F) :: domena relacije F. Područje definicije 
relacije F.

30 E1 El(x,y) :: eliminanta (rezultanta) 
(B.Waerden, Algebra I,

polinoma x,v . 
1960,str. 93) .

31 inf inf(x,y) :: infimum (donja međa) od x i y.

32 K K(X) :: kardinalni broj skupa X•

33 A (As)(F).
(Suppes,

Churchov lambda operator. 
Introduction to Logic, 1957 , str.243).

34 N Skup cijelih brojeva.
35 N+ Skup nenegativnih cijelih brojeva.
36 Nneg Skup negativnih cijelih brojeva.

37 Npoz Skup pozitivnih cijelih brojeva.

38 N(s5n> Skup klasa ostataka cijelih brojeva modulo n.

39 c Skup kompleksnih brojeva.
40 Re Skup realnih brojeva.

41 Re* Skup nenegativnih realnih brojeva.

42 Reneg Skup negativnih realnih brojeva.

43 poz Skup pozitivnih realnih brojeva.
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44 S XeS :: X je skup simbola.

Partitivni skup, skupa svih simbola.

43 8alg.suđ. x€Salg^Sud  ̂ :: x je algebra sudova.

4  ̂ Sbijekc fíSbiJekc(X’Y) ::
f je 1-1 funkcija (bijekcija) od X na Y.

4Y 8Cayley tb. xeSCayley tb.(X,f) ::
x je Cayleyeva tablica binarnog sistema(X,f).

48 Scikl.gr. X€8cikl.gr.^ **
za svaki pozitivni cijeli broj *, x je cik­
lička grupa rk-tog reda i za n = 0, x je be­
skonačna ciklička grupa.

49 Sfunkc f€Sfunkc^x» :: f je funkcija od X u Y .

50 S„Hasse dgr. xeSHasse dgr.(X,r) ::
x je Hasseov dijagram parcijalnog uređenja 
skupa X relacijom r.
(G. Blrkhoff, Lattice Theory, 196l,str.5).

8Hurwitz p. X€SHurwitz p. :: x Je Hurwitzov polinom.

52 Sinjekc f<Sinjekc(X-X) ::
f je 1-1 funkcija (injekcija) od X u Y.

53 SKlein gr. X€SKlein gr. :: 
x je četvorna (Kleinova) grupa.

54 Spart XeSpart(Y)
X je particija od Y. (Suppes, Axiomatic Set 
Theory, 1960, str. 55, Def. 55).

33 8Peano s. (x,y,2)íSpeano s_ ::
(x,y,z) je Peanov sistem i x je skup i y je 
inicijalni element i z je sljedbenička funk­
cija.

56 S , .polinom x6Spolinom(s) :: x Je P°lln°m u s.

Srelac FeS , (X,Y) :: F je relacija od X u Y.

38 8surjekc f6Ssur iekc(X> Y) :: f '1e funkci3a od x na Y-

59 Srel.ekv. F*Srel.ekv.(X)
F je relacija ekvivalencije u X.



XX
60 sgn sgn(k)

61 sup sup(x,y)

signum od k. Funkcija predznaka 

supremum (gornja međa) od x i y



P r v i  dio

S I S T E M  M

U početku bješe riječ 
Ev. po Ivanu

1.0. U V O D

1.0. 1. m-RIJEČI KAO REPREZENTANTI m-BROJEVA
Sistem M je formalizirana teorija m-brojeva u kojoj kao repre- 

zentanti m-brojeva dolaze m-riječi. m-Riječi su riječi formira­
ne dvoelementnim alfabetom, pretpostavljajući pri tom da je "ri­
ječ” u smislu linearne kombinacije(konkatenacije, nadovezivanja) 
konačnog broja simbola, intuitivno jasan pojam. m-Rijeći su pri­
rodni reprezentanti m-brojeva, jer im na najjednostavniji način 
odražavaju svojstva i strukturu. Gledajući u m-riječima isku­
stveno poznate i sadržajne objekte, dat će se u ovoj glavi, pre­
ko intuitivno jasnih pojmova, kao sto su npr. početna slova, broj 
slova i sličnih, sadržaj glavnim formalnim pojmovima sistema M.

DEFINICIJA 01
m-Riječ je x, ako i samo ako x je konačna, neprazna riječ formi­
rana slovima "a" i ”b” i broj slova u x je paran.

PRIMJERI
1. m-Riječi su: aa, ab, ba, bb, saaaaa, abbaabbbabba, bbba itd.
2. Nisu m-riječi: a, b, aa©, abb, bab, bbbbbbb, abababbaaaa itd.

DEFINICIJA 02 
M je skup m-riječi.

DEFINICIJA 03 
A = aa i Đ = bb.

1
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PRIMJERI
3. AB = aabb. 4. BBB = bbbbbb. 5- bABAb = baabbaab. 

DEFINICIJA 04
Za svako x,y€M, "nadoveza od x i yM (simb. x A y)» odnosno 
My nadovezano na xM jednako je xy.

PRIMJERI
6. A A B  = AB. 8. B A  (B A  B) = BBB. 10. ba A  ab = bAb.
7. B A  A = BA. 9, A A ( B A A )  = ABA.

DEFINICIJA 05
Za svako x,yeM, Hx je ekvivalentno sa y" (simb. x 8 y), ako i 
samo ako x i y su identićki jednaki, ili za svako s,t€{a,b} , 
y rezultira iz x supstitucijom "tst" sa "t" i obrnuto.

PRIMJERI
11. aaaa 8 aa. 13« BB 8 B. 15. abab 8 ab. 17. bbab 8 B.
12. aaba 8 aa. 14. aaab 8 ab. 16. baba 8 ba. 18. bbbb 8 B.
19. AAAAABA 8 ABA. 20. baAAAAB 8 B. 21. BBBabBB 8 feb.

DEFINICIJA 06
Za svako s,t€{a,b}, "s i t" su dualni (simb. i = t), ako i sa­
mo ako s i t  nisu jednaka slova.

PRIMJERI
22. a - b. 23* B = a. 24. a — a. 25* B ~~ b.

1.0.2. ZAVRŠECI I LJUSKA m-RIJEČI 

DEFINICIJA 07
Za svako xeM» početak (simb. l(x)), odnosno lijevi završetak od 
x je slovo kojim x započinje.

PRIMJERI
26. l(aa) = 1(A) = a. 27. l(ab) = a. 28. l(ABA) = a.
29. 1(B) = l(bb)= b. 30. l(ba) = b.

DEFINICIJA 08
Za svako x€M, svršetak (simb. đ(x)), odnosno desni završetak od 
x je slovo kojim x završava.



PRIMJERI
31. d(A) = a. 33. d(ab) = b. 35. d(ABAAB) * b.
32. d(B) » b. 34. d(ba) = a. 36. d(bABa) = a.

DEFINICIJA 09
Za svako X€M, ljuska od x (simb. q(x)) je m-riječ koja rezultira 
kad se svršetak od x nadoveže na početak od x.

PRIMJERI
37. q(A) = A. 39. q(ab) = ab. 41. q(aBa) = A.
38. q(B) = B. 40. q(ba) = ba. 42. q(ABAB) » ab.

1.0.3. SLJEDBENICI m-RIJEČI 

DEFINICIJA 010
Za svako xeM, lijevi sljedbenik od x (simb. Px) je ssx, ako i sa­
mo ako s je slovo dualno početku od x.

DEFINICIJA 011
Za svako x€M, desni sljedbenik od x (simb. xP) jednak je xss, ako 
i samo ako s Je slovo dualno svršetku od x.

PRIMJERI
43. PA = BA. 45. Pab = bbab. 47. AP = AB. 49. ABBP = ABBA.
44. PB = AB. 46. Pba = aaba. 48. BP = BA. 50. BPPP = BABA.
51. abP=abaa. 53. bAbP= baabaa.
52. PPA= ABA. 54. baPPP = babbaabb. 55. PAABA = BAABA.

TEOREM 01
Za svako x,y€M, (xP)y 8 x(Py).

PRIMJERI
56. A(PA) = ABA = (AP)A. 57. A(PB) 0 AAB 0 AB 0 ABB 8 (AP)B.
58. ab(Pba) 8 abaaba 8 (abP)ba 8 A.
59. ab(Pab) 8 abbbab 8 abab 0 abaaab 8 (abP)ab 8 ab.
60. ba(Pba) 8 baaaba 8 baba 8 babbba 8 (baP)ba 8 ba.

DEFINICIJA 012
Za svako xeM, lijevi prethodnik od x (simb. P*x) je ssx, ako i 
samo ako s je slovo jednako početku od x.

3
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DEFINICIJA 015
Za svako xeM| desni prethodnik od x (simb. xP*) Je xss, ako i sa­
mo ako a Je slovo Jednako svršetku od x.

PRIMJERI
61. P’B 0 abB 0 ab. 62. P* ABA 0 baBA 0 BA. 65. P’ba = aBa
64. P'ab = bAb. 65. ABP’ 0 A. 66. BAP’ 0 B.
67. P’P'ab = aBAb . 68. abP’P» * aBAb. 69. PP’A = A.
70. P’P’P’ABAB 0 B. 71. baP*P = ba.

TEOREM 02
Za svako x,y€M>(xP,)y 9 x(P*y).

PRIMJERI
72. A(P’À) 0 (AP’)A 0 A. 75. A(P*B) 0 (AP»)B 0 ab. 
74. abP*ba 0 abba.

1.0.4. DUAINE I KOMPLEMENTARNE m-RIJEČI 

DEFINICIJA 014
Za svako xeM, dual od x (simb. Dx ili x) Je m-riječ koja rezulti­
ra iz x zamjenom svakog slova dualnim slovom.

PRIMJERI
75* Dabbaaa = āSbaāā = baabbb. 76. DA = B. 77. DB = A.
78. Dab = ba. 79. Dba=ab. 80. DABAA = BABB.

TEOREM 05
Za svako xeM, Dx 0 PxP* 9 P*xP.

PRIMJERI
81. PaaP* 0 bbaaab 0 bb 9 āā. 82. P'baP 0 abbabb 0 ab 0 bā. 

DEFINICIJA 015
Za svako xeM, komplement od x (simb. Kx) Je sxt, ako i samo ako 
s Je slovo dualno početku od x i t Je slovo dualno svršetku od x.

PRIMJERI
85. KA = bAb. 85. KbAb = abaaba 0 A. 87. Kba = abab 0 ab.
84. KB = aBa. 86. KaBa = babbab 9 B. 88. Kab = baba 9 ba.
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1.0. 5. SERIJSKO I PARALELNO NADOVEZIVANJE m-RIJEČI 

DEFINICIJA 016
Za svako x,y€M, serijska nadoveza od x i y (slmb. x ^ y) je 
m-riječ koja rezultira iz x i y primjenom slijedećih pravila 
(pri čemu x i y smiju biti i prazne riječi):
(i) x ^ Ay = Ax ^ y
(ii) xB ^ y = x yB
(iii) xA ^ By = xABy
(iv) x 8 x^ & y 0 y^ —► x v-' y 8 x^ ^ y^.

PRIMJERI
89. A ^ AB = AA ^ B * AAB. 90. aBa ^ aBa 8 aBa ^ ABbaaBa 8 
AaĐa ^ BbaaBa 8 aĐaA ^ BbABa 8 aBaABbABa 8 aBABa.
91. ABA v BA = ABABA. 92. aBa ^ ba 0 aĐaA ^ Đba 8 aĐaAĐba 8 aBa. 
95. AB ^ AB = AA ^ BB = AABB. 94. ab ^ ab 8 abbaB ^ aabaab 8 
aaabba ^ baabbb 8 abbaaa ^ bbbaab 8 abbaaabbbaab 8 aĐAb.
95. ab ^ ba 8 aBaAB w Bba 8 aB&A v BbaB 8 aBaABbaB 8 ab.

DEFINICIJA 017
Za svako x,yeM, paralelna nadoveza od x i y (simb. x ^ y) Je 
m-riječ koja rezultira iz x i y primjenom slijedećih pravila 
(pri čemu x i y smiju biti i prazne riječi):
(i) x o By = Bx « y
(ii) xA ^ y = x ^ yA
(iii) xB ^ Ay = xBAy
(iv) x 8 x 1 & y 8 y1 —► x ^ y 8 x1 ^ y ^

PRIMJERI
96. BA « AB = B ^ ABA * BABA. 97. A ^ A = AA. 98. B ^ A = BA.
99. BA A A = B ^ AA = BAA. 100. B ^ B = BB.
101. A * Đ 8 AabĐA BAabB 8 ĐAabĐ * AabĐA 8 BAabBAabBA 8 BA.

1.0. 6. KVAZI UREĐENJE m-RIJEČI 

DEFINICIJA 018
Za svako x»y€M» x r y, ako i samo ako početak od x ne dolazi al- 
fabetski ranije od početka od y i svršetak od x ne dolazi alfa - 
betski iza svršetka od y.
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PRIMJERI
102, ba r ba. 103« ba r A. 104. ba r B. 105. ba r ab.
106. A r A . 107. A r ab. 108. B r ab. 109. ab r AB.
110. AB r ab.

l. 0.7. KANONSKE m-RIJEČI I NJIHOVA DULJINA 

DEFINICIJA 019
Kanonska m-rijeć je x, ako i samo ako x je m-rljeć, koja u skupu 
ekvivalentnih m-rijeći ima minimalan broj slova.

TEOREM 04
Za svako xeM, x je kanonska m-rijeć, ako i samo ako x sadrži sa­
mo jedno m-slovo ili su joj svaka dva susjedna m-slova međusobno 
dualna (m-slova su aa, bb, ab, ba, A i B).

PRIMJERI
111. aa, bb, A, Đ, ab, ba, AB, BA, AĐA, ĐAB, abba, baab, abbaab 

i baabbaabbaab su kanonske m-riječi.
112. AA, BABB, baba i bbbb nisu kanonske m-rijeói.

TEOREM 05
Ako su x i y kanonske m-rijeći, onda x 8 y povlači x ■ y. 

DEFINICIJA 020
Za svako xeM, kanonska forma od x je y, ako i samo ako y je ka­
nonska m-riječ i y 8 x.

PRIMJERI
113. Kanonska forma od AA je A.
114. Kanonska forma od babaab je baab.

DEFINICIJA 021
m. j.-Slova su aa (resp.A) i bb (resp. B). mQ-Slova, odnosno 
m-nule su ba i ab, pri čemu se ba, resp. ab zove s-nula, resp. 
p-nula. m-Jedinice su BA i AB, pri čemu se BA, resp. AB zove 
s-Jedinica, resp. p-jedinica.
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DEFINICIJA 022
Za svako x€M, pozitivna m-riječ je x, ako 1 samo ako kanonska 
forma od x sadrži bar jedno m^-slovo. Mpoz je skup pozitivnih 
m-riječi.

DEFINICIJA 023
Za svako xeM, nepozltlvna m-riječ je x, ako 1 samo ako kanonska 
forma od x sadrži bar jedno mo-slovo. Mnepoz Je skup nepozitiv- 
nih m-riječi.

TEOREM 06
Za svako xeM, x je pozitivna m-riječ ili x Je nepozltlvna 
m-riječ,ali ne oboje«

DEFINICIJA 024
Za svako xeM, x je nenegatlvna m-riječ, ako i samo ako x Je po­
zitivna m-riječ ili x je m-nula. Mneneg Je skup nenegativnih 
m-riječi.

DEFINICIJA 025
Za svako xeM, x je negativna m-riječ, ako i samo ako x nije ne- 
negativna m-riječ« je skup negativnih m-rijeéi«

PRIMJERI
115* {AAA, bbaaaa, ABBAba, B, baB} c: Mpoz.
116« {ba, ab, baba, aBABa, abaBBB} Cl MnepQZ.
117* {AA, bbbaa, ba, ab, Bbababa } C  Mngneg.
118. {aBa, bAb, aBAb, bABABABABa } C  Mneg.

DEFINICIJA 026
Ako se a valuira sa 0 i b sa 1, onda za svako xeM, defekt od x 
(simb« h(x)) jednako je valuaciji svršetka od x manje valuacija 
početka od x«

PRIMJERI
119. h(aa) = 0« 120. h(BA) = 0 - 1 =-1. 121. h(ab) = 1.
122. h(BAB)* 0. 123. h(ABBAB) = 1.
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DEFINICIJA 027

(i) Za svako xeMpQZ, s-duljina od x jednaka je broju s-jedini­
ca (BA) u kanonskoj formi od x.

(ii) Za svako X€^nepOZ» s-duljina od x jednaka je negativnom 
broju p-nula (ab) u kanonskoj formi od x.

(iii) s-duljina od x simbolički se označava sa A (x),s
DEFINICIJA 028

(i) Za svako x€Mpoz, p-duljina od x jednaka je broju p-jedini­
ca (AB) u kanonskoj formi od x.

(ii) Za svako X€Mnep0Z> P“Juljina od x jednaka je negativnom 
broju s-nula (ba) u kanonskoj formi od x.

(iii) p-duljina od x simbolički se označava sa Ap(x).

DEFINICIJA 029
(i) Za svako x*MpOZ> o-duljina od x jednaka je broju m^-slova 

u kanonskoj formi od x.
(ii) Za svako xeMnep0Z» o-duljina od x jednaka je 1-n, ako i 

samo ako n je broj m0-slova u kanonskoj formi od x.
(iii) o-duljina od x simbolički se označava sa A(x).

PRIMJERI
124 125

s-Jp- i o-Duljina prvih osam, 
po padajućoj o-duljini, nepo- 
zitivnih m-riječi

X XB(x) Xp(x) A(x)
ab -1 0 0
ba 0 -1 0
abba -1 -1 -1
baab -1 -1 -1
abbaab -2 -1 -2
baabba -1 -2 -2
abbaabba -2 -2 -3
baabbaab -2 -2 -3

s-,p- i o-Duljina prvih osam, 
po rastućoj o-duljini, pozi­
tivnih m-riječi

X Xs(x) Xp(x) A(x)
A 0 0 1
B 0 0 1
AB 0 1 2
BA 1 0 2
ABA 1 1 3
BAB 1 1 3
ABAB 1 2 4
BABA 2 1 4

TEOREM 07
Za svako xcM, h(x) = Ap(x) " *s(x )*
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1.1. U T E M E L J E N J E  S I S T E M A  M 

DEFINICIJA 1

(VWeS)(*(W) = {(G*,(G,ŕ)): G#eS & GeS ft

(f€Sfunkc(((W U G*} *  (w u G#))» G#) à

(e, t€W — ► f(s9t)€G ft (x,y€G — ► f(x,y>€G) *

((H€S ft H C G  St (s,teW f(s»t)€H) ft
(x»y€H —► f(x,y)€H)) — ► H = 0) ft

(G#= G U {z: (s€W & xeG) — ► z = f(s,x)}) ft

(x,y,z€G# — ► f(f(x,y),z) = f(x,f(y,z))) ft

(r,s,t€W — ► (f(f(r,s),f(r,t)) * f(r,t) ft
f(f(r,e),f(t,8)) = f(r,s))) ft

((e,teW & x,y€G &
(f(s,x) = f(t,y) v f(x,t) = f(y,t))) — ► 8 = t) ft

((s,t€W & x,yeG ft f(x,f(s,t)) =f(y,f(e,t)) — ►
(x = y v f(x,f(s,t)) = x v f(y,f(s,t)) = y) ft

((s,t€W ft x,y€G & f(f(s,t)tx) = ŕ(f(s,t),y)) — ►
(x = y v f(f(s,t),x) = x v f(f(e,t)fy) * y) ft

( ( p * r , s t t€W & x €G & f ( x , x )  = f ( f ( p , r ) , ŕ ( s , t ) ) )  — ►
(x = f ( p , t )  & (p = 8 v  r  = t ) ) ) } ) .

A K S I O M  1

(WeS & k (W) < 2 ) — ► ( P !X ) (X € 'H W ) ) .

D EF IN IC IJA  2

( i ) ( M #= G* ft M = G ft A  = f )  «—► ( ( G * , ( G , f ) ) €  * ( { a , b } )  ft
k ({a,b}) = 2).

( i iM S is t e m  M) { a>bj = (M, A  ) .
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D2,A1,D1 >---
TEOREM 1
*({a,b}) = {(M#, (M, A  )} & M*eS & M CM* &

A€Ssurjekc(((,a»b} U M#) ~  (<a,b} U M*)}> M#)*

D2 >---
TEOREM 2
i a = b.

DEFINICIJE 3-4
3 (Vx,y€M*)(xy = x A y).
4 Q = {x: s,te{a,b} —► x = s A  t}.

D3,D4 >---
TEOREM 3
(? = {aa, ab, ba, bb}.

T1,D1,D3,T3 >---
TEOREMI 4-12
4 Ō £ M .

5 x,y€M — ► xyeM.

6 ((HeS & 0 £ H  & H G M  & (x,y«:H xyeH)) — ► H = M).

7 (Vx,y,zeM*)(x(yz) = (xy)z).

8 (Yr,s,t€{a,b})(rsrt = rt & rsts = rs).
9 (.(Vp,r, s, t€ {a,b}) (Vx,y€M) ((prx = sty v

xrp = yte — ► P = s) .
10 (Yu€Q)(Yx,y€M)(ux = uy — > (x = y v UX = X v uy = y))

11 (VueQ)(Vx,yeM)(xu = yu — ► (x = y v XU = X v yu = y))

12 (Vp,r,s,t€{a,b})(Vx€M)(xx = prst —
( x = pt & (p = 8 V r = t))).



TEOREM 13 
(Vu €Q)(uu = u).
D o k a z
(1) ueQ
(2) (3s,te{a,b})(u = st)
(3) uat = stat
(4) uu = St8t
(5) uu = 8t
1,2,5 5---T13.

TEOREM 14
(Vp,r,a,te{a,b})(pr = st -> p = a & r = t).
D o k a z
(1) p,r,e, te{a,b} & pr = st
(2) prrr = attt
(3) p = a & r = t
1,3 >---T14.

DEFINICIJA 5
(Ve, te{a,b})(s = t *— ► -i s = t).

D5,T2 >--- T15,T16.
TEOREM 15 
a = b.

TEOREM 16 
b = a.

D5,T15,T16 >---
TEOREM 17 
(Vse{a,b})(I = e).

DEFINICIJA 6 
A = aa.

DEFINICIJA 7 
B = bb.

DEFINICIJA 8
fì̂  = {x: ae{a,b} & x = ss}.

11

Sup.
1»T3
2
3,2 
4, T8

Sup.
1, T8
2, T9
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D6-D8 >---
TEOREM 18
Qt = {aa,bb} = {A,B}.

DEFINICIJA 9
Qq = {x: se{a,b} & x = si}.

D9»T15,T16 >---
TEOREM 19 
fì0 = {ab,ba}•

T3,T18, T19 5---
TEOREM 20
Q. U a = Q ft Q.n Q = 0. t o  t o

1.2. O P E R A T O R I  I Z L J U Š T E N  J A  

1.2.1. ZAVRŠECI m-BROJA 

TEOREM 21
(VxeM)(SU 8€{a,b})(ssx = x).
D o k a z
(1) U€fl Sup.
(2)(STs, t€{a,b} )(u = at) 1,D4
(3) ssu * ssst 2
(4)(Vu6Q)(3se{a,b})(ssu = u). 1,2,3»T8
(5) 0 = {x: x€M & (ffse{a,b})(ssx = x)}. Def.
( 6 ) Q C 0 4,5
(7) xeG & y€Ō Sup.
(8)(5Ts€{a,b} )(ssx = x) 7,5
(9)(ssx)y * xy 8, TI
(10) ss(xy) = xy 9, T7
(11) x,yeG xyeG 5,7,10
(12) G = M. 5,6,11,T6
(13)(Vx6M)(ē[8€ {a,b} )(ssx = x). 5,12
(14)(3xeM)(3s,t€{a,b})(ssx = x ft ttx = x) Sup.
(15) S8X = ttx 14
(16) s = t 15, T9
(17)(VxeM)(SU se{a,b})(ssx = x). Q.E.D. 13,14,16



DEFINICIJA 10
(VxeM)(l(x) = s «— ► se{a,b} & aax * x)

13

TEOREM 7.2
■^sur/jekc^*
D o k a z
(1)
(2) aa = aaaa & bb * bbbb
(3) l(aa) = a & l(bb) = b
(4) {a,b} C  Adom(l)
1,4, >---T22.

DIO,T22 >—
TEOREM 2?
(VxeM)(V8€{a,b})(l(x) = 8 <— ► 88X = x)*

DIO,T21 
T8
2, DIO
3, T4

TEOREM 24
(Vs,t€{a,b))(l(st) = s)«
D o k a z
(1) 8,t€0
(2) st ~ ssst
(3) l(st) = 8
1,3 >---T24.

Sup«
1, T8
2, T23

T23 >---
TEOREM 25
(VxeM)(l(x)l(x)x = x)* 

TEOREM 26
(Vx,yeM)(l(xy) = l(x))«
D o k a z
(1) x,yeM Sup*
(2) x = l(x)l(x)x 1,T25
(3) xy * (l(x)l(x)x)y 2
(4) xy = l(x)l(x)(xy) 3,T7
(5) l(xy) = l(x). 4,T22,T23
1,5 >---T26.
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D4,T8,T1,T7,T6,T9 (analog T21) >---
TEOREM 27
(Vx€M)(ā!8€{a,b})(xss = x)o 

DEFINICIJA 11
(VxeM)(d(x) = a ► 8€{a,b} & xes = x)*

D11,T27,T8,T4 (analog T22) >---
TEOREM 28
d€SsurJekc(M,{a,b*)#

D11,T28 >---
TEOREM 29
(VxeM)(Vs€{a,b})(d(x) = a *— ► xse = x).

T8,T29 (analog T24) >---
TEOREM 30
(Vs,t€{a,b})(d(st) * t)#

T29 >---
TEOREM 31
(VxeM)(xd(x)d(x) * x)*

T31,T7,T28,T29 (analog T26) >---
TEOREM 32
(Yx,y€M)(d(xy) * d(y)).

DEFINICIJA 12
(VX€M)(V8€{a,b} )(I(x) « 8 <r—► 8 = l(x)).
DEFINICIJA 13
(Yx€M)(Teg{a,b})(d(x) = s «— ► s = d(x)).

D12,D13,T15,T16 >---T33,T34.
TEOREM 33
(Yx€M)(I(x ) * a l(x) = b & I(x) * b l(x) * a).
TEOREM 34
(YxeM)(d(x) = a <— ► d(x) * b à d(x) = b «— ► d(x) = a).
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TEOREM 35
( -i 3zeM) ( Vx€M) ( zx = x).

D o k a z
(1) (3z€M)(Vx€M)(zx = x )
(2) Ī(z )1(z)€M
(3) zl(z)l(z) = I(z)l(z)
(4) l(z) = I(z)
(5) a = b
1,5,T2 5---T35

T28,T34,T3,T4,T30,T32,T2 (analog T35) >--
TEOREM 36
(-i 3Z€M)(VX€M)(xZ = x).

Sup«
1,T22,T33,T3,T4
2,1
3, T24,T26
4, T22,T33

1.2.2. LJUSKA m-BROJA
DEFINICIJA 14 
(Vx€M)(q(x) = l(x)d(x))o

D14,T3,T24,T30 ----
TEOREM 37 
(Vu€Q)(q(u) - u).

T22,T28,T37 >---
TEOREM 38
q€Ssur^ekc(M,Q)*
T26,T32 >—
TEOREM 39
(Vx,y€M)(q(xy) = l(x)d(y)).

TEOREM 40 
(VxeM)(q(x)x = x).

D o k a z
(1) X€M Sup«
(2) q(x)x = l(x)d(x)x 1,D14
(3) ■ l(x)d(x)l(x)l(x)x 2,T25,T7
(4) ~ l(x)l(x)x 3,T8
(5) = x 4,T25
1, ,5 ----T40.
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D14,T31,T7,T8(analog T40) >---
TEOREM 41 
(Vx€M)(xq(x) * x)*

TEOREM 42
(VX€M)(l(x)I(x)x = x)o
D o k a z
(1) x€M
(2) 1( x) í (x)x = l(x)I(x)l(x)l(x)x
(3) *= l( x) 1( x)x
(4) = x.
1,2,4 5---T42.

T31,T7»T8 (analog T42) >—
TEOREM 43
(YxeM)(xđ(x)d(x) = x).

1.3. O P E R A T O R I  N A S L J E Đ I V A N J A  

1.3.1. LIJEVI I DESNI SLJEDBENIK m-BROJA 

DEFINICIJA 15
(Vx€M)(P1(x ) = Px * I(x)ì(x)x).
DEFINICIJA 16
(Vx€M)(Pd(x) ■ xP a x5(x)3(x))*

TEOREM 44
(Vx,y€M)(P(xy) * (Px)y).
D o k a z
(1) x,ycM Sup*
(2) P(xy) ■ X(xy)I(xy)(xy) 1,D15
(3) = X(x)I(x)(xy) 2,D12,T26,T33
(4) * (Px)y 3,D15,T7
1.4 >--- T44.

D15,D13,T32,T34,T7 (analog T44) 
TEOREM 45
(Vx,y€M)(xy)P = x(yP)).

Sup*
1, T25,T7
2, T8

3, T25
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TEOREM 46 
(VxeM) -i (Px * x)•
D o k a z
(1) (3xeM)(Px = x) Sup*
(2) ì(x)ī(x)x * X 1,D15
(3) ī(x)í(x)x « l(x)l(x)x 2,T25
(4) í(x) = l(x) 3,T9
(5) a = b 4,T33
1,5,T2 ----T46.

D16,T31,T9,T34 (analog T46) >---
TEOREM 47
(VxeM) -i (xP = x).

TEOREM 48
PleSbiJekc(M>M)-
D o k a z
(1) Pl6Sfunkc(“ *M>- D15,T5
(2) Clx,yíM)(Px = Py) Sup.
(3) l(x)l(x)x = l(y)I(y)y 2,D15
(4) I(x) = I(y) 3,T9
( 5 ) x = y  v Px = x v P y = y 3,4,T10,D15
(6) x = y 2,5, T46
(7) (Yx,y€M)(Px = Py -*• x « y). 2,6
(8) yeM Sup.
(9) y = l(y)l(y)y 8,T25
(10) = l(y)l(y)I(y)l(y)y 9,T8
(11) = (Pī(y)l(y))y 10,D15,D12
(12) = P(ī(y)l(y)y) 11,T44
(13) y€M -> (3x€M)(y = Px) 8,12,T5
(14) M Q  Adom(P1) 13
(15) Adom(P1) = M. 1,14
1,7,15 >---- T4 8#

D16,T5,T9,T10,T45,T31,T8,D13 (analog T48) 
TEOREM 49
Pd€Sbijekc(M*M)*
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TEOREM 50
(Vx,yeM)(x(Py) = (xP)y).
D o k a z
(1) x,yeM & d(x) = l(y) Sup.
(2) x(Py) = x(d(x)d(x)y) 1,D15,D12
(5) x(Py) = (xd(x)d(x))y 2,T7
(4) x(Py) = (xP)y 5 ,D16
(5) (Yx,yeM)(đ(x) = l(y) —► x(Py) = (xP)y). 1,4
(6) x,yeM & -i (d(x) = l(y)) Sup.
(7) x(Py) = x(d(x)d(x)y) 6,D15,T55
(8) = (xd(x)d(x))y 7,T7
(9) = xy 8, T51

(10) = x(l(y)l(y)y) 9,T25
(11) = x(d(x)d(x)y) 10,6,T54
(12) = (xd(x)d(x))y 11,T7
(15) = (xP)y 12,D15
(14) (Vx,y€M)(-i (d(x) = l(y)) —► x(Py) = (xP)y). 6,15
5,14 >---T50.

PRIMJERI
126 ab(Pab) = abbbab
127 ba(Pba) = ba 
129 ab(Pba) = abaaba

abab = ab = abaaab 
(baP)ba. 128 A(PA) 
(abP)ba. 150 A(PB)

(abP)ab.
= ABA = (AP)A.
= AAB = ABB = A(PB).

DEFINICIJA 17
(Vx€M)(P°(x ) = P°x = x & (Vn€N+)(P^+1(x) = Pn+1x = PnPx)).

DEFINICIJA 18
(YxeM)(P°(x) = xP° = x & (VneN*)(P^+1(x) = xPn+1 = xPPn)).

D17 >---
TEOREM 51
(Vx€M)(P^(x ) = P ^  = Px).

D18 ----
TEOREM 52
(VX€M)(P^(x ) = X?1 = xP).
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D17,T48,T51 (tot.indukc.) >---
TEOREM 53
(VneN + )(F?€SblJekc(U,M».

D19,T49,T52 (analog T53) >---
TEOREM 54
(Yn€N")(P^€Sbljekc(M,M)).

PRIMJERI
131 P1AB = P°PAB = P°BAB = BAB. 152 P2B = P ^ B  = PAB 
133 baP3 = baPPP = babbPP= BPP = BAP = BAB = P3ab.

DEFINICIJA 19
(VxeM)(Vn€N+)(P”n(x) = P"nx = y Pny = x).

DEFINICIJA 20
(Vx€M)(Vn€N+)(P'n(x) = xP“n = y yPn = x).

DEFINICIJA 21
(VxeM)(P^(x) = P’x = P-1x).

DEFINICIJA 22
(YxeM)(P£(x) = xP» = ̂ P'1).

D19,T53 >---
TEOREM 55
(Vn€N)(P5€SMJekc(M,M)).

D20,T54 >---
TEOREM 56
(YneN)(p56Sbijekc(M,M)).

TEOREM 57
(Vx,yeM)(VneN)(Pn(xy) = (Pnx)y).
D o k a z
T44,D17 (tot.indukc.) >---
(1) (Vx,y€M)(Vn€N+)(Pn(xy) = (Pnx)y).
(2) x,yeM & n€N+
(3) (5īzeM) (x = Pnz)
(4) xy = (Pnz)y

BAB.

Sup.
2,T55
2,3



(5) xy = Pn(zy)
(6) P n(xy) = zy
(7) P“n(xy) = (P~nx)y
1,2,7 >---T57.

T45,D18,T56,D20 (analog T57) >---
TEOREM 58
(Vx,yeM)(Vn€N)((xy)Pn = x(yPn)).

TEOREM 59
(Vx,y€M)(Vn€N)(x(Pny) = (xPn)y).
D o k a z
T50,D17,D18 (tot.indukc.) >—
(1) (Vx,yeM)(VneN+)(x(Pny) = (xPn)y).
(2) x,yeM A n€N+
(5) (3w,zeM)(xP~n = w A P"ny = z)
(4) (xP~n)y = wy A x(P~ny) = xz
(5) (xP*”n)y = w(Pnz) A x(P”ny) = (wPn)z
(6) (xP”n)y = x(P~ny)
1,2,6 ---- T59.
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4,1
5,D19
6,3,D19

Sup.
2, T55,T56 
2,5
4,3,D19 
5,1

TEOREM 60
(Vx€M)(Vm,n€N)(PinPnx = P^*1̂ ).
D o k a z
D17 (tot.indukc.) >--
(1) (Vx6M)(Ym,n€N^)(PmPnx = P®*1̂ ).
1,D19 >---
(2) (VxeM)(Vm,n€N) (egn(m) = sgn(n) P®Pnx = P®+nx).
(3) xeM A m,neN A -i (sgn(m) = sgn(n)) A PmPnx = y. Sup.
3,D19 >---
(4) Pnx = P~®y

(5) (3k€N)((n+k=-m v n=-m+k) A (sgn(k)=sgn(n)=8gn(-io)))
4,5 -̂--
(6) Pnx = Pn+ky v P"m+kx = P”my
2,5,6,T55 -̂--
(7) x = Pky v Pkx = y



7,5,D19 >—
(8) y - Pn+mx
3,8 >---
( 9 )  (Yx«M)(Ym,n€N)( -i (egnCm) = sgn(n) )
2,9 >---T60.
D18,D20,T56 (analog T60) >---
TEOREM 61
(Vx€M)(Ym,n€N)(xPinPn = xPm+n).

TEOREM 62
(Yx€M)(Vn€N)(d(Pnx) = d(x)).
D o k a z
(1) X€M
(2) d(Px) = d(I(x)I(x)x)
(3) (Vx€M)(d(Px) = d(x))•
3,D17 (tot.indukc.) >—
(4) (Vx€M)(Vn€N‘")(d(Pnx) =d(x)).
(5) x€M & neN+ & P~nx = y
(6) x * Pny
(7) d(x) = d(y)
(8) (Vx€M)(VneN)(d(P”nx) = d(x)).
4,8 >---T62.
D16,T26,D19 (analog T62) >---
TEOREM 63
(Vx€M)(Vn€N)(l(xPn) = l(x))• 
TEOREM 64
(Vx€M)(P*x = I(x)l(x)x).
D o k a z
(1) X€M
(2) (ffy€M)(x * Py)
(3) x = ī(y)ī(y)y
(4) l(x) = I(y)
(5) ī(x)l(x)x = l(y)I(y)I(y)I(y)y
(6) * l(y)I(y)y
(7) * y
(8) P’^  * I(x)l(x)x 
1,8,D21 >— T64.

21

P3ĐPnx * P®+nx).

Sup. 
1,D15 
1,2,T32

Sup.
5,D19
6,4
5,7

Sup.
1, T53
2, D15
3, T26,T24 
2,4,T33
4, T8
5, T42 
2,7,D19
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T54,D16,T30,T32,T34,T8,T43,D20,D22 (analog T64) 
TEOREM 65
(Vx€M)(xP* = xd(x)d(x)).

PRIMJERI
134 P’ ba * abba = aBa. 135 P’ A = baA = ba
136 P’ab = baab = bAb. 137 P’B = abB = ab
138 baP’ = baab = bAb. 139 AP* = Aab = ab
140 abP’ = abba = aBa. 141 BP» = Bba = ba
142 P*AAABAA = BAA. 143 BABBBBP* = BA.
144 A(P»B) = AabB = ab = AabB = (AP»)B.
145 (BP»)B = BbaB = B(P’B) = Bab = B.
146 P~2BA = P'P’BA = P’abBA = baabBA * baaa = ba. 

TEOREM 66
(VxeM)(VueQ)(ux = X V UX = Px V UX = P*x). 
D o k a z
(1) (3x,y€M)(Hu€Q)(y = ux). Sup.
(2) y = l(x)l(x)x •v y = ì(x)l(x)x y

y = ī(x)l(x)x V y = l(x)ī(x)x 1,D4,T22
(3) y = x v y = Px v y = P’ x v y = x 2,T25,D15,T64,T42
1,3,, >---T66.

D4,T28,T31,D16,T65,T43 (analog T66) >---
TEOREM 67
(VxeM)(Vuefì)(xu = x v x u = x P  v x u =  xP*).

1.3.2. q-SLJEDBENIK m-BROJA

DEFINICIJE 23-24
23 (Vx€M)(Vn€N)(Qnx = P2nx).
24 (VxeM)(VneN)(xQn = xP2n).

DEFINICIJE 25-28
25 (VxeM) (Qx = (ì^).
26 (Vx€M)(xQ = xQ1).

27 (Vx€M)(Q»x = Q ~1x).

28 (Vx €M)(xQ* = xQ_1)•



D23,D24,D17,D18 >---
TEOREM 68
(VxíM)(Q°x = x = xQ°)

23

D23,D19 >—
TEOREM 69
(Yx,y€M)(Yn€N)(Qnx * y x = Q“ny).

D24,D20 >---
TEOREM 70
(Vx,yeM)(Vn€N)(xQn = y x = yQ”n).

TEOREM 71
(VxeM)(VneN)(Qnx = xQn).
D o k a z  
D23,D17 ----1,2
(1) QA = PPA = PBA = ABA = ABP = APP = AQ.
(2) QB = BQ.
D23,D17,T8 >—  3,4
(3) Qba = PPba = Paaba = bbaaba = bbaa = babbaa = baPP = baQ.
(4) Qab = abQ.
1,2,3,4,T3 ----
(5) (VU€Q)(Qu = uQ).
(6) G = {xs x€M & Qx = xQ}. Def.
(7) í! C O 6,5
(8) xčG & y€G Sup.
(9) Q(xy) = (Qx)y 8,D23,T58

(10) = (xQ)y 9,8,6
(11) * x(Qy) 10,T59
(12) = x(yQ) 11,8,6
(13) = (xy)Q 12,D23,T57
(14) x,yeO —► xy€G 8,13,11
(15) G a u 6,7,14,T6
(16) (Vx€M)(Qx = xQ)• 6,15
(17) H = {ns iusN* & (Vx«M)(Qnx = xftn)} Def.
(18) OíH 17,T68
(19) neH Sup.
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(20) OrxeM)(Qn+1x = QxQn) 19,D23,T60
(21) = xQn+1) 20,16,T61
(22) neH (n+l)eH 
17»18,22 (tot.inđukc.) >---
(23) H = N+

19,21,17

(24) (Vx€M)(Vn€N+)(Qnx = xQn). 23,17
(25) (Vx€M)(Yn€N+)(2y€M)(Q“nx = y) R23,T55
(26) ( x = Qny) 25,D19
(27) ( x = yQn) 26,24
(28) (xQ-n = y) 27,T70
(29)
24,29

(VxeM)(Vn€N+)(Q”nx = xQ~n). 
>---T71.

28,25

D23,D24,T55-T61,T71 >---T72-T76.
TEOREM 72
(Vn€N)(Qn€SMJekc(M,M)).

TEOREM 73
(Vx,yeM)(VneN)(Qn(xy) = (Qnx)y & (xy)Qn = x(yQn)).

TEOREM 74
(Vx,y€M)(VneN)(x(Qny) = (xQn)y).

TEOREM 75
(Yx€M)(Vm,n€N)(QmQnx = Qm+nx & xQm+n = xQmQn).

TEOREM 76
(Vx,yeM)(VneN)(Qnxy = xQny & xyQn = xQny).

PRIMJERI
147 Qba = bbaaba = BA. 148 Q’ba = baabba = bABa. 149 QA = ABA.
150 Qab = aabbab = AB. 151 Q’ab = abbaab = aBAb. 152 QB = BAB.
153 QBA = BQA = ĐAQ. 154 Q’BA = ba. 155 ab = Q»AB.

TEOREM 77
(Vx€M)(Vn€N)(-i (P2n+1x = xP2n+1)).
D o k a z
(1) (5TxeM) (3n€N) (P2n+1x = xP2n+1) Sup.
(2) P2n(Px) = (xP2n)P 1, T60
(3) Qn(Px) = (xQn)P 2,D23
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(4) Qn(Px) = Qn(xP)
(5) Px = xP
(6) ī(x)ī(x)x = xā(x)d(x)
(7) l(x) = l(x) & d(x) = 5(x)
(8) a * b

5»D15»D16
6,T26,T24,T32,T30
7»T33»T34

3, T71,T73
4, T72

1,8,T2 >---T77.

TEOREM 78
(Vx€M)(Vn€N)(q(Qnx) = q(x)K
D o k a z

TEORM 79
(VxeM)(3n€N)(x * Qnq(x))#
D o k a z  
T37»T68 >---
(1) (Vu€0)(u = Q°q(u))•
T3,D23 >---
(2) (Vu,v€Q)(3k€N)(uv a Qkl(uv)d(uv)).
(3) G a {x: X€M & (3n€N)(x = Qnq(x))> Def,
(4) Q C  G 3,1
(5) X€G & y€Ō Sup«
(6) (3p,r€N)(x = Qpq(x) & y = Qrq(y)) 5,3
(7) xy = Qp+rq(x)q(y) 6,T75
(8) xy = Qp+r+kl(q(x)q(y))đ(q(x)q(y)) 7.2.T75
(9) xy = Qp+r+kl(x)d(y) 8,T26,T32,D14,T24,T30
(10) xy = Qp+r+kq(xy) 9,D14,T26,T32
(11) x,y€G —► xyeG 5,10,3
(12) G = II 3,4,11,T6
3,12 >---T79*
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TEOREM 80
(Vx€M)(3n€N)(x = Pn d(x)d(x) = l(x)ī(x)Pn).

D o k a z  
T3,D15,D16 >---
(1) (Vu€0)(3k€N)(u = Pk d(u)d(u) = l(u)I(u)Pk).
(2) (Vx€M)(3k,meN)(x=QmPk d(x)d(x)=l(x)l(x)PkQm )
(3) x = p2m+k 3(x)d(x) = l(x)I(x)P2m+k
2,3 >---T80.

TEOREM 81
(Vx,y€M)(xy = yx q(x) = q(y)).

D o k a z
(1) (3x,y€M)(xy = yx)
(2) l(x) = l(y) & d(y) = d(x)
(3) q(x) = q(y)
(4) (Vx,y€M)(xy = yx -> q(x) = q(y)).

(5) (£x,y€M)(q(x) = q(y))
(6) (3m,n€N)(x = Qmq(x) & y = Qnq(y))
(7) xy = Q®+nq(x)q(y)
(8) xy = Qnq(y)Qmq(x)
(9) (Vx,y€M)(q(x) * q(y) —► xy = yx).
4,9 5---T81.

1, T79,T71
2, D23,T60,T6l

Sup.
1, T26,T32
2, D14 
3,1

Sup.
5, T79
6, T75,T76 
7,5,T75,T76 
8,6,5
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1*4. Č E T V O R N A  G R U P A  P E R M U T A C I J A  
m-B R O J E V A

1.4.1. OPERATOR DUAINOSTI

DEFINICIJA 29 
(Vx€M)(Dx = x = PxP»).

TEOREM 82 
(Vx«M)(DDx = x ).
(1) XéM Sup.
(2) DDx = D(PxP») 1,D29
(3) = PPxP»P» 2,D29
(4) = QxQ * 3,D23,D24
(5) = x.
1,5 >---T82*

T82 >---
TEOREM 83
(Vx,y€M)(Dx = y —► Dy = x).

TEOREM 84 
DeSbiJekc<"’M)*
D o k a z
D29,T48,T56,T1 >—

4,T71,T75,D27,T6 8

(1) DeSfunkc(“ >M)*
(2) xeM Sup.
(3) (SyeM)(Dx = y) 2,1
(4) DDx = Dy 3
(5) (Vx€M)(3y€M)(x * Dy) 2,3,4,T82
(6) Adom(D) = M. 1,5
(7) x,yeM & Dx * Dy Sup.
(8) DDx = DDy 7
(9) (Vx,y€M)(Dx = Dy —► x = y). 
1,6,9 -̂--T84.

7,S,T82
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D29,D15,T65 >--
TEOREM 85
(Vx€M)(Dx = I(x)I(x)xd(x)d(x)).

PRIMJERI
156 Daa=bbaaab=bbab=bb. 159 Dba=aabaab=ab.
157 Dbb=aabbba=aaba=aa. 160 Dab=bbabba=ba.
158 DAB=bbABba=BA. 161 DaBAb=bbaBAbba=bABa.

TEOREM 86
(Vs,t€{a,b))(D(st) = it).
D o k a z  
T15,T16 >—
(l)(Vs, te{a,b} )(s a t V 8 = t).
(2) Sup.
(3) D(st) = iisttt 2,T85
(4) D(st) = issssi v D(st) ss sisiis 3,1
(5) = sisi v = iiis 4,T8
(6) * ii V =: Ì8 5,T8
(7) = št v = it 6,1,T17
2,7 ---- T86.

TEOREM 87
(Vx,y€M)(D(xy) = (Dx)(Dy)).
D o k a z
(1) x,y€M Sup.
(2) D(xy) = PxyP* 1,D29
(3) = (PxP»)(PyP’) 2,T50,T60,T61
(4) = (Dx)(Dy) 3,D29
1,4 5---T87.

PRIMJERI
162 DAB = BA. 164 DBBABAAB = AABABBA. 166 Dabba = baab.
163 DBA = AB. 165 DaBABAb = bABABa . 167 Dbaab = abba.
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TEOREM 38 
(Vx€M)(Dx = P9xP).
D o k a z
(1) X€M
(2) Dx = P*P(Dx)P*P
(3) = P*(DDx)P
(4) = P»xP

Sup*
1, T60,T61
2, D29 
1,3,T82

1,4 >---T88,

T88,T64 5---
TEOREM 89
(?xeM)(Dx = Ì(x)l(x)x3(x)3(x))•
PRIMJERI
168« Daa=baaabb=bb* 169* Dba=abbabb=ab. 170.DAB=baABab=BA«
TEOREM 90
(Vx€M)(l(x) = í(x) A d(x) = 3(x)).
D o k a z
(1) xeM Sup«
(2) Dx = I(x)I(x)xd(x)đ(x) 1,T85
(3) l(Dx) = l(x) A d(Dx) = 3(x) 1,2,T26,T32
1,3,D29 5---T90.
PRIMJERI
171. 1(A)=b* 172. đ(B)=a. 173. l(5á)=a« 174. đ(SS)=a.
DEFINICIJA 30 
(Vx6M)(q(x) = Dq(x))•
PRIMJERI
175. q(A)=B. 176. q(B)=A. 177. q(ba)=ab. 178. q(ab)=ba.
179. q(BAB)=A.
TEOREM 91
(VxeM)(q(x) ■ ī(x)d(x)).
D o k a z
(1) X€M A 1(x ) = a A d(x) = t Sup.
(2) q(x) = D(et) 1,D30,D14
(3) « st 2,T86
(4) = ì(x)d(x) 1,3,T33,T34
1,4 >---T91.
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TEOREM 92
(YxeM)(q(x) = q(x)).
D o k a z
(1) xcM Sup.
(2) q(Dx) = l(Dx)d(Dx) 1,D14
(3) = l(x)d(x) 2,T90
(4) = q(x) 3>T91
1,4 >---T92.

TEOREM 93
(Yx€M)(Vn€N)(PnDx = DPnx)• 
D o k a z
(1) xeM & n€N Sup.
(2) P nDx = PnPxP» 1,D29
(3) = Pn+1xP’ 2,T60,T51
(4) = PPnxP» 3,T60,T51
(5) = DPnx 4,D29
1,5 5---T93.

D29,T61,T52 (analog T93) >---
TEOREM 94
(Vx6M)(Vn€N)((Dx)Pn = D(xPn)).

D23,D24,T93,T94 >-—
TEOREM 95
(VxeM)(VneN)(DQnx = QnDx = (Dx)Qn = D(xQn)).
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1.4.2. OPERATOR KOMPLEMENTARNOSTI

TEOREM 96(Vs,t€{a,b})(VxeM)(sxt€M).
D o k a z  
T3,T5 >---
(1) (Vu€Q)(Vs,te{a,b} KsuteM).
(2) G = {x: xeM & (s,te{a,b} —► sxt€M)} Def.
(3) 0 £ G  2,1
(4) xeG & yeG Sup.
( 5) (Vs, te {a,b}) ( sxd(x)cM & đ(x)yteM) 4,2,T22,T28
(6) sxd(x)d(x)yteM 5fT5
(7) sxyt€M 6,T31
(3) x,y€G —► xyeG 4,7
(9) G = M. 2,3,8,T6
2,9 >---T96.

DEFINICIJA 31 
(VxeM)(Kx = ī(x)xd(x)).

PRIMJERI
180 Kab = baba = ba.
181 Kba = abab = ab.
182 Kaa = baab = bAb.
183 Kbb = abba = aBa.

D31,T96 >---
TEOREM 97 
(VxeM)(Kx€M).

TEOREM 98 
(Vx€M)(KKx = x).
D o k a z
(1) xeM
(2) KKx = K(l(x)xd(x))
(3) = l(x)í(x)xd(x)d(x)
( 4 ) = x
1,4 >--- T98.

Sup.
1,D31 
2 ,D31 
3,T42,T43

184 KaBa = babbab = B.
185 KbAb = abaaba = A.
186 KAB = bABa.
187 KaBAb= baBAba = BA
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T98 >---
TEOREM 99
(VxeM)(Kx = y -*• Ky = x).

TEOREM 100
KeSbijekc(M,M)#
D o k a z  
D31,T97 >---
(1) KeSŕunkc<“ >M >*
(2) x«M
(3) (3y€M)(Kx = y)
(4) KKx * Ky
(5) Adom(K) = M.
(6) (Vx,y€M)(Kx * Ky —► x = y)«
1,5,6 >---T100.

D31,T26,T32 >---
TEOREM 101
(Vx€M)(1(Kx ) = l(x) A d(Kx) = 3(x)).
D14,T101,T90 ----
TEOREM 102
(VxeM)(q(Kx) = q(x))«

TEOREM 103
(Yx€M)(Yn€N)(PnKx = KP~nx).
D o k a z
(1) X€M Sup«
(2) PKx = PĪ(x)xd(x) 1,D31
(3) = l(x)l(x)í(x)x3(x) 2,D15,D12
(4) * l(x)x3(x) 3,T42
(5) = l(x)I(x)l(x)xd(x) 4,T8
(6) = KĪ(x)l(x)x 5,D31,D12
(7) (Yx€M)(PKx * KP’x). 1,6,T64
(8) (íx€M)On€Npoz)(PnKx = KP”nx) Sup«
(9) Pn+1Kx * PKP”nx 8,T60

(10) Pn+1Kx * KP'(n+1)x 9,7,T60

Sup«
2,1
3
1,2,4,T98 
T98



(11) ( VxeM ) (VneN ) (PnKx=KP~nx -► Pn+1Kx=KP"(n+1)x): 8,10poz
7,11,D21,T51 (tot.indukc.) >—
(12) (Yx€M)(Vn6N'f)(PnKx = KP“nx). 
D31,D15,D12,T42,T8,T64,T60,D21,T51 (analog 12) >—
(13) (VxeM) (VneN*) (P~nKx = KP1̂ ).
12,13 >---T103.

D31,Dl6,D13,T43,T8,T65,T6l,D22,T52 (analog T103) >—
TEOREM 104
(yx€M)(Vn€N)((Kx)Pn = K(xP~n)).

T103,T104,D23,D24,T71 >---
TEOREM 105
(Vx€M)(Vn€N)(KQnx = Q_nKx = (Kx)Q_n = K(xQn))•

1.4.3. OPERATOR INVERZNOSTI

DEFINICIJA 32 
(Yx€M)(Ix = KDx)•

33

PRIMJERI
188 Iba = KDba s Kab = baba = ba. 192 IaBa = KbAb = abAba * A.
189 Iab = KDab = Kba * abab = ab. 193 IbAb = KaBa = baBab = B.
190 Iaa = KDaa s Kbb = abba s aĐa.194 IBA = bABa.
191 Ibb = KDbb s Kaa = baab s bAb.

TEOREM 106 
(Vx€M)(IIx * x).
D o k a z
(1) X€M
(2) IIx = KDKDx
(3) = KDKÌ(x)l(x)xd(x)5(x)
(4) = KDl(x)í(x)I(x)xd(x)đ(x)đ(x)
(5) = KĪ(x)xd(x)d(x)d(x)
(6) * Kl(x)xd(x)
(7) = KKx
(8) = x

Sup.
1, D32
2, T85
3, D31,D12,D13
4, T85,T8
5, T31
6, D31
7, T98

1,8 >-- T106
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TÌ06 >---
TEOREM 107
(VxeM)(Ix = y —► Iy « x)«

D32,T84,T100 >—
TEOREM 108
l€Sbijekc(M,M)*

TEOREM 109
(Vx€M)(q(Ix) = q(x))•
(1) X€M Sup«
(2) q(Ix) = q(KDx) 1,D32
(3) * q(Dx) 2,T102
(4) = q(DDx) 3,T92,D29
(5) * q(x) 4,T82
1,5 >---T109.

TEOREM 110
(Vx€M)(Yn€N)(PnIx * IP~nx).
D o k a z
(1) xeM & neN Sup«
(2) P11̂  = TIÌKDx 1,D32
(3) = KP~nDx 2,T103
(4) = KDP“nx 3,T93
(5) = IP*"nx 4,D32
1,5 >---T110.

D52,T104,T94 (analog T110) 5---
TEOREM 111
(Yx€M)(Vn€N)((Ix)Pn = I(xP"n));

D23|D24»T110,Tili >---
TEOREM 112
(VxeM)(YncN)(IQnx = Q~nIx = (Ix)<fn = I(xQn)).
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TEOREM 113
(VxeM)(Ix = DKx),
D o k « i z
(1) X€M Sup,
(2) Ix = KDx 1,D32
(3) = KĪ(x)l(x)xd(x)đ(x) 2,T85
(4) * l(x)ī(x)l(x)xd(x)d(x)d(x) 3,D31
(5) = l(x)ī(x)I(x)xđ(x) 4, T8
(6) * l(x)ī(x)I(x)x3(x)d(x)d(x) 5*T43
(7) * l(x)I(x)(Kx)d(x)đ(x) 6,D31
(8) e ī(Kx)l(Kx)(Kx)3(Kx)3(Kx) 7»T101
(9) * DKx 8,T89
1*9 >— ~  T113.

1,4,4. GRUPA TRANSFORMACIJA IDENTIČNOSTI, DUALNOSTI,
KOMPLEMENTARNOSTI I INVERZNOSTI

DEFINICIJA 33 
T = {Q°» D, K, I}.

DEFINICIJA 34
(VFr F2€r )(F1 +  F2= F ^  = {(x,y): x€M & y *= F ^z}).

D33,D34,T68 >---
TEOREM 114
(VF€D(Q°F = F A FQ° = F).

D33,T114,T82,T98,T106 >---
TEOREM 115 
(VFeT)(FF » Q°).

D32,D34,T113 >---
TEOREM 116 
I = KD = DK.
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TEOREM 117 
D = Kl = IK.
D o k a :  
(1) Kl *=

z
KKD T116

(2) Q°D 1,T115
(3) D 2,T114
(4) = DQ° 3,T114
(5) * DKK 4,T115
(6) = IK 5,T116
1,3,6 >-—  T117.

T114-T116 (analog T117) 
TEOREM 118 
K = ID = Dl.

D33,D34# T114-T118 >- 
TEOREM 119

* Q° D K I
Q° Q° D K I
D D Q° I K
K K I Q° D
I I K D Q°

e S Cayley tb. ( r, *  ).
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1.5. m-S T R U K T U R A (OPERACIJE ZBRAJANJA m--BROJEVA)

DEFINICIJA 35
F^ = {((x,y),z): x,ycM & ((d(x)=a & l(y)=a & z=Axy ) V

(d(x)=a & l(y)=b ft N II a V
(d(x)=b & l(y)=a ft z=Q*AxyB) V
(d(x)=b ft l(y)=b ft z=xyB ))}.

D35,T22,T28,T1 >-
TEOREM 120
(Vx,ygM)(3!zeM)(((x,y),z)€F^). 

DEFINICIJA 36
(Vx,y€M)(x ^ y = z ► ((x,y), z)eF(>
DEFINICIJA 37
F^ = {((x,y), z): x,yeM ft ((d(x)=a & l(y)=a ft z=xyA ) v

(d(x)=a & l(y)=b ft z =Q *BxyA) y
(d (x) =b & l(y)=a & z=xy ) v

T120 >— <
(d(x)=b & l(y)=b ft z=Bxy ))}.

TEOREM 121
(Vx,y€M)(5H Z€M)(((x,y),z)€F^)• 
DEFINICIJA 38
(Vx»yeM)(x y * z «— ► ((x,y),z)€F0).
DEFINICIJA 39

s (M, Qf ^ )•
D3«,D33 >—
TEOREM 122
(Vx,y€M)(x y s z ► ((d(x)=a & l(y)=a ft z=Axy ) V

(d(x)=a ft l(y)=b & z=xy ) V
(d(x)=b & l(y)=a ft z=Q*AxyB) V
(d(x)=b & l(y)=b ft z=xyĐ ))).

T122 5---<
TEOREM 123
(Vx,y€M)(x ^ y = z <— ► ((d (x ) =b & l(y)=b ft z=Bxy ) V

(d (x) =b & l(y)=a & z=xy ) V
(d(x)=a ft l(y)=b & z=Q*BxyA) V
(d(x)=a & l(y)*a & z=xyA ))).
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PRIMJERI
195 A B = AB. 202 ab v-» ab = Q* aaababbb = Q’ ab = aBAb
196 B rs A = BA. 203 ba r» ba = Q,bbbabaaa * Q’ba = bABa
197 A A = AAA = A. 204 AB ba = aabbbabb = aababb s AB.
198 B r\ B = BBB = B. 205 ab r\ BA = bbabbbaa = bbabaa = BA.
199 B V-/ A = Q’ABAB = AB. 206 BA ab = aabbaaab = aabbab = AB.
200 A r\ B s Q’BABA = BA. 207 ba r\ AB = baaabbaa = babbaa = BA.
201 BA ^ aBAb = ab.

T122,T8 >- 
TEOREM 124

ba A Đ ab
ba ba A B ab
A A A AB ab
B B AB B ab
ab ab ab ab Q’ab

k s Cayley tb ( Q , ^ ).

T124 5--- <
TEOREM 125

r\ ab B A ba
ab ab B A ba
B B B BA ba
A A BA A ba
ba ba ba ba Q*ba

IcS Cayley tb. ( £ , « ).

T124,T125 >---
TEOREM 126
(Vu,v€Q)((q(u ^ v) = ab & q(u ^ v) = ba) v = Du)

TEOREM 127
(Vx,yeM)(Ax ^ y = x ^ Ay).
D o k a z
(1) x,yeM & d(x) = a & l(y)
(2) > X c Vì II AAxy
(3) * Axy
(4) s X y
(5) = x ^ Ay
(6) ([Vx,yeM)(d(x) = a ft l(y) * a

= a Sup.
1, T122
2, T13
3, T122 
1,4,T25

—► Ax ^ y = x v Ay). 1,5



39

(7) x,yeM A d(x) = a A l(y) = b Sup.
(8) Ax ^ y = Axy 7,T122
(9) = AxAy 8 . 7 , m

(10) = x ^ Ay 9,7,T26,T122
(11)(Vx,y€M)(d(x)=a A l(y)=b —► Ax ^ y = x ^ Ay). 7,10
(12) x,yeM A d(x) = b A l(y) = a Sup.
(13) Ax *-* y = Q,AAxyB 12,T122
(14) = Q*AxyB 13,T13
(15) = x ^ y 14,12,T122
(16) = x ^ Ay 15,12,T25
(17) (Vx,yeM) (d(x)=b A l(y)=a —► Ax ^ y = x ^ Ay). 16,12
(18) x,yeM A d(x) = b A l(y) = b Sup.
(19) Ax v y = AxyB 18,T122
(20) = AxQ’PPyB 19,T60
(21) = Q’AxAAyB 20,18,T59,T76
(22) = Q*AxAyB 21,T13
(23) = x v Ay 22,18,T122
(24)(Yx,y€M)(d(x)=b A l(y)=b -► Ax ^ y = x Ay). 23,18
6,11,17,24,T22,T28 >---T127.

T122,T13,T31,T25,T32,T6l,T59,T76,T22,T28 (analog T127) >---
TEOREMI 128-129

128 (Vx,yeM)(xB ^ y = x ̂  yB).

129 (Vx,yeM)(xA ^ By = xABy).

T127 >---<
TEOREM 130
(Vx,yeM)(Bx ^ y = x By).

T128 >---<
TEOREM 131
(Vx,yeM)(xA <"» y = x ^ yA).

T129 >------<
TEOREM 132
(Vx,yeM)(xB r\ Ay = xBAy).
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PRIMJERI
208 A ^ A = A ̂  Aba = AA ^ ba = AA ^ Bba = AABba = A.
209 B A = B ^ Aba = AB ^ ba = AB ^ Bba = A ^ BbaB = AB.
210 B ^ B = baB ^ B = ba ^ BB = baA ^ BB = baABB = B.
211 aBa ^ aBa = aBaA ^ ABbABa = AaBaA ^ BbABa = aBaABbABa=aBABa.
212 ab ^ ba = aBaAB ^ Bba = aBaA ^ BbaB = aBaABB = ab.
213 ba ^ ba = baA ^ Bba = ba. 214 AB ^ AB = AA ^ BB = AB.
215 BA ^ BA = ĐB ^ AA = BBAA. 216 AB ^ AB = ABAB.
217 AB ^ BA = BAB ^ A = BABAA. 218 BA « AB = B « ABA = BBABA.
219 A ^ B = abA <"* Bab = BabA ^ ab = Bab <"» abA * B A * BA.

TEOREM 133
(VxeM)(A ^ x  = x'-'A = Ax).
D o k a z
(1) X€M Sup.
(2) 1(x) = a v l(x) = b 1,T22
(3) A ^ x = AAx v A x = Ax 2,T24,T122
(4)(Vx€M)(A ^ x = Ax). 1,3,T13
(5) X€M Sup.
(6) đ(x) = a v d(x) = b 5,T28
(7) x ^ A = Ax V X ^ ,A = Q’AxAB 6,T24,T122
(8) = Q’AxBAB 7,6,T31
(9) = AxBPPQ* 8,D16,T71

(10) = AxB 9,T61
(11) = Ax 10,T31
(12)(Vx€M)(x ^ A = Ax). 5,11
4,12 >---T133.

T133 >---<
TEOREM 134
(VxeM)(B ^ x = x ^ B = B x ) .

T22,T30,T25,T122,T13,T28,T60,T71 (analog T133) 
TEOREM 135
(VxeM)(B ^ x = X'-'B = xB).

T135 >-----<
TEOREM 136
(Vx€M)(A o x = x ^ A = xA).
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T122,T76,T78 >---
TEOREM 137
(Vx,y€M)(Vn€N)(x ^ Qny = Qn(x y) = Qnx ^ y)«

T137 —̂ -c 
TEOREM 138
(Vx,y€M)(Vn€N)(x Qny = Qn(x « y) = Qnx ^ y)« 

TEOREM 139
(Vx,y€M)(q(x ^ y) * q(q(x) ^ q(y))).
D o k a z
(1) x,yeM
( 2 )  (3m,n€N)(x *  Qmq(x) & y = Qnq(y))
(3) q(x ^ y) = q(Qmq(x) ^ Qnq(y))
(4) * q(Qm+n(q(x) ^ q(y))
(5) s q(q(x) ^ q(y)).
1,5 5---T139.

T139 >--- <
TEOREM 140
(Vx,y€M)(q(x ^ y) * q(q(x) * q(y)))«

TEOREM 141
(Vx,y€M)(x ^ y * y ^ x).
D o k a z
(1) (Vu,veQ)(u ^ v = v v u).
(2) x,yeM
(3) (3m,n€N)(3u,V€Q)(x = Qmu & y = Qnv)
(4) x »-» y = Qmu w Qnv
(5) = QmQn(u ^ v)
(6) = QmQn(v v, u)
(7) = Qnv v, 0 %
(8) s y x
2,8 >--- T141.

Sup«
1.T79
1,2
3, T137,T75
4, T78

T124
Sup«
2,T79,T38
3
4,T137
5,1
6,T137
7,3

T141 >----- <
TEOREM 142
(Vx,y€M)(x ^ y * y ^ x)
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TEOREM 143
(Vx,y,z)(x ^ (y ^ z) * (x ^ y) z).
D o k a z
(l)(Yu,y,w€Q)(u w (v v-» w) = (u ^ v) ^ w). T124
(2) x,y,z«M Sup«
(3)(CTk,m,n€N)(3Ai,v,w€Q)(x=Qku ft y=Qmv ft z=Qnw) 2,T79,T38
(4) x ^ (y ^ z) = Qku v, (Qmv v, q\ ) 3
(5) e QkQmQn(u ^ (v ^ w)) 4,T137
(6) « QkQIDQn((u v) w w) 5,1
(7) * (Qku ^ Qmy) ^ 6,T137
(8) = (x ^ y) ^ z 
2,8 ----T143.

7,3

T143 -----
TEOREM 144
(Vx,y,z€M)(x ** (y ^ z) = (x ^ y) ^ z).

TEOREM 145
(VxgM)(ba x = x * x ^ ba).
D o k a z
(1) X€M Sup.
(2) l(x) a a y l(x) = b 1,T22
(3)ba « x= aabax v ba ^ x = bax 2,T122
(4) = aax v * bax 3,T8
(5) = X V = X 4,2,T25,T42
(6) ba ^ x a x = x w ba 5,T141
1,6 >---  T145«

T145 >— <
TEOREM 146
(Vx€M)(ab ^ x = x = x ^ a b ) .

T22,T122,T8,T25,T42 (analog T145) >---
TEOREM 147
(Vx€M)(ab v/ x * Q*AxB).

T147 >— <
TEOREM 148
(VxeM)(ba «  x = Q*BxA).
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TEOREM 149
((k€M A (Vx€M)(x w k = x )) —► k * ba. 
D o k a z
(1) (5Tk€M)(VX€M)(x ^ k = x)
(2) ba v-* k = ba
(3) k = ba
1,3 >--- T149.

T149 >---<
TEOREM 150
((k€M A (VxíM)(x ^ k = x)) —► k = ab.

T137,T145,T146,T138 ----
TEOREM 151
(VxeM)(Vn€N) (x ^ Qnba = Qnx = x * Qnab).

T151 >---
TEOREM 152 
(VxeM)(x ^ BA = Qx).

T152 >---<
TEOREM 153 
(Vx€M)(x ^ AB = Qx).

TEOREM 154 
(Vx€M)(x »-» Kx = ab).
D o k a z
(1) (VueQ)(u ^ Ku = ab ) •
(2) x€M
(3) (3n€N)(3w€fì)(x = Q°w)
(4) x ^ Kx = Q %  ^ KQnw
(5) = Qn(w ^ KQnw)
(6) = Qn(w ^ Q"nKw)
(7) » w w Kw
(8) * ab
2,8 >-- T154.

T154 >---<
TEOREM 155 
(YxeM)(x ^ Kx * ba).

Sup.
1, T4,T3
2, T145

T124
Sup.
2,T79,T33
3
4, T137
5, T105
6, T137,T75,T68 
7,3,1



44

TEOREM 156
(Vx,y€M)((x ^ y = ab & x ^ y = ba) —► y = Kx). 
D o k a z
(1) (3rx,y6M)(x ^ y *= ab A x ^ y = ba)
(2) q(x ^ y) = ab A q(x ^ y) = ba
(3) q(q(x) ^ q(y)) = ab & q(q(x) ^ q(y))
(4) q(y) « Dq(x)
(5) q(y) = q(Kx)
(6) x ^ y ^ Kx = ab ^ Kx

Sup.
1, T37

ba 2,T139,T140
3, T38,T126
4, T102,D30 
1

(7) ab y ' ab ^ K* 6,T154
(8) Q’AyB = Q ’A(Kx)B 7,T147
(9) AyB = A(Kx)B 8,T72

(10) AyB=AĪ(x)xd(x)B A l(y)=I(x) A d(y)=d(x) 9,D31,4,T86
(ll)(q(x)=A & Py=AbxbB) v (q(x)=B A yP=AaxaB) v

(q(x)=ba ft y =AaxbB) v (q(x)=ab A PyP=AbxaB) 10,4,T33,T34
(12)(q(x)=A & y=baAbxb) v (q(x)=B A y=axaBba) v

(q(x)=ba ft y=axb) v (q(x)=ab A y=baAbxaBba) 11,D19,D20
T64,T65,T8

(13)(q(x)=A & y=bxb) v (q(x)=B A y=axa) v
(q(x)=ba & y=axb) y (q(x)=ab A y=bxa) 12.T8

(14) y = Kx 13,D31
1.14 T156.

TEOREM 157
(Vx,yeM)(D(x ^ y) = Dx * Dy).
D o k a z
(l)(Vu,V€Q)(D(u y) s Du * Dv) T124
(2) X)yeM Sup.
(3) (3m,n€N) (3u, veO) (x = Qmu A y = Qnv) 2,T79
(4) D(x ^ y) = D(Qmu ^ Qny) 3
(5) « DQmQn(u « v) 4,T137
(6) = ílV'Díu v v) 5.T95
(7) ■ Q“Qn(Du Dv) 6.3,1
(8) = QmDu ^ (rtJv 7.T137
(9) = J/Ai " DQnv 8,T95
(10) = Dx * Dy 
2,10 >---T157.

9,3



T157 >---<
TEOREM 158
(Vx,yeM)(D(x « y) = Dx ^ Dy)
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1.6. R E L A C I J A  r 

1.6.1. KVAZI UREĐENJE m-BROJEVA 

DEFINICIJA 40
(Vs, t€ { a , b } ) ( ( s  t) «—► (a  = a ft t *  b ) ) .

Đ40 >--- T159-T161.
TEOREM 159
a <alf b- 

TEOREM 160
(Vs,t€{a,b})((inŕ{s,t} = a 

(inf{s,t) = b

TEOREM 161
(Vs,t€{a,b})((sup{8,t} = b 

(sup{s,t} = a

TEOREM 162 
(Vx,y€M)(l(x ^ y) = inf{l(x),l(y)}).
D o k a z
(1) x,yeM
(2) l(x) = l(y) = s v -i l(x) = l(y)
(3) l(x ^ y) s s v l(x ^ y) = a
(4) l(x ^ y) = inf{l(x), l(y)}
1,4 ----T162.

T22,T28,T124,T125>T160,T161 (analog T162) >— T163
TEOREM 163
(Vx,y€M)(l(x r\ y) s sup{l(X),l(y)} ).

TEOREM 164
(Vx,y€M)(d(x ^ y) = eup{d(x),d(y)}).

a v t 
b ft t

a)
b) )

b v t 
a ft t

b) i 
a)) ,

Sup.
1, T22
2, T124,T26 
2,3»T160

T165.
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TEOREM 165
(Vx,y€M)(d(x ^ y) = inf{d(x),d(y)}).

D14,T162,T164 5---
TEOREM 166
(Vx,y€M)(q(x ^ y) = inf{l(x),l(y)}sup{d(x),d(y)}).

D14,T163,T165 >---
TEOREM 167
(Vx,y«sM)(q(x ^ y) « sup{l(x),l(y)}inf{đ(x),d(y)}).

T159-T167,T22,T28 >---T168-T174.
TEOREM 168
(Vx€M)(q(x ^ x) = q(x)).

TEOREM 169
(Vx€M)(q(x « x) = q(x)).

TEOREM 170
(Vx,yeM)(q(x ^ (y ^ x)) = q(x)).

TEOREM 171
(Vx,y€M)(q(x ^ (y ^ x)) = q(x)).

TEOREM 172
(Vx,yeM)(q(x ^ y) = q(y) ► q(x y) = q(x)). 

TEOREM 173
(Vx,y,zíM)(q(x ̂ (y ̂ z)) = q((x ̂ y) ̂ (x ̂ z))). 

TEOREM 174
(Vx,y,z€M)(q(x ^ (y ^ z)) = q((x ^ y) ^ (x ^ z))). 

DEFINICIJA 41
(Vx,yeM)(x r y «— ► q(x ^ y) = q(y)).

DEFINICIJA 42
(Vx,y€M)(x ŕ y <— ► q(x ^ y) = q(y)).



TEOREM 175
( YX;,yeM)(x r y y r x)*
D o k a z
(1) x,yeM A x r y Sup*
(2) q(x ^ y) = q(y) 1,D41
(3) q(x o y) s q(X) 2,T172
(4) (Yx,y€M)(x r y —► y p x ) . 1,3,D42
(5) (3x,y€M)(y ŕ  #> Sup*
(6) q(x ^ y) * q(y) 5,D42
(7) q(x ^ y) = q(y) 6,T172
(8) (Vx,y€M)(y T X X r y)* 5»7»D41
4,8 5---T175#

TEOREM 176
(Vx,yeM)(x r y ► (3z€M)(x ^ z *= y)).
D o k a z
(1) x,y€M A x r y Sup*
(2) q(x ^ y)=q(y) A (3m,n€N)(x ^ y=Qmq(x ^ y) A

y = Qnq(y)) 1,D41,T79
(3) x ^ y = Qmq(y) 2
(4) Qn(x ^ y) = QmQnq(y) 3,T75
(5) x ^ Qn"my = y 4,2,T69»T137
(6)1(Yx,y€M)((x r y -> (3z€M)(x ^ z * y)). 1» 5»T72
(7)(3x,y,z€M A x 2 s y Sup*
(8) X ^ X ^ Z = X'-' y 7
(9) q(x v-» x v z) * q(x ^ y) 8

(10) q(q(x ^ x) ^ q(z)) s q(x ^ y) 9,T139,T143,T37
(11) q(q(x) ^ q(z)) = q(x ^ y) 10,T168
(12) q(x ^ z) = q(x ^ y) 11,T139
(13) q(y) * q(x ^ y) 12,7
(14) (Vx,y,z€M)(x ^ z = y -► x r y)* 7,13,D41
6,14 5---T176.

T176 ----c
TEOREM 177 
(Yx,yeM)(x r y (3z€M)(x ^ z * y))
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T176,T145 >---
TEOREM 178 
(VxeM)(x r x).

TEOREM 179
(Vx,y,zeM)((x r y A y r z) —► x r z).
D o k a z
(1) x,y,z€M A x r y  & y r z  Sup.
(2) (3u ,V€M)(x ^ u = y A y ^ v = z )  1,T176
(3) x u ^ v = z 2
1,3,T176 >--- T179.

TEOREM 180
(Yx,y€M)(x r y —► (YzeM)(x ^ z r y ^ z & x ^ z r y ° z)).
D o k a z
(1) x,y«M A x r y Sup.
(2) (3weM)(x ^ w * y) 1,T176
(3) (Vz€M)(x ^ z ^ w = y ^ z )  2
(4) (Vx,y€M)(x r y —► (Yz€M)(x ^ z r y ^ z)). 1,3,T176
(5) y ŕ x 1.T175
(6) (3w€M)(y * w = X) 5»T177
(7) (Vz€M)(y ̂ z ^ w = x ^ z )  6
(Q)yr' z r x r'z 7»T177
(9)(Vxfy^M)(x r y —► (Vz€M)(x ^ z r y ^ z)). 1,8,T175
4,9 -̂--T180.

TEOREM 181
(Yx,yeM)(x r y ► q(x) r q(y)). 
D o k a z
(1) x,y«M & x r y
(2) (Sz€M)(x v z * y A

(5tm,n€N)(x = Qmq(x) A y * Qnq(y))
(3) Qmq(x) ^ z = Qnq(y)
(4) q(x) ^ Qm"nz « q(y)
(5) (Yx,y€M)(x r y -► q(x) r q(y)).

Sup.

1,T176,T79
2
3,T137,T69,T75
1,4,T150

(6)(3x,y€M)(q(x) r q(y)) Sup.
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( 7) OzeM) (q(x) z = q(y) &
(l?m,neN)(x = Qmq(x) & y = Qnq(y)) 6.T176.T79

(8) Qm+n(q(x) w z) = Qm+nq(y)
(9) Qmq(x) ^ Qn~mq(z) = Qnq(y)
(10) x v-/ Qn-mq(z) = y
(11) (Yx,y€M)(q(x) r q(y) —► x
5.11 >---T181*

7
8,T137,T69,T75
9,7

y). 6,10,T176

T181 ?---<
TEOREM 182
(Vx,yeM)(x r y q(x) ŕ q(y)).

TEOREM 183
(Vx,y€M)(x r y «— ► (l(y) <alf l(x) v l(y) =

(đ(x) <alf đ(y) v d(x) *=
D o k a z
(1) x,yeM & x r y
(2) q(x ^ y) = q(y)
(3) l(x ^ y) = l(y) & d(x W y) = d(y)
(4) inf{l(x),l(y)}=l(y) & sup{d(x),d(y)}=d(y)
1,4>T162,T164 >---
(5) (Vx,yeM) (x r y —► ((l(y) <alf l(x) v l(y)

(d(x) <alf d(y) v d(x) 
D41,D14,T162,T164 (analog 5) >---
(6) (Vx,y€M)((l(y) <alf l(x) v l(y) « l(x) &

(d(x) < ,- d(y) v d(x) = d(y))) -h 
5>6 >---T18?.

l(x)) &
d(y)))•

Sup*
1, D41
2, D14
3, T162,T164

= l(x)) &
= d(y)))•

x r y).

D42,D14,T163,T165 (analog T183) >---
TEOREM 184
(Yx,yeM)(x ŕ y ► í(l(x) <alf l(y) v l(x) = l(y)) &

(d(y) <alf d(x) v d(y) = d(x))).

T183,T22,T28,T159 >—
TEOREM 185
(Vx,yeM)(x r y & y r x <— ► q(x) = q(y))*
T183.T159.T22 >---T186-T188.
TEOREM 186
(Vx€M)(ba r x & x r ab)*
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TEOREM 187
(VxeM)(A r x *■ l(x) = a).

TEOREM 188
(VxeM)(B r x *— > d(x) = b).

T187,T188,T2 >---
TEOREM 189
1 (A r B) & -| (B r A).

PRIMJERI
220 ba r ABA. 221 B r BAB. 222 BAĐ r B. 223 ab ŕ A.
224 ab r B. 225 ab r ba. 226 ab r AB. 227 BA r BABA.
228 BABA r BA.

1.6.2. MODULARNA DISTRIBUTIVNOST OPERACIJA ZBRAJANJA 

TEOREM 190
(Vx,y,z€M)(x ^ (y A z) = (x ^ y) ^ z <— ► x r z).
D o k a z
T183,T24,T30,T159 >---
(1) (VU,V|W60)(u ^ (v ^ w) = (u ^ v) ^ W <— ► U T w).
T79,T137,T75,T72 5---
(2) (Vx,y,zeM)(x ^ (y ^ z) = (x ^ y) ^ z ►

q(x) (q(y) q(z)) = (q(x) ^ q(y)) ^ q(z)).

2,T138,1,T181 >— - T190.

T190 >---<
TEOREM 191
(Vx,y,z€M)(x ^ (y ^ z) = (x ^ y) z <— ► x ŕ z).

PRIMJERI
229 A ^ (B ^ A) = (A ^ B) ^ A = ABA. 230 A ^ (BA ^ AB) = 
(A ^ BA) ^ AB = ABA « (B ^ a ) = (ABA ^ B) ^ A = ABABA.
231 AB a  (B w A) = (AB a B) A = ABAB.
232 A v ( A a B ) H A w A ) a B.
233 AB v (A a B) j= (AB ^ A) a  B.
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1.7. NERAZLOŽIVOST (ELEMENTARNOST) m-STRUKTURE

1.7.1. s-JEZGRA X p—JEZGRA mHBROJA

DEFINICIJA 43 
(VxeM)(J (x) = baxba).O
DEFINICIJA 44 
(Vx€M)(Jp(x) = abxab).

PRIMJERI
234 JS(A) = ba. 240 Js(ab) = bABa. 246 j 8(b a b ) « BA.
235 Jp(B) = ab. 241 J (ba) = aBAb. 247 Jp(ABA) = AB.
236 JS(B) = ba. 242 Js(BA) = BA. 248 Js(aBAb)= bABABa.
237 Jp(A) = ab. 243 Jp(AB) = AB. 249 Jp(bABa)= aBABAb.
238 JQ(ba)= ba. 244 Ja(ABA)= BA. 250 JQ (bABa) = bABa.
239 Jp(ab)ss ab. 245 J (BAB)= AB. 251 J (aBAb) = aBAb.

TEOREM 192
(Vx€M)(J_(x) = (x ^ ab) ^ ba).O
D o k a z
(1) X€M
(2)(x ^ ab) ^ ba
(5)
(4)
(5)
( 6 )
(7)
1,7 >--- T192.

= Q*B(x ^ ab)A 
= Q’ BQ*AxBA 
* P~2BAxBAP~2 
= P’ AxBP’
= baxba

= Js(x)

T192 >---<
TEOREM 193
(VxeM)(Jp(x) = (x ba) ^ ab).

Sup.
1, T148
2, T147
3, T71,D23,D24
4, T64,T65,T8
5, T64,T65,T8
6, D43

PRIMJERI
252 Js(ABAB)
253 JS(BABA)
254 Jp(ABAB)
255 Jp(BABA)

= (ABAB ^ ab) 
= (BABA ^ ab) 
= (ABAB r\ ba) 
= (BABA ^ ba)

A ba = AB ^ 
^ ba = ABAB 

ab = BABA 
^ ab = BA

ba = BA.
^ ba = BABA.

ab = ABAB. 
ab = AB.



52

D43,T39 >---
TEOREM 194
(Vx€M)(q(J8(x)) * ba).

T194 >---<
TEOREM 195
(VxeM)(q(Jp(x)) = ab).

1.7.2. a-RASTAV I p-RASTAV m-BROJA 

TEOREM 196
(VxeM)(q(x) = ba —► x = ba ^ JQ(x)). 
D o k a z
(1) xeM & q(x) = ba
(2) Jg(x) = baxba
(5) * x
1,3»T145 >--- T196.

T196 >---<
TEOREM 197
(YxeM)(q(x) = ab —► x = ab ^ Jp(x)). 

TEOREM 19B
(VxeM)(q(x) = A —► x = A ^ Js(x)).
D o k a z
(1) xeM & q(x) = A
(2) J (x) = baxba = baxs
(3) A ^ JQ(x) = aabax

0(4) = aax
(5) = x
1,5 >--- T198.

Sup.
1,D43
2,1,T42,T43

Sup.
1, D43,T43
2, T133
3, T8
4, T25

—► x = B ^ Jp(x)).

T198 >---<
TEOREM 199 
(VxeM)(q(x) * B
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T42,T135,T8,T31 (analog T198) >---
TEOREM 200
(Vx€M)(q(x) = B —► x = B Jo(x)).

T200 >---<
TEOREM 201
(Vx<=M)(q(x) = A —► x = A ^ Jp(x))*

TEOREM 202
(VxeM)(q(x) = ab x = AB ^ JQ(x))•O
D o k a z
(1) xeM & q(x) = ab Sup*
(2) AB ̂  J0(x) = AB ^ baxba 1,D43
(3) = A ^ baxbabb 2,T128
(4) = aabaxbabb 3,T133
(5) = AxB 4,T8
(6) = x 5,1,T25,T31
1,6 >--- T202.

T202 >--- -
TEOREM 203
(Vx€M)(q(x) = ba —► x = BA ^ Jp(x))*

TEOREM 204
(Vx€M)(ālueM)(x = u ^ J_(x))*o
D o k a z
T196,T198,T200,T202,T38 >---
(1) (VxeM)(3ueM)(x = u ^ J_(x))*O
(2) (Sx,u,w€M)(x = u ^ Je(x) & x = w v Js(x))» Sup*
(3) (3n€N)(J8(x) = Qnba) 2,T79,T194
(4) u w Qnba = w ^ Qnba 3,2
(5) Qn(u w ba) = Qn(w ba) 4,T137
(6) u - w 5,T75,T145
1,2,6 >-- T204.

T204 >---<
TEOREM 205
(VxeM) ((īlueM) (x = u ^ Jp(x)).
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DEFINICIJA 45
(Vx,yeM)(q (x) = u <-> x = u ^ J ( x ) ho 0

DEFINICIJA 46
(Yx,yeM) (qp(x) = u ► x * u ^ Jp(x)).

D45 >---
TEOREM 206
(Vx€M)(x = qg(x) ^ Js(x)).

T206 >---<
TEOREM 207
(VxeM)(x * qp(x) ^ Jp(x))•

T206,T207 >---
TEOREM 208
(Yx€M)(qs(x) ^ Jfl(x) = Qp(x) ^ Jp(x))• 

DEFINICIJA 47
Q_ = {u: X€M & u = q0(x)}*8 o

DEFINICIJA 48
Q = {u: xeM & u = q (x)}.Jr Jr
D47»D451T196, T198,T200,T202 >---
TEOREM 209
fì = {bfi> Af Bj AB} •5
T209 >— <
TEOREM 210
Qp = {fibj B> Ay ĐA}•

T209» T183 >—
TEOREM 211
(Vu,weC> )(u ^ w = z <— ► z€Qq & u r z & s y(VxeM)(u r x & w
T211 >---<
TEOREM 212
(Yu,W€Qp)(u *  w * z *-> z€S?p & u ŕ z &

(Vx€M)(u r x & w

w r z & 
r x z r x))

w ŕ z & 
ŕ x —► z ŕ x))
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T209,D43 >---
TEOREM 213 
(Vu€Qs )(J8(u ) = ba).

T213 >---<
TEOREM 214 
(Vu€Op)(Jp(u) = ab).

TEOREM 215 
(VU€Q8)(qQ(u) = u)•
D o k a z
(1) U€Qfl
(2) u = qQ(u) ^ Ja(u)
(3) u = qs(u) w ba
1,3,T145 >---T215.

Sup. 
1,T206 
2,1,T213

T215 >— -<
TEOREM 216 
(VueQp)(qp(u) = u).

T196-T202,D45»D46,T3»T209»T210 > 
TEOREM 217
(VxeM)((q(x) = ba *-»■ <is(x) = ba

(q(x) = A *— ► qa (x) = A
(q(x) = B ”*-*■ c's(x) = B
(q(x) = ab *-> qs(x) = AB

qp(x) = BA) &
qp(x) = A ) &
qp(x) = B ) &
qp(x) = ab))•

T217 >--- T218-T220.
TEOREM 218
(Vx<īM) (l(qs(x)) = l(x) & d(qs(x)) = d(x)). 

TEOREM 219
(VxeM)(l(qp(x)) = i(x) & d(qp(x)) = d(x)).

TEOREM 220
(Vx,y€M) (qs(x) = qg(y) «— ► q(x) = q(y) qp(x) = Qp(y))*
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TEOREM 221
(Vx€M)(VF1,F2e{q,q8,qp})(F1(F2(x)) = Fx(x)). 
D o k a z
T37,T215,T216 >---
(1) (VxeM)(TF€{q,qe,qp})(F(F(x)) = F(x)).
(2) xeM & F1,F2<{q,qa,qp} & Fx(F2(x)) = u
(3) F1(F2(x )) = F-^u)
(4) F2(F2(x )) = F2(u )
(5) F2(x ) = F2(u )
(6) F1(x) = Fx(u)
2,3,6 >---T221.

Sup*
2,1
3,T220
4,1
5,T220

TEOREM 222
(Vx€M)(Yn€N)(Qnx = x -► n = 0). 
D o k a z
(1) (3u€fì)Ok€N+)(Q2k+1u = u)
(2) (3s,te{a,b})(Q2k+1st = et)
(5) Q2kst = stQ'
(4) Q2kst = sttttt
(5) Q2kttst = ttsttttt
(6) Q Ktt = tttt
(7) QkttQktt = tttt
(8) Qktt = tt & t = t
(9) (VueQ)(VkeN*) -» (Q2k+1u = u).

(10) G={n: n€Npoz & (VueG) -»(Qnu = u)}
(11) l€G
(12) (^n€NpOZ)(-i neG & (Vm€Np0Z)(m < n —► meG)
(13) (3k€N )(n = 2k)
(14) (£u€Q)(Q2ku * u)
(15) QkuQku = uu
(16) (3k€Npoz)(5Tu€Q)(k < n & Qnu = u)
(17) (Vm,n€NpOZ)((m < n -> m€G) —► neG)
10,11,17 (2.pr.lndukc.) >---
(18) G = Npo*(19) (VneN ;(VueG)(Qnu * u —► n = 0)*

Sup.
1, T3
2, T71,T70,D28
3, T65
4, T76
5, T8
6, T13,T75,T76
7, T12
1, 8,T15,T16,T2
Def.
10.9 
Sup.
12.10.9
13.12.10
14, T75,T76
15, T12,13 
16,12,10

18,10
(20) (5tneN+) (3ueQ) (Q*"nu = u) Sup.
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(21) Qnu = u 20,T70
(22) (YueQ)(VneN)(Qnu = u -> n = 0). 20,21,19
(23 ) (RxeM) (3neN) (Qnx = x) Sup.
(24) (aru6Íì) (SineN) (Qm+nu = Qmu) 23,T79,T75
(25) Qnu = u 24,T75,T72
(26) n = 0 25,22
23,26 >--- T222.

TEOREM 223
(VxeM)(R!neN)(x = Qnq(x)).O
D o k a z
(1) xeM Sup.
(2) (Hk€N)(q8(x) = Q kq(qg(x)) 1,T79
(3) = Qkq(x) 2,T221
( 4) (VxeM) (5Tm€ N) (q(x) = Qmqg(x)). 1,3,T69
( 5 )  (VxeM)(SneN)(x = Qnq ( x ) ) .  T79,4,T75
(6) (3"x€M)(a:Di,n€N)(x = Qmqg(x) & x = QnqQ(x)) Sup.
(7) Qmqs(x) = Qnqg(x) 6
(8) (SIceN) (Qm+kq(x) = Qn+kq(x)). 7,4,T69
(9) Qra“nq(x) = q(x) 8,T69,T75
(10) m = n. 9,T222
5,6,10 >--- T223.

T223 >---<
TEOREM 224
(VxeM) (a-!n€N)(x = Qnqp(x)).

DEFINICIJA 49
(VxeM)(VneN)(X(x) = n ► x = Qnqa(x)). 

DEFINICIJA 50
(Vx€M) (Vn€N) (Xp(x) = n x = Qnqp(x)).

T223,D49 >---
TEOREM 225

X„(x)(VX€M)(X = Q qg(x)).
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T225 >---<
TEOREM 226

Xn(x)
(Vx€M)(x = Q p qp(x))• 

TEOREM 227
(VxeM)(X (x) « 0 «— ► xcQ_)•o o
D o k a z
T225,T68,D47
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T225 >---<
TEOREM 226

X (x)(Vx€M)(x * Q p qp(x))«

TEOREM 227
(Vx €M)(X (x) = 0 +o
D o k a z
T225,T68,D47 >---
(1)(Vx€M)(A8(x ) = 0
(2) xíQ_

U * )(5) x * Q 8 q (x)
X„(x)s(4) x = Q - x

(5) Xs(x) = 0
1,2,5 >---T227.

x€Qg).

X€Qg ) •

T227 >— <
TEOREM 228
(Vx€M)(Ap(x) = 0 * xeQp).

DEFINICIJA 51
(Vx€M)(Pq(x ) = (qs(x),Xs(x))). 

DEFINICIJA 52
(VxeM)(pp(x) = (qp(x),Ap(x))).

D51,T209,T215,D49,T227,T72 >—  
TEOREM 229
ps€SbiJekc(M,Cìs X  N)#
T229 >— < 
TEOREM 250
PpeSbijekc(“'°p *  N)*

Sup«
2,T225
5,T215
4,T222
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TEOREM 231
(Vx€M)(VneN)(q (Qnx) = q(x))O O
D o k a z  
(1) xeM A neN Sup*

1, T78
2 ,  T220

(2) q(Qnx) = q(x)
(3) qfl(Qnx) = qs(x)
1,3, >---T231.

T231 >---<
TEOREM 232
(Vx€M)(VneN)(qp(Qn(x)) = qp(x)). 

TEOREM 233
(VxeM)(VneN)(X (Qnx) = X0(x) + n).o a
D o k a z

T233 >— <
TEOREM 234
(Yx€M)(YneN)(Xp(Qnx) = Xp(x) + n).

T225,T75,T231,T233 >---
TEOREM 235
(Vx,yeM)(X0(xy) = X8(x)+X8(y)+Xs(q8(x)qs(y))).

T235 >---<
TEOREM 236
(Vx,y€M)(Xp(xy) = Xp(x)+Xp(y)+Xp(qp(x)qp(y))).

TEOREM 237
(Vx,yeM)(q8(x ^ y) = qfl(x) ^ q0(y) & y) = X8(x)+Xs(y)).
D o k a z
(1) x, yeM X (x) Xs(y)
(2) x ^ y = Q q0 (x) ^ Q 8 q (y)

(1) xčM & neNn+X (x)(2) Qnx = Q 8 q (x)
n+XQ(x) 8 w

Sup*
1, T225,T75
2, T231 
5,D49

Sup*
1,T223
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x (x)*x (y)

(3) X w y = Q 8 8 (q8(x) w qs (y ) )  2,T137,T75
(4) qs(x ^ y) » qfl(q8(x) ^ qQ(y)) &

Xs(x ^ y) = X8(q8(x) ^ qQ(y)) + Xs(x) + Xfl(y) 3,T231,T233 
4,D47,T211,T215,T227 >---
(5) q8(x ^ y) = qs(x) ^ qfi(y) & XQ(x ^ y) = Xfl(x) + X0(y)
1,5 >---T237.

T237 >— <
TEOREM 238
(Vx,y€M)(qp(x ^ y) = qp(x) ^ qp(y) & *p(x ^ y) “ Xp(x) + Xp(y)).

T237,T227 >---T239,T240.
TEOREM 239
(Vx,yeM)(x ^ y = x y€Q0)•

TEOREM 240
(Vu€fla)(Vx€M)((u ^ x)eQ_ -* xeQ_).

T239 >---<
TEOREM 241
(Vx,y€M)(x *  y = x -* y€QpK

T240 >---<
TEOREM 242
(Vu«Qp)(Vx€M)((u * x>€fìp —► X€Qp).

T206,T237,T227 >—
TEOREM 243
(VxeM)(X8(Jfl(x)) = Xfl(x))•

T243,T194,T225 >---
TEOREM 244 X (x)
(Vx€M)(J8(x) = Q ba).

T243 >— <
TEOREM 245
(Vx€M)(Xp(Jp(x)) = xp(x)).
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T244 5---<
TEOREM 246

X (x)(Vx€M)(Jp(x) = Q p ab).

TEOREM 247
(Vx,yeM)(Js(x ^ y) = JQ(x) ^ Jg(y)).
D o k a z
(1) x,yeM XH(x ^ y )
(2) J (x ^ y) = Q ba

Xjx) X (y)
(3)
(4)
1,4 >-

= Q ba ^ Q ba
= JQ(x) ^ J8(y)

T247.

Sup.
1, T225,T243,T194
2, T237,T145,T137
3, T244

T247 >---c
TEOREM 248
(Vx,y<=M)(Jp(x ^ y)  -  Jp(x) ^ Jp(y)).

DEFINICIJA 53
(V(x1,x2),(y1,y2)6(Qs x  N))((x1,x2) +a (ylfy2) = (z1,z2) ►
(zi = xi w yi & z2 = x2 + y2)}-
DEFINICIJA 54
(V(x1,x2),(y1,y2)6(Qp x  N))((x1>x2) +p (y1»y2) = (z-^Zg) <— >
( z 1 = x1 « y1 & z2 = x2 + y2) ) .

TEOREM 249
(Vx,y€M)( p8(x ^ y) = pQ(x) +B Pa(y)).
D o k a z
(1) x,yeM
(2) Ps(x ^ y) = (Qs(x ^ y)»Xg(x ^ y))
(3) = ((qs(x) ^ qs(y))»(Xs(x)+Xfl(y)))
(4) = (q8(x),Xa(x)) +a (qs(y),XQ(y))
(5) = P8(x) +s P8(y)
1,4 >---T249.

Sup.
1, D51
2, T257
3, T211,D53
4, D51

T249 >---<
TEOREM 250
(Vx,y€M)(pp(x ^ y) = Pp(x) +p Pp(y)).
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1.7.3. DEFEKT m-BROJA 

DEFINICIJA 55
(VX€M)(h(x) = A (x) - A (x)).p B

DEFINICIJA 56
(Yx€M)(h(x) = A (x) - A (x))•B P

D55,D56 ----
TEOREM 251
(Tx€M)(h(x) *-h(x)).

TEOREM 252
(Yx€M)(h(x) « 0 «— ► l(x) = d(x)).
D o k a z
(1) xíM ft As(x) = Ap(x) * n
(2) Qnq8(x) = Qnqp(x)
(3) qs(x) * qp(x)
(4) q(x) * A v q(x) « B
(5) l(x) « d(x)
(6) (Vx€M)(h(x) * 0 l(x) = d(x)).
T24,T30,T217,T72,T225,T226 (analog 6)
(7) (Vx€M)(1(x ) = d(x) h(x) a o).
6,7 -̂--T252.

TEOREM 253
(VX€M)(h(x) = 1 l(x) = a & d(x) = b).
D o k a z  
(1) xcM ft

A (x)
Q qfl(x)

Ap(x) = A8(x ) + 1 
A (x)+l

q8(x) « Qqp(x) 
q8(x)

V x)( 2 )
(3)
(4) q8(x) a AB ft qp(x) = ab
(5) l(x) = a ft d(x) = b
(6) (Yx€M)(h(x) = 1 —► l(x) = a & d(x)
T225,T226,T75,T217,T24,T30,D55 (analog 5)
(7) (Vx€M)(1(x ) a a & d(x) * b —► h(x)
6,7 >---T253.

b]

1]

Sup.
1, T225,T226
2, T72
3, T217
4, T24,T30 
1»D55» 5

Sup.

1, T225,T226
2, T75,T72
3, T217
4, T24,T30

. 1,D55,5



T225,T226,T75,T72,T217,T24,T30,D55 (analog T253) >-----
TEOREM 254
(Vx€M)(h(x) = -1 l(x) = b A d(x) = a).

D55»T252-T254,T22,T28 >---T255,T256.
TEOREM 255
^ e u r j e k c ^ 1’0’1^

TEOREM 256
(Vx€M)(q(x) = ba h(x) * -1 A q(x) * ab h(x) = 1 A

q(x) = A <— ► h(x) = 0  A q(x) « B *— ► h(x) = 0).

T252-T254,T220,D14 >---
TEOREM 257

63

(Vx6M)(YE€{q,q8,qp} )(h(F(x)) * h(x)h

TEOREM 258
(Vx€M)(q8(x) * Qh^ q p(x)).
D o k a z
(1) X€M Sup*

A (x) A (x)
(2) Q q8(x) s Q P qp(x) 1,T225,T226

A (x)-A (x)
(3) q8(x) * Q p 8 qp(x) 2,T69,T75
(4) = Qh(x)qp(x) 5,D55
1,4 >---T258.

T258 >— <
TEOREM 259
(Vx€M)(qp(x) = Q*^X^qs(x)).

TEOREM 260
(YxeM)(q„(x) = P1+h(x)5 (x )d (x ) = l ( x ) I (x )P 1+h(x)) .8

D o k a z
(1) A = Pba * abP A B = Pab = baP A

AB = P2ab * abP2 A ba ■ P°ba = baP0 D15,D16,T8
(2) (Vu€Q8)(u * Ph(u)+13(u)d(u) = l(u)ī(u)Ph(u)+1) 1,T209,T256
2,T221,T257 >---T260.
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T260 >---<
TEOREM 261
(VxeM)(qp(x) = P1-f̂ ^x^d(x)d(x) = l(x)ī(x)P1+íi(x)).
TEOREM 262
(VxeM)(h(Dx) = h(x)).
D o k a z
(1) X€M Sup,
(2) h(Dx) = h(q(Dx)) 1,T257
(3) = h(Dq(x)) 2,T92,D30
(4) = -h(x) 
1,4,T251 >--- T262.

3,T91,T256

TEOREM 263
(VxeM)(q (Dx) = Dq (x)). B P
D o k a z
(1) xeM
(2) qs(Dx) = P1+ì?(Dx)d(Dx)d(Dx)
(3) = pi+h(x)d(x)5(x)
(4) = P1+^ x)Dd(x)d(x)
(5) = DP1+^(x)d(x)d(x)

Sup,
1, T260
2, T262,T90
3, T15»T16,'
4, T93

(6) = Dqp(x) 1,5,T261
1,6 >---T263.

T263 >---<
TEOREM 264
(Vx€M)(qp(Dx) = Dqfl(x))• 

TEOREM 265
(Vx€M)(X (Dx) = A (x)).
D o k a z
(1) X€M A (x)

Sup,
(2) Dx = DQ p q (x) 

X„(x) p
1,T226

(3) = Q p Dq (x) 
X (x) p

2,T95
(4) = Q p qg(Dx) 3,T263
(5) A (Dx) = X (x)B p 4,D49
1,5 >-- T265.
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T265 >---<
TEOREM 266
(VxeM)(X (Dx) = X (x)).

TEOREM 267
(Vx«M)(J (x) = DQh (x )J ( x ) ) .

V O
D o k a z
(1) X€ M
(2) Jp(x)

( 5 )

(4)

= QX0(x)+h(x)ab
XĐ(x)+h(x)s= DQ 

= DQh(x)Jo(x)o

ba

1,4 >— - T267.

Sup.
1, T246,D55
2, T86
5,T75,T244

T267 >---<
TEOREM 268
(Vx€M)(J (x ) = DQ5(x )J„(x )).8 P
TEOREM 269
(Vx,y€M)(XQ(x ^ y) = Xs(x)4-Xe(y)+h(x)+h(y)-h(x /> y)).
D o k a z
(1) x,y€M A x ^ y = z
/ \ x)+x (y)(2) z = Q p p qp(z)

X (x)+X (y)+h(z)(3) = Q P p qs(z)
(4) Xg(z) * Xp(x) ♦ Xp(y) + h(z)
(5) * Xs(x)+Xs(y)+h(x)+h(y)+h(z)
1,5,T251 >~— T269.

Sup.

1, T238,T158

2, T259,T75
3, D49
4, D55

T269 >---<
TEOREM 270
(Vx,yeM)(Xp(x y ) = Xp(x)+Xp(y)+h(x)+h(y)-h(x ^ y)).
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D o k a z  
T154 >---
(1) (Vx€M)(qs(x) ^ Kqfl(x) = ab).
1,T237,T227,T217 >---
(2) (YxeM)(X (Kq (x)) = -1).
T225 >--- X (x)
(3) (Vx€M)(Kx = KQ 8 q (x))•O
3,T105 >--- -X (x)
(4) (Yx€M)(Kx = Q 8 Kqs(x)).
4,2,T233 -̂-- T271.

T271 >---<
TEOREM 272
(Vx€M)(Xp(Kx) = -Xp(x) - 1).

D32,T265,T271 >---
TEOREM 273
(VxeM)(X (Ix) = -X(x) - 1).B p

T273 >— <
TEOREM 274
(Vx€M)(X (Ix) = -X (x) - 1).P 8

T271,T274 ----
TEOREM 275
(Yx«M)(X (Kx) = X (Ix))•B

T275 >---<
TEOREM 276
(YxeM)(X (Kx) = X (Ix))•P 8

TEOREM 271
(Vx«M)(X0(Kx) = -Xq(x ) - 1).
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1.7.4, o-RASTAV m-BROJA 

TEOREM 277
(Yx€M) (5T! neN) (x = Pn d(x)đ(x)). 
D o k a z
(1) xeM
(2) x = Q 8 * Ph(x)+1 d(x)d(x)

Sup.
1, T225,T260,T60

2X (x)+h(x)+l
(3) = P 8 d(x)d(x) 2,D23
(4)(Yx€M)(3n€N)(x = Pn d(x)d(x)). 1.3
(5)(^x€M)(3k,m€N)(x=Plcd(x)d(x) & x=Pmd(x)d(x)) Sup.
(6) Pk-m(d(x)đ(x)) = 3(x)d(x) 1,D19,T60
(7) (Ng€N)(k-m = 2g v k-m = 2g+l
(8) Qg(d(x)d(x)) * d(x)d(x) v

6

Qgd(x)d(x)d(x)d(x) = d(x)d(x) 7,D23,D15,T8
(9) g = 0 v d(x) = d(x) 8,T222,T78,T26
(10) k * m 
4,5,10 ---- T277.

7,9,T34,T2

DEFINICIJA 57
(VxeM)(Vn€N)(A(x) = n <—*■ x = Pn d(x)d(x)).

D57,T277 >—  
TEOREM 278
(Vx€M)(x = PX(x) d(x)d(x)).

TEOREM 279
(VxeM)(A(x) = 0 *— ► X6Qq).
D o k a z
(1) X€M & X(x) = 0 Sup.
(2) x = d(x)d(x) 1,T278
( 5 ) x = b a  v x = ab 2,T22,T28,T34
(4) (VxeM)(X(x) = 0  -» x€fì0 
T19,T50,T54,D57,D17 >---
(5) (Vx6M)(xeQ0 -*■ X(x) = 0.
4,5 >---T279.

1,3,T19
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Sup,
1, T278
2, D15,T24,T17
3, T8
4, T28 
1,5,T18

T225,T260,D23,T60,D57 >---
TEOREM 281
(VxeM)(A(x) = 2X (x) + h(x) + 1).O
T281 >---<
TEOREM 282
(VxeM)(A(x) = 2Ap(x) ♦ h(x) + 1)»

T281,T282,T251 >---
TEOREM 283
(Vx€M)(A(x) = A (x) + X (x) + 1),s p

TEOREM 284
(VxeM)(x = l(x)í(x)PX(x)). 
D o k a z
(1)
(2)

xeM
X =

2AQ(x)+h(x)+l 
P 8 d(x)d(x)

Sup.
1,T278,T281

(3) - 2X (x)
P 8 qs(x) 2,T260

(4) - 2X (x) q8(x)p 8 3,D23,T71
(5) = q (x)pX(x)-h(x)-l 

0 4,T281
(6) = l(x)I(x)PX(x) 5,T260,T60
1,6 >— - T284.

TEOREM 280
(VxeM)(A(x) = 1 «— ► xeQt),
D o k a z
(1) xeM & A(x) = 1
(2) x = Pd(x)d(x)
(3) x = d(x)d(x)d(x)đ(x)
(4) x = d(x)d(x)
(5) x = A v x = B
(6) (Vx€M)(X(x ) = 1  —► X€fì̂ .),
T18,T30,T8,D15,T17,T24,T51,T278 >---
(7) (VxeM)(x€fìt —► A(x) = 1),
6,7 >-- T280.
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T278,T284 >---
TEOREM 285
(Yx6M)(PX(x)3(x)d(x) = l(x)I(x)PX(x))

TEOREM 286
(YxeM)(VneN)(X(x) * 2n -i(l(x) * d(x)h

Sup*
1, T285,D23,T71
2, T9

TEOREM 287
(VxeM)( -i l(x) = d(x)) -*■ (3n€N)(X(x) * 2n)).

Sup. 
1»T17
2,T285

T278,T60 5---
TEOREM 288
(YxeM)(VneN)(X(Pnx) = n+X(x))*

T284,T61 5---
TEOREM 289
(VxíM)(Vn€N)(X(xPn) * n + X(x))* 

TEOREM 290
(Vx€M)(X(Dx ) = X(x))*
D o k a z
(1) xeM
(2) X(Dx) * X(PxP»)
(3) = 1 + X(x) - 1

D o k a z
(1) xeM A l(x) * d(x)
(2) l(x)I(x) = 5(x)d(x)
(3) PX(x)d(x)d(x) = ā(x)d(x)PX(x)
1,3,T77 ----T287.

D o k a z
(1) x€M A neN A X(x) = 2n
(2) l(x)ì(x)P2n * d(x)d(x)P2n
(3) l(x) = d(x)
1,3,T33,T34 5---T286.

1,3 -̂--T290

Sup*
1, D29
2, T288,T289
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TEOREM 291
(VxeM)(X(Kx) = -X(x))•

D o k a z
(1) xeM Supe

(2) Kx = KPX(x)3(x)d(x) l j  T2?8

(3) * P~X(x)đ(x)d(x)đ(x)d(x) 2,T103,D31

(4) = P“X(x)đ(x)ā(x) 3 ,T8

(5) = P“X(x)d(Kx)d(Kx) 4,T101,T17

(6) X(Kx) = - X ( x ) 5,D57
1,6 >— -  T291.

T113,T290,T291 >------
TEOREM 292
(Vx€M)(X(Ix ) = -X(x)).

TEOREM 293
(Vx,y€M)(X(xy) = X(x) + X(y) -  X(d(x)l(y)) )•

D o k a z
(1) x,yeM Sup.
(2) xy = PX ( x ) a < x ) d ( x ) l ( x ) I ( x ) P X(y ) 1,T278,T284
(3) X(xy) s X(x)+X(y)+X(d(x)đ(x)l(y)ī(y)) 2,T288,T289
(4) X(xy) * X(x)*XCy)+X(K(d(x)l(y))) 3,D31
(5) = X(x)+X(y)-X(d(x)l(y)) 1,4,T291
1,5 >---T293.
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1.8. PARTICIJE m-BROJEVA OBZIROM NA PREDZNAK DULJINE 

m-BROJA

DEFINICIJA 58
M* = {xs xeM & 0 < \ ( x ) } .3 — o

DEFINICIJA 59
Mp = {x:  xeM & 0 < Áp(x)} .

DEFINICIJA 60
Ms = {xs xeM & As (x) <

DEFINICIJA 61
M~ = {x :  x€M & Ap(x) < •

D58,D59,T229 >— - 
TEOREM 294
M* U M~ = M & ì ŕ  fì M" = 0 & n  - 0 & -i M" = 0.o o 3 3 3 o

T294 >---<
TEOREM 295
m J u  m" = m & M* n M“ = 0 & -1M* = 0 & -1 M' = 0.p p p p p p
TEOREM 296
xeM* -► Dx€M*.s p
D o k a z
(1) xeMg Sup.
(2) 0 < \a(x) 1,D58
(3) 0 < X (Dx) 2,T266
(4) DxeMp 3,D59
!,4 >---T296,

T296 >— <
TEOREM 297
xeMp —> DxeMg<,
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TEOREM 298 
xeM*!" <— ► Kx €M".8 S
D o k a z
CD  XíMg
(2) x ^ Kx = ab
(3) Xs(x) + Xs(Kx) = -1
(4) Xfl(Kx) < 0
(5) X€Ml “► KX€M“ 
T154,T237,D58,D60 (analog 5)
(6) Kx€M“ -*■ X€M*
5,6 >-- T298.

T298 >---<
TEOREM 299
X€M* <— ► KX€M". p p
TEOREM 300
xeMg <— ► IxeMp. 
D o k a z
(1) xeMg
(2) DxeMp
(3) KDx6M”
1,3,D32 ----
(4) xeMg —► Ix€M~ 
T296,T299 (analog 4)
(5) Ix€M“ xeM*
4,5 >--- T300.

T300 >---<
TEOREM 301 
X€M* <— ► . IX€M”.p • 8
DEFINICIJA 62
M _ „  = m * n m *.poz 8 p
DEFINICIJA 63
M = M~ n M~.neg s " p*
DEFINICIJA 64 
MnanA, = M" U M“.n6po Z S p

Sup.
1, T154
2, T237 
1,3,D58 
1,5,D60

Sup.
1, T296
2, T299
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DEFINICIJA 65
Mri_ fr = M* U M*. neneg s p
D58,D59,D52 >---
TEOREM 302

= M\ M . nepoz poz
D o k a z
(1) xeM\Mpoz
(2) X8(x) < 0 v V x)

4,8 v T?02.

< 0
(?) xe(Ma U Mp)
(4) <M\Mpoz) C M nepoz.

(5) « “nepoz
(6) X0(x) < 0 v Ap(x)
(7) xeM\Mpoz
(8) “nepoz ̂  (MX“poz>

< 0

Sup.
1, D58,D59,D62
2, D60,D61 
1,3>D64
Sup.
5, D64,D60,D6l
6, D58,D59,D62 
5,7

D58-D65 (analog T302)
TEOREM 303
M = M \ M  • neg neneg
D58~D65,T265,T266 >—  
TEOREM 304
(VWe(M .M ,M , poz neg nepoz Mneneg})(xeW DxeW)•

TEOREM 305
X€ M <— ►poz
D o k a z

KxeMneg

(1) xe“poz
(2) 0 < Xfl(x) ft 0 < X (x)
(?) Xs(Kx) < 0 4  X (Kx) < 0
<4) x6“poz -*• Kxe“neg
(5) KxeMneg
(6) Xs(Kx) < 0 & Xp(Kx) < 0
(7) -i (Xs(x)-1 < 0) & -i (X (x)-l < 0)
(8) 0 < XQ(x) & 0 < Xp(x)
(9) KxeMneg -► xeMpoz
4,9 >---T?05.

Sup.
1, D62,D58,D59
2, T271,T272
3, D63,D60,D61
Sup.
5, D63,D60,D61
6, T271,T272 
7
5,8,D58,D59,D62



74

T113,T304,T305 >---
TEOREM 306
X€MTx̂ nr ^poz neg
TEOREM 307

<— ► KoceM^.^. nepoz neneg
D o k a z
(1) xeMneneg(2) 0 < X8(x) v 0 < Xp(x)
(3) 0 < (-Xa(Kx)-l) v 0 < (-Xp(Kx)-l)
(4) X (Kx) < 0 V X (Kx) < 08 P
(5) x€M __  —► Kx€M^QT̂ rtrT.neneg nepoz
(6) x€Mnepoz * n ̂ “neneg
(7) Kx*Mneg
(8) x<Mpoz
(9) -nx«Mnepoz

(10) x€Mr_ rt(r —► KxeMnepoz neneg
5,10 >---T307.

Sup«
1, D65,D58,D59
2, T271,T272
3
l,4,D64,D60,D6l
Sup«
6, T303
7, T305
8 ,  T302 
6,9

T113,T304,T307 
TEOREM 308
X€ M,nepoz ĪX€ M,neneg
TEOREM 309
(VxeM)(x€M_„ «— «► 0 < A(x).po z
D o k a z
(1) xeMpoz
(2) 0 < Xs(x) & 0 < X (x)
(3) X€Mpoz A(x) > 0.
(4) xeM & 0 < A(x)
(5) 0 < As(x) & 0 < Ap(x)
(6) (VxeM)(0 < A(x) —► x€Mpoz *̂
3,6 >---T309«

Sup.
1,D62,D58,D59
1,T283
Sup.
4,T281,T282,T255 
4,5,D62,D58,D59

D58-D65,T281-T283,T255 (analog T309) >--- T310-T312.
TEOREM 310
(Vx€M)(xeM__ *— ► A(x) < 0)«uug
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TEOREM 311
(Vx€M)(xeMnepoz ► X(x) < 0). 

TEOREM 312
(VX€M)(x€Mneneg *— ► 0 < X(x)).

1.9. U R E Đ E N J E  m-B R O J E V A  

1.9.1. RELACIJE a-MANJE I p-MANJE

DEFINICIJA 66
(Vx,y€M)(x <s y <— ► (STz€Mg)(x ^ z = y & -> x = y)).

DEFINICIJA 67
(Vx,yeM)(x <p y (3z€Mp)(x ^ z = y & n x  = y)).

DEFINICIJA 68
(Vx,yeM)(x <g y (x <g y v x = y)).

DEFINICIJA 69
(Vx,y€M)(x <p y ► (x <p y v x = y)).

D66,D68 >--
TEOREM 313
(VxeM)(x < x).“  8

T313 >---<
TEOREM 314 
(VxeM)(x <p x).

TEOREM 315
(Vx,y€M)(x <g y & y <8 x -*• x = y).
D o k a z
(1) x,ycM & x <fl y & y  <a x Sup.
(2) (5rw,z€Mg)(x ^ w = y & y ^ z = x) 1,D66
(3) q(x) r q(y) & q(y) r q(x) 2,T181
(4) q(x) = q(y) 3,T185
(5) q8(x) = q8(y). 4,T220
(6) x ^ w ^ z = x 2
(7) *8(x) ♦ *e (w) ♦ *s (z ) = 6,T237



(8) Xg(w) = Àg(z) = 0.
(9) Aq(x ) + Ag(w) = Ag(y)

(10) Ag(x) = Ag(y)
(11) x = y
1,11 >— - T315

T315 >---<
TEOREM 316
(Yx,y€M)(x <p y & y <p x -> x = y) .  

TEOREM 317
(Vx,y,zeM)(x <8 y A y <g z -► x <8 z ) .  

D o k a z
(1) x,y, zeM & x <fl y A y <8 z
(2) (3u,veM*)(x ^ u = y A y ^ v = z)
(3) x ^ u ^ v = z A (u ^ v)€Mg
1,3,D66,D68 5---T317.

T317 >--- -
TEOREM 318
(Yx,y,z€M)(x <p y A y <p z x <p z).

D66,D68,T145 >-----
TEOREM 319
(Yx,y«M)(x <8 y ► (3z€M*)(x ^ z = y)).

T319 >---<
TEOREM 320
(Yx,y€M)(x <p y «— ► (3zeMp)(x ^ z = y)K

T145»T319 >---
TEOREM 321 
(Vx€Mg)(ba <8 x).

T321 >---c
TEOREM 322 
(Yx€Mp)(ab <p x)«

76

2,T237
9,8
4,10,T229

7,2,D58

Sup«
1, D68,D66
2 ,  D58
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TEOREM 323 
(Yx€M~)(x <p ba)*
D o k a z
(1) xeM~ Sup.
(2) x ^ Kx = ba ft Kx€Mp 1,T155,T299
1,2,T320 >--- T323.

T323 >— <
TEOREM 324 
(Vx€M“)(x < , ab).O J

TEOREM 325
(Vx,y€M)(x <8 y «— ► (qs(x) r q8(y) & Xfl(x) - Xg(y))).

D o k a z
(1) x,y€M & x <fl y
(2) (STzíMg) (x ^ z = y)
(3) qs(x) ^ q8(z) * q8(y) & xg(x)+xs(z) = xe(y)
(4) (Vx,yeM)(x <fl y -► qg(x) t qfl(y) &

Xfl(x) < Xfl(y))•
T319,T237,T176,D58 (analog 4) >---

Sup*
1, T319
2, T237

1,2,T176,D58

(5)(Vx,y€M)(qs(x) r q8(y) & Xg(x) 5 Xfl(y) * <8 y)»
4,5 >---T325
T325 >---<
TEOREM 326
(Yx,y€M)(x <p y (qp(x) r qp(y) & Xp(x) < Xp(y)))*

T319,T325,T176 5---
TEOREM 327
(Yx,y€M)(x <e y «— ► x r y ft Xfl(x) < Xg(y)).

T327 >---<
TEOREM 328
(Yx,yeM)(x <p y <— ► x ŕ y & Xp(x) < Xp(y)).

T327,T181,T256,T186~T189 >—
TEOREM 329
(Yx,yeM)(x <8 y h(x) < h(y)).
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T329 >---<
TEOREM 330
(Vx,y€M)(x <p y —► h(x) < īi(y)).

Sup*
1, D66
2, T157 ,T296,T84 
1,3,D67

T331 ---- -
TEOREM 332
(Vx,yeM)(x <p y <— ► Dx <fl Dy).

TEOREM 333
(Yx,y€M)-> (x <e y & y <p x).
D o k a z
(1) x,y€M & x <8 y ft y <p x Sup.
1, D68,D69,T327-T330 >--
(2) x r y ft Xfl(x) < X0(y) & h(x) 5 h(y) *

y ŕ x & Xp(y) < Xp(x) ft h(y) < h(x)
2, T175,T181,T251 >--
(3) q(x) r q(y) ft h(x) = h(y)
3, T256,T189 >--
(4) q(x) « q(y)
2,3,D55 5---
(5) XQ(y) < Xs(x)
2,3,5 >--
(6) X0(x) * xfl(y)
4, T220,6,T229
(7) x * y
1,7,D66,D67

TEOREM 331
(Vx,yeM)(x < y «— ► Dx < Dy).a p
D o k a z
(1) x,yeM ft x <8 y
(2) (ffz6M^)(x ^ z * y ft -» x = y)
(3) Dx Dz * Dy ft DzeMp ft -i Dx = Dy
(4) (Vx,y€M)(x < y Dx < Dy).B p

D66,T157,T296,T84,D67 (analog 4) >---
(5) (Yx,y€M)(Dx <p Dy -*■ x <g y).
4,5 >---T331.

T333
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T333 >--
TEOREM 334
(Vx,y€M)(x <s y —► —i (y <p x))*
T334 >-- <
TEOREM 335
(Vx,y€M)(x <p y -* -i (y <g x))*
TEOREM 336
(Yx,y€M)(x <e y —► (Yz€M)((x ^ z) <q (y ^ z))).
D o k a z
(1) x,y€M A x <8 y Sup*
(2)(3w€Mg)(x ^ w = y) 1,T319
(3)(Vz€M)(x ^ z ^ w = y ^ z ) 2
(4)(Vz€M)(x ^ z < y ^ z) 3.T319
1,3 >-- T336.

T336 >-- <
TEOREM 337
(Vx,y€M)(x <p y —► (Vz€M)((x ^ z) <p (y *  z))).
DEFINICIJA 70
(Vx,y€M)(x cg y <— ► x <g y A (Vz€M)((x <g z A z <8 y) -*

(x = z v z = y))).
DEFINICIJA 71
(Vx,y€M)(x c y ► x < y & (VzeM)((x < z 

V  V  tf
A z <p y) -►

(x 53 z v z = y)) )•
TEOREM 338
(Yx,y€M)(x cg y —► (Vn€N)(Qnx cg Qny))*
D o k a z
(1) x,y€M & x cg y Sup*
(2)(5īzeMg)(x ^ z = y & -ix = y). 1,D70,D66
(3)(Vn€N)(x ^ z ^ Qnba = y ^ Qnba) 2
(4)(Vn€N)(Qnx ^ z = Qny) 3,T151
(5)(Yx,yeM)(x cg y -> (Vn€N)(Qnx <0 Qny))* 1,2,4,D66
(6) x,ycM & x c8 y &

(3íz€M)(STncN) (Qnx <g z & z <g Qny) Sup.
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(7) (&u,W€Mg)(Qnx v-/ u = z 8t zv>w
(8) Qn(x ^ u ^ w) = Qny
(9) x v-' u w = y

(10) x < x u 8tO
(11) x = X ^ U V
(12) Qnx = z v
5.6.12.D70 >---T338.

Qny

x w u <s y 
x ^ u = y 
z = Qny

6, T319
7, T137
8 ,  T72
9,7,T319
10.6, D70
11.7, T137

T338 -----
TEOREM 339 
(Yx,y€M)(x cp y (YneN)(Qnx cp Qny)).

TEOREM 340 
(VxeM)(x cg Qx).
D o k a z
( 1 )  (Vx €M)(x  <e Qx).
(2) x,yeM & x <fl y & y <Q Qx)
(3) Qs(x) r Qs(y) & Xfl(x) < xs(y) &

q8(y) r q8(*> & Xfl(y) < X8(x) + 1
(4) qs(x) = qfl(y) & X8(x)=Xs(y) v XB(y)=Xg(x)+l 3,T185,T220
(5) (Vx,y€M)((x <s y & y <Q Qx) —►

D66,T152,T222
Sup.

2,T325,T231,T233

1,5,D70 >-
(x = y 
- T340.

v y = Qx))• 2,4,T229,T233

T340 >— <
TEOREM 341 
(VxeM)(x Cp Qx).

TEOREM 342 
(Vx,y€M)(x c y - (y 5 Qx v (qfl(x) c8 qQ(y) & Xfl(x) = Xfl(y)))).

D o k a z
D70,T325 5---
(l)(Vx,y€M)(x c y

ls—  s 8
(2) x,y€M & x cs y & qQ(x) s qfl(y) = u
2,1 >---
(3) (3k€Npoz)(X8(x) + k * XQ(y)).

(q8(x) = q8(y) & Xfl(x) < xs(y>) v
(qo(x) <fi q«(y) * Xs(x) = Xg(y))) .

Sup.
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-8
4,2,D70,T69,T75 >---
(5) u = Qu v u = Qk“*1u

Xs(x)+1
u < Q «*8

Xfl(x)+k
u

5,T222 ?---
(6) k - 1 = 0
6,3
(7) xQ(y) = x8(x)+i
2,7,T225,T75,D25 >---
(8) (Vx,y€M)(x Cg y A qfl(x) = QQ(y) -► y * Qx).
(9) x,yeM A x Cg y A Xg(x) = X8(y) - m A

(3zeM)(q (x) < z A z < qfl(y)) Sup*
9,T336,T151 5---
(10) Qmqs(x) <s Qmz & Qmz <s Qmq8(y)
10,9,D70 ----
(11) Qmqs(x) = Qmz v Qmz = Qmqs(y)
11.T72 5---
(12) qs(x) * z v z = qQ(y)
9,12,1,D70 >---
(13) (Vx,y€M)(x c y A X (x) * X(y) -►& o o

1,8,13 ----
(14)(Vx,yeM)(x cQ y -► (y = Qx v (qs(x) cfl (qfl(y) A

T342 3--- -
TEOREM 343
(Vx,yeM)(x cp y «-“► (y=Qx v (qp(x) cp qp(y) A Xp(x)*Xp(y)))).

TEOREM 344 
ba c8 A*

qs(x) cs <is(y))

XQ(x) = Xs(y))))
14,T340,T338 T342.

D o k a z
T14,T2 >---
(1) -i (ba * aa)
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1,D66,D68,T321 >
(2) ba <fl A.
(3)(3x€M)(ba <e x & x < A)*" O Sup*
(4) ba r qg(x) ft 0 < A (x) ** 8 ft

qs(x) r A * Xa(x) < 0 3,T325,T181,T227
(5)(a <alf d(x) ▼ a = đ(x)) ft

(d(x) <alf a v d(x) = a) ft Ag(x) = 0 4,T183
(6) d(x) * a ft « ° s 5,D40,T227
(7) x * ba v x = A 6,T209
D70,2,3,7 5---T344*

T344 ----<
TEOREM 345 
ab 0^ B*

T14,T2,D66,D68,T321,T325,T181,T227,T183,T209,D70
(analog T344) >--
TEOREM 346 
ba cfl B*

T346 >— <
TEOREM 347 
ab Cp A#

TEOREM 348 
A Cg AB*
D o k a z
T14,T2,D66,T124 >---
(1) A <s AB
(2) (3xeM)(A <B x & x <e AB)
(3) A r qs(x) & 0 < Ag(x)

qs(x) r AB & As(x) < 0
(4) (l(x) <alf a v l(x) = a) 

(a <alf  K*)' v 1(*) * «)
(5) l(x) = a & X€ds
(6) x = A v x = AB 
D70,l,3,6 >— T348.

Sup*

2,T325,T227
ft

& Ae(x) = 0 3,T183
4, D40,T227
5, T209



T348 >— <
TEOREM 349 
B cp BA.

T14,T2,D66,T124,T325,T227,T183,D40,T209,D70 (analog T348) >• 
TEOREM 350 
B cq AB•

T350 >---<
TEOREM 351 
A Cp BA.

T325,T189 >---
TEOREM 352
-i (A <8 B) & -i (B <g A).

T352 >---c
TEOREM 353
n (B <p A) A n (A <p B).

DEFINICIJA 72
(Vx,y€M)([x,y]s = {z: zeM A x <g z <Q y}).

DEFINICIJA 73
(Vx,y€M)([x,y]p ■ {zs Z€M A x <p z <p y}).

PRIMJERI
256 [aBa, ABAB]g = {aBa, ab, A, AB, ABA,ABAB}.
257 [A, A]e = {A}.
258 [ab, BA]g * 0.
259 [ab, BA]p * {ab, A, B, BA}.
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T344,T346,T348fT350,T352,D70,T358,T340,T342,D72 
TEOREM 354

T354 ----<
TEOREM 355

aĐAb
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1.9.2, RELACIJA "manje”

DEFINICIJA 74
(Vx,yeM)(x < y <— x < y & x < y).B P
D74,D66,D67 >---
TEOREM 556
< = < n < .s "  p

DEFINICIJA 75
(Vx,yeM)(x < y ► x < y v x * y).

T556,T354,T355,D75 >---
TEOREM 557

ABAo

(Ao 

aBao

ABABo

ABo

abo

aBAbè

oBABA

ÓBA

òba

òbABa

oBAB

Ab

AbAb
= X ----►

aBABaó òbABAb
aBABAbò òbABABa

X6S Hasae dgr.((x! xeM x<*) i  4)>

D74,D75,T515-T518 >— T558-T560.
TEOREM 558

< ).

(VX€M)(x < x).

TEOREM 559
(Yx,yeM)((x < y & y < x) —► x - y).

TEOREM 560
(Vx,y,Z€M)((x < y & y < z )  -*• x < z).

T556,T525,T326)T185»D55»T256 >---
TEOREM 361
(Vx,yeM)(x < y ► q(x) = q(y) & XQ(x) S *s(y))*
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T361 >---<
TEOREM 362
(Vx,yeM)(x < y q(x) = q(y) & Xp(x) < Xp(y))).

T361,T362,T283 >---
TEOREM 363
(Vx,y€M)(x < y ► q(x) = q(y) & X(x) < X(y)).

1.10. RELACIJE KONGRUENCIJE SISTEMA M 

DEFINICIJA 76
(Vx,y€M)(Vn€N)(x ©n y «-> (ffk€N+)(Qknx = y v x = Qkny)).

TEOREM 364
(Vx,y€M)(Vn€N)(x ©n y -* - *  qs(x)=qs(y) & Xg(x) — Xg(y)(mod n)).

D o k a z
(1) x,y€M & neN & :* en y Sup.
(2)(3k<=N+)(Qknx = y v x = Qkny) 1,D76
(3)(qa(Qknx) = q8(y) v q3(x) = qs(Qkny)) &

(kn+X (x) = X (y) vo o Xs(x) = kn + Xg(y)) 2,T233
(4) qs(x) = qs(y) & Xg(x) -* Xg(y)(mod n) 3.T231
(5)(Vx,y<=M)(Vn€N)(x ©n y -► qs(x) = qs(y) &

Xg(x) *= XQ(y)(mod n)). 1# 4

D76,T231,T233 (analog 5) >---
(6)(Vx,yeM)(Vn€N)((q8(x) = qQ(y) &

Xs(x) ™  XQ(y)(mod n)) -► x 0n y).
5,6 >--- T364.

T364 >---<
TEOREM 365
(Vx,y€M)(Vn€N)(x ©n y «— ► qp(x)=qp(y) & Xp(x) ^ X p(y)(mođ n)).



T364,T365,T283 >---
TEOREM 366
(Vx,yeM)(Vn€N)(x 0n y <— * q(x) = q(y) & X(x) 

PRIMJERI
260 BAB 0O BBAAB* 261 A 01 ABABA; -»A 01 B. 
262 ba 0^ BABABAj bAb 0̂  BABAB.

T366 >---
TEOREM 367
(Vx,y€M)(VneN)(x 0R y <— ► x 0_n y).

T364,T229 >---
TEOREM 368
(Vx,y€M)(x 0Q y ► x = y).

T366,T185 >---
teorem 369
(Vx,y€M)(x 0^ y «— ► x r y & y r x).

T366 >--- T370-T372.
TEOREM 370
(VxeM)(VneN)(x 0 x).n

TEOREM 371
(Vx,yeM)(VneN)(x 0n y —s► y 0R x K

TEOREM 372
(Vx,y,z€M)(Vn€N)(x 0n y & y ©n z

T366,T39,T293 >---
TEOREM 373
(Vx,y,z,weM)(Vn€N)(x 0n y & z 0n w

T364,T237 >---
TEOREM 374
(Yx,y,z,w€M)(VneN)(x 0n y & z ©n w

T374 >---<
TEOREM 375
(Vx,y,z,W€M)(Yn€N)(x 0n y & z 0R w

* en

xz 0„ n

x  ̂ z

x ^ z

= X(y)(rood n)).

z) .

yw).

0_ y ^ w) • n

0„ y ^ w). n
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T366,T37 5---
TEOREM 376
(Vu,v€Q)(VneN)(u 9r v —► u = v).

T181,T366 >---
TEOREM 377
(Yx,y,z,W€M)(Vn€N)((x 9n y & z 9 n w &  x r z )  —► y r w).

T366,T288-T292 >—
TEOREM 378
(Vx,y€M)(Vn€N)(x 9n y (VFe{P1,Pd,Q,D,K,l})(F(x) 9n F(y)). 

DEFINICIJA 77
(Vx€M)(VneN)(|x|n = {y: yeM & y 9n x}).

DEFINICIJA 78
(Vn€N)(M(9n) = {X: xeM & X = |x|n}).

DEFINICIJA 79
(Vn€N)(Q(9n) = {|ba|n, |ab|n, |A|n, |B|n}).

DEFINICIJA 80

(Vn€N+) ( ^ ^  = (M(9 ), Q(0 ), A » « , a , p, d , K, I ) «— ►n n n
(V^€{ A , ^ , r } )(v|x|n, |y|n€M(9n))( |x|n  ̂ |y|n= |x § y|n) &
(V^{D, K, I })(v|x|n€M(9n))(»|j|x|n = l+x|rl)).
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1.11.1. UTEMELJENJE I RED m-SISTEMA

DEFINICIJA 81
= {X: X C M *  ft (s,t€{a,b} — ► st€X) &

(x,yeX — ► xyeX) ft

((HeS ft H C X  & (s, t€ {a, b} -*» steH) &
(x,yeH -*■ xy<-H)) — * H = X) &

((Vp,r,s,t€{a,b})(Vx,y€X)((prx = sty v
xrp = yts — ► p = 8). ft

((Vs,te{a,b})(?x,yeX)(stx = sty — ►
(x = y v stx = x v ety = y)) ft

((Vs,te{a,b})(Vx,yeX)(xst = yst — ►

1.11. m-S I S T E M

(x = y v xst = x v y8t = y))}.

DEFINICIJA 82
Sm-eist.(<a>b,) = (<X.A)i XeSm }.
DEFINICIJA 83
D4m~D48m su izreke koje se dobivaju iz definicija 4-48 sistema M, 
tako da se svugdje umjesto M uvrsti X i doda (VXeSm), ili ukoli­
ko M ne dolazi u dotičnoj definiciji, onda sve ostaje nepromje- 
nJeno.

PRIMJERI
263 D31m glasi: (VXeSm )(VxeX)(Kx = l(x)xd(x));

D48m glasi: (VXeSm )(Qp = {u: xeX & u * qp(x)}).

264 D4m glasi: Q = {x: s,te{a,b} — ► x * s At).

DEFINICIJA 84
TI -Tll i T13 -T221 su izreke koje se dobivaju iz teorema m m m m u2-11, resp. 13-221 sistema M, tako da se svugdje umjesto M uvr­
sti X i doda (VXeS ), ili ukoliko M ne dolazi u dotičnom teore-m
mu onda sve ostaje nepromJenJeno.
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PRIMJERI
265 T59m glasi: (VXeSm )(Vx,yeX)(VneN)(x(Pny) = (xPn)y).

266 T8ffi glasi: (Vr,s,te{a,b})(rsrt = rt & rsts = rs).

D81-D84,D1-D48,Tl-Tll,T13-T221 >---
TEOREM 379
TI -Tll i T13 -T221 su istinite izreke, ti. teoremi koji vri- m m m m v
jede za svako (X, A  )«S gis.̂  ({a,b}).
TEOREM 380
(VXeS ) (VkeN)(xeX & Qkx = x -*• (VneN)(VzeX)(Qknz = z ) ) .m
D o k a z
(1) keN & X€Sm & xeX & Qkx = x
(2) (5Tg6N)(&s, te{a,b} )(QkQgst = Qgst)
(3) Qkst = st
(4) Q stss = 8tss
(5) Qksš = si
(6) DQkss = Dsi
(7) Qk ss = ss

mm mm mm mm mm V «. mm(8) Q SS8S as 8S88 & Q SSSS = 888S
(9) Qkiš = ii & Qkss = ss

(10)(VXeS )(VkeN)(xeX & Qkx = x ->m Vr(VueQ)(Q u = u)). 
10,T379,T79m,T75m,T37m >---T380.

Sup.
1, T379,T79m,T38m
2, T69m,T75m
3
4»T8mm
5
6,T95m,T86m ,T17m m m m
7
8,T8m

l,2,5,7,9,T3m

TEOREM 381
(VGeS)(VX€Sm )(Gx = {n: neN & (VxeX)(Qnx = x)}) -►

(&!k€N+)(Vn€Gx)0s:|n)) v Gx = {0}.
D o k a z
(1) "Theorem 6. Any non void set of integers closed under addi~ 

tion and subtraction either consists of zero alone or else contains a least positive element and consists of ali the 
multiples of this integer".(G.Birkhoff - S.M.Lane, A Survey 
of modern algebra, 1959, str.17).

(2) ( VXe Sm )(GY = {n: neN & (Vx€X)(Qnx = x)}) Def.m a(5)(3X6S )(3g,neN)(gíGx & neGx> Sup.
(4) (3x,yeX)(Qgx = x & Qny = y). 3,2
(5) Qnx = x 4.T380
(6) QgQnx = x & Qgx = Qnx 4,5
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(7) Qg+nx « x ft = x 6,T69m,T75m
(8) (YX€Sm)(Gx = {n: neN ft (SxeX)(Qnx = x)} ft ” m

g,n€Gx ->■ (g+n)eGx ft (g-n)eGx). 2,3#7
1,8 >-- T381.

DEFINICIJA 85
(VXeSm)(Fper(X) = k9 ako i samo ako k je jedinstveno određeni 
nenegativni broj iz teorema 581 i l i  Gx  = o  & k = o .

D85,T381 >---
TEOREM 382
(VXíSHvk«N+)(F„ (X) = k *-*■ ((3x«X)(Qkx = x) & ni pcr
(VneN)(Vy€X)(Qny = y) -> k|n))).

AKSIOM 2
(Vk€N4')(ff!X€Sm)(Fper(X) = k).

DEFINICIJA 86
(VXeSm)(V*€N*)(Mx = X Fper(X) = *>•
KONVENCIJA 1 
(v*€N+)(xm71y ) <■--- *

D86,T382,A2,T380 >—  T383-T386.
TEOREM 383
(VX€Sm )(Fper(X) = 0 (VxeX)(VneN)(Qnx = x n = 0)).

TEOREM 384
(Vx€Mx)(Vn€N)(Qn*x « x).

TEOREM 385
(Vx€Mx )(Vm,n€N)(Qmx * Qnx «— ► n £  n(nod *)).

TEOREM 386
(Vx€M?t)(Vn€N)(Qnx = q(x) *|n).

T386,T3m,T385 >---T387,T388.
TEOREM 387
(VXeS )(VneN _)(F (X) = n k (X) = 4n).m poz per
TEOREM 388
(VXíSm )(Fper(x) = 0 K(X) = «„).



92
1.11.2. IZOMORFIZAM m-SISTEMA n-tog REDA I 

KLASA OSTATAKA m-BROJEVA MODULO n.
m-SISTEMA

TEOREM 389 
(VXcS )(Fm per(X) = 0 (Vx€X)(Yp,r,8,te{a,b})(xx = prst
(x = pt A p = s V r = t)))„

D o k a z
(1) x€Mq A (3p,r,s
(2) q(x) = pt 
(5)(Hn«N)(x = Qnpt) 
(4) Q2npt = prst

, te(a,b))(xx = prst) Sup.
1, T59m
2, T79m
5,l,T75m,T8m

(5) -i (p = s) A “1(r = t) Sup.
(6) Q2npt = ptpt A F = t v p = t 4,5,D5m»1 

6(7) Q2npp = pppp V Pn — — ■ Q pp = pppp
(8) Q2npp = Q’pp V Q2npp = Qpp 7»T64IQ,D15m,T8ffi

8,T69m,T75m(9) Q2n+1pp = pp V n2n-l - _ ■* Q PP = PP
(10) 2n+l = 0 V 2n-l = 0 9,1,T383
(11) n = - j- V n = ì 10
(12) p = 8
(15) Q2npt = pt 
(14) n = 0

V r = t 5,11,3 
4,3.2, T8 
13,1,T383

(15) x = pt 14,3
(16) (Yx€M0)(Yp,r,s,t€ {a,b} )(xx = prst -*■

(x * pt A ((p = 8) v (r = t))). 1,12,15
T12,T379,T222,T382 5---
(17) (VX€Sm )(Yx€X)(Yp,r,8t€{a,b})(xx = prst -*■

v (r=t))) -* Fper(X) = °-(x=pt 
D86,16,17

& ((p=s) 
- T389.

D2,A1,D82,T389 
TEOREM 390 

= M.

D80, D86,T3 6 4-T3 78,T3 79-T3 86,T3 89 
TEOREM 391
(Yn€N+)(o^^ izomorfan je sa sistemom (Mn,Q, A ,^,^,r,D,K,I)).
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T379»T3 ,T4 ,D86,T3 87 >---m n
TEOREM 392
Mx = 0.

TEOREM 393
(Vx,y€M1)(x r y & y r x  -*• x = y). 
D o k a z
(1) x,yeM^ ft x r y  & y r x
(2) (5Tm,n€N)(x « Qmq(x) & y * Qnq(y))
(3) x = q(x) ft y = q(y)
(4) x = y
1,4 5---T393.

1.11.3. m-SISTEM PRVOG REDA

T392,T3_»T393,T186 -T189 >m ni m
TEOREM 394

T79_»T386 3---m
TEOREM 395 
(VxeM1)(q(x) = x).
TEOREM 396 
(Vx€M1)(Kx * Dx).
D o k a z
(1) X€M^
(2) Dq(x) = Dx
(3) q(Kx) = Dx
(4) Kx = Dx
1,4 3---T396.

T113m,T396 3---
TEOREM 397 
(Vx€M1)(Ix = x ).

Sup.
l,T79m
2,1,T384
l,3,T185m

Sup.
1, T395
2, T102m
3, T100m,T395
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T395#T379,T168m-T174in>---
TEOREM 398
(Vx,yf ^ x = x ft x ^ x = x ft x ^ ( y ^ x ) = x  ft
x ^ (y ^ x) = x ft x «-» (y ^ z) = (x w y) ^ (x z) ft
x ^ (y ^ z) = (x ^ y) ^ (x ^ z) ft (x ^ y = x *— ► x ^ y = x))•

T398,T154mT155m >---
TEOREM 399
Sistem (M^» *> K) je četveročlana distributivna rešetka, od­
nosno četveročlana Boole-ova algebra, odnosno dvogeneratorska 
slobodna rešetka (free lattice).

1.11.4. MODULI m-SISTEMÁ 

DEFINICIJA 87
(Vu6Q)(Modu(Mll) = {xì x*M% & q(x) ■ u}).

D87,T109m >---
TEOREM 400
(VueQ)(x€Modu(Mx) Ix€Modu(Mll)).

TEOREM 401
(Yn€N+)(Yu€Q)(Modu(M1í), A )«Sclkl r>(*)).
D o k a z
(1) (VueQ)(V*€N+)(Fu % = {(x,n): x€Modu(M7l) &

(3n€N)(x = Qnq(u})). Def.
(2) (3x€Modu(M?l))(a:g,h€N)((x,g)€Fu>1l & (x,h)€Fu>ll) Sup.
2.1, D87 5--
(3) Qfu = Qgu
3.2, T3 85 5---
(4) (Yx€Modu(MJl))(yg,h€N)((x,g)€Fu>ll & (x,h)eFu>R — ► 

g es h( mod x)) •
(5) Og,h€N)(ffx,y€Modu(M1l))(g =  h(mod k ) ft *

(y»h)€Fu>1() Sup.
5,1,D87 >— ^
(6) x = Qgu & y = Q^u
5,6, T3 85 -̂-
(7) (Vg,h€N)(Vx,y€Modu(Mll))(g =  h(mod *) & (x,g)eFu>ll *

(y>h)€Fu>1l) x = y).
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1,4,7 -̂--
(8) (Yta.O)(Y»«N)(rUf1l€SbljGkc(Modu(HIl),N0-n))).
(9) (3x,yeModu(M1())(3g,heN)((x,g)€Fu>x A (y,h)€Fu>ll).
9,1,D87 5---
(10) xy = QguQhu
10,T75_»T13_ 5---in ni .
(11) xy = Qg+hu
ll,9,l,D3m 5---
(12) (Yu«Q)(YxcN*)(Yxfyclfodu(ll1l)(Yg,hfN)((x9y)«F A

(y,h)€Fu>x (xAy,g+h)6Fu>ji).
1,8,12 >---T401.

D87,T385,T217m ,T137m,T75m(analog T401)s---
TEOREM 402
(V*€N+)(Vu€Q)((Modu(Mn), ^ )€Scikl.gr.(*))#
T402 >---c
TEOREM 403
(Yx€N+)(Yu€0)((Modu(M7l), « >€Scikl.gr.(*>>•

TEOREM 404
(Vu€Q)(Vx,y€Modu(M1l) )(xy = x ^ y = x ^ y  u = A v
D o k a z
(1) x,y€Modu(Mx) A xy = x ^ y s X A y
1, D86,T79m,T75m,T137in >-
(2) Um,n€N)(Qm+nuu = Qm+n(u ^ u) = Qm+n(u « u))
2, T72 ,T13_ >--m m
(3) u = u ^ u = u ^ u
1,3,T124 ,T125 >---m m(4) (Vx,yeModu(MJl) )(xy = x ^ y  = x ^ y —* u = A  v u =
(5) x,y€Modu(Mx) & (u = A v u = B).
5,T79m,T75m,T157m,T124m,T125m >---
(6) xy = Qn+mu A x ^ y = Qn+mu A x ^ y = Qn+mu
5,6,4 5-- T404.

Sup.

u = B). 

Sup.

).
Sup.
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1.11.5. IDEALI m-SISTEMA 

DEFINICIJA 88
(Yu6Q)(s.Idu(M1l) = {x: x€M^ & u r x}). 

DEFINICIJA 89
(YueQ)(p.Idu(M1l) = {x: xeM?l & u r x}).

D88,T178m >---
TEOREM 405 
(Vu6fì)(u€S.Idu(Mli)).

T405 >---<
TEOREM 406 
(Vu€Q)(u€p.Idu(Mll)).

TEOREM 407
(Vu€Q)(x,y€S.Idu(M1l) —► (x ^ y)€8.Idu(M?l)).
D o k a z
(1) ueQ & x,y€S.Idu(M7l)
(2) u r x & u r y
(3) (u y) r (x r% y) ft q(u ^ y) = q(u)
(4) q(u ^ y) r q(x *  y)
(5) q(u) r q(x *  y)
(6) u r (x « y)
1,6,D87 >--- T407.

T407 >— <
TEOREM 408
(Vu€Q)(x,y€p.Idu(Mx) —► (x ^ y>€p.Idu(M1l)).

TEOREM 409
(Vu€Q)(x€8.Idu(Mll) ft yeM1l -► (x ^ y)€8.Idu(M1l 
D o k a z
(1) U€fì ft X€8.Idu(M)l) & y€MR
(2) u r x
(3) (u ^ y) r (x ^ y)
(4) u r (x ^ y)
1,4,D87 >---T409.

Sup.
1, D88
2, T180 ,D42dh ni
3, T181m
4,3
5,T18lm

Sup.
1,D88
2,l,T180m
3,T176m
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T409 >---<
TEOREM 410
(Vu€OX(x€P*Idu(M1l) & ycMx -*• (x " y)€p.Idu(MR)).

TEOREM 411
(VG€S)(G C U ^  ft ~i G = 0 ft (x,y€G —► (x *  y)€G) ft 
(x€G ft z€M (x ^ z)eG)) (SueQ)(G = s.Id (M.))).
D o k a z
(1) X€MX Sup.
(2)(āncN)(x = Qnq(x) l.T79m
(3)Qnq(x) ^ Q~nba=q(:*) à q(x) ^ Qnba=x 2,*151^*75.
(4)(VxeM )((3y€MR)(x u y = q(x)) ft

(3z€M )(q(x)1 z = x)). 1,2.3
(5)(Vx€Mx)(x r q(x) ft q(x) r x). 4.T176m
(6) u€Q & zcMg ft U r z Sup.
(7)(S[n€N)(u w z = Qni(u ^ q(z) )) 6,T79,,T137,
(8) u ^ z = Qnq(z) 7,6,D41m,T1811
(9)(Vu€Q)(Vz€Mk )(u r z —► u ^ Z ss z). 6,7,8

(10) (SG€S)(G C  Mx ft -i G = 0 & (x,y€G
(x ^ y)€G) ft (x€G & Z€MX —► (x ^ z)«G)) Sup.

(11) xeG —► q(x)€0. 10,4
(12) x,y€G
(13) (x ** y)eG
(14) q(x y)*G ft q(x ^ y) r x ft 

q(x ^ y) r y
(15) (Vx,y€G)(3u€Q)(u r x & u r y)
(16) (3ueQ)(u«fì ft G C  s.Idu(Mn)).
(17) ucQ ft ueG ft zss.Id^M^)
(18) u r z
(19) u ^ z = z
(20) z€G
(21) (Vu€Q)(u€G -► s.Idu(M1l) C  G).
10,16,21 ?---T411.

Sup.
12,10

13,ll,5»T180m,T181to
12,14,T38m
15,10,D88
Sup.
17,D88
18.9
19.10 
17,20
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T411 >-- <
TEOREM 412
(VG€S)((GCM & -I G = 0 & (x,y€G (x ^ y)«G ft
(xeG & z€M —► (x ^ z)eG)) —► (3u€Q)(G = p.Id^M^)))•

D87,D88,(5) u dokazu T411 >--
TEOREM 413
(Vu€Q)(s.Idu(M1l) =U{X: weQ & u r w ft X = Mođw(MR)}).

T413 >---<
TEOREM 414
(YueQ)(p.Idu(M1l) =U{X: weQ & u ŕ w ft X = Mod^M^)}).

T413,T186m >--
TEOREM 415

= Modab(l<«>-

T415 -̂--<
TEOREM 416
p . I d ^ )  = Mod^íM,).

T413,T415 -̂--
TEOREM 417
(VueOHs.Id^íM^) C a . ī ā u (Mt ) ) .

T417 -----
TEOREM 418
(Vu€Q)(p.Idba(Mll) S  P*Idu(M7l)) •

D88,T186m >---m
TEOREM 419 
a.Idba^) = U%.

T419 >-- <
TEOREM 420
P-Idab(M*> =
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1.12. m-L 0 G I K A

1.12.1. m^,-LOGIKA

DEFINICIJE 90-96
90 T 0 = ba.

91 1 0 = ab.

92 (VxeM1l)(—imx = Kx).

93 (Vx,y€Mlt)(x &m y m X c << •
94 (Vx,y€Mw)(x vm y •cXII
95 (VxfyeMx)(x y •*>>cXteII

96 (Vx,y€Mx)(x ^ y = (Kx « y) (Ky « x))

DEFINICIJA 97
(V*€N+)(Lx = Modba(M>l) U Mod^íM^)).

KONVENCIJA 2
(V*€N+)(XLkY) --> UL^).

D80,D90-D97,T79m,T92ffl,T95m,T102m,T104m,T124m,T125m,T137m,T138m, 
T400 >---
TEOREMI 421-424
421 (7X61^ )(q(x) = Tq v q(x) - V -
422 (Vx€ ) ( Dx6 Ln & Ix«L* &

423 (Vx,y€L1l)(( x &m y>eL* & <x vm y)€Llt).

424 (Vx,y€l^)(( x -►m y )eL* & (x •<-► y)€L_). m it
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DEFINICIJA 98
(V*eN+)(JŽ^ = (L*, D, i , -im, &m, vm, -*m , )).

1.12,2. IZ0M0RFIZAM ALGEBRE SUDOVA I m^-LOGIKE PRVOG REDA

D3lm,D90-D97,T8m> T124ffi,T125m,T392,T396,T397,T421 >---
TEOREMI 425-432
425 Li = {T0, 10}.

426 (Vx€L1)((-nmx = T0 X = 1 0) &
'

(~»mx = 1 o X = T0» •

427 (Vz^cLjHi &m y = TQ —  X = To & y - t0)

428 (Vx,y€L!)(x vm y = ± 0 *-* x * ■K, & << n 1- o
429 (Vx,y€L!>(x -►m y = ±0 —  X = To & y = l0)

430 (Vx,y€L!)(x y = T0 <— ► X = y)-

431 (VxeLi)(—imx = Dx).

432 (Vx€Li >( Ix a X ).

D98,T425-T432,(V.Devldé,Matematička logika,1964,str.37,Def.2.1.)

TEOREM 433
J ž f c S algebra sudova*
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1.12.3. SISTEM M KAO GENERALIZACIJA LOGIKE

D90,D91,D32 >---
TEOREM 434
ITo = To * U o * V
D92,T113,T82 >---
TEOREM 435 
(Vx€M)(— ifflx = DIx).

D92,D31,T8 >---
TEOREM 436
—i- L  = 1A à  = T .m o o m o o
D92,T98 >---
TEOREM 437
(Vx€M)(— i —i x * x). ni m

TEOREM 438 x (x)
(VxeM)(x à x = Q 8 x)•m
D o k a z

T438 5---<
TEOREM 439 x (x)
(VxeM)(x vm x = Q p x). nt

D931D9 4 f T190,T178 >---
TEOREM 440
(Vx,yeM)(x &m (y vm x) = (x y) vm x).

T440 -----
TEOREM 441
(Vx,yeM)(x Tm (y àm x) = (x vm y) x).

Sup.
1, T225»T137
2, T209,T211

3,T225
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T145,D93,D90 >---
TEOREM 442
(VxeM)(x & T = x). m o
T442 >---<
TEOREM 443 
(VxeM)(x vm 1Q = x).

T438 >---
TEOREM 444 x (x)
(VxeM)(x &m 1Q = Q 8 1Q).

T444 >---<
TEOREM 445 X (x)
(Vx€M)(x vffl Tq = Q p T0).

T154,D91,*D92 >---
TEOREM 446 
(VxeM)(x &m (~imx) V -
T446 >---<
TEOREM 447
(VxeM)(x vm (— imx) = V-
TEOREM 448
(Vx,y€M)(x y = * q(x) = TQ A y * Ix).

D o k a z
(1) x,yeM A x ^ y = ba
(2) q(x ^ y) = ba
(3) q(x) = q(y) = ba
(4) (ffm,n€N)(x * Qmq(x) A y = Qnq(x))
(5) Qm+nba = ba
(6) Qm ba = Q'nba
(7) y = Ix
(8) (Vx,yeM)(x ^ y = ba —► q(x) = ba A y = Ix).
(9) (Vx,y€M)(q(x) = b a A y  = I x - * x ^ y  = ba).
8,9tD90,D93 >---T448.

Sup.
1»T37
2,T139,T124
1»T79
4,3,1,T137
5,T69
6,4,3,T109,T112
1,3,7
T109,T112,T137
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T443 >---<
TEOREM 449
(Vx,yeM)(xvffiy = 1 0 <— ► q(x) = ±Q 4 y =
T448,T106 >---
TEOREM 450
(Vx,yeM)(x &m Iy = Tq <—* q(x) = Tq ft y =
T450 >---<
TEOREM 451
(Yx,yeM)(x vm Iy = 1 Q «— ► q(x) = 1Q ft y =

TEOREM 452
(Vx,y€M)(x -*m y * 1 Q q(x) = To & y =
D o k a z
(1) x,y€M & Kx ^ y = ab
(2) (3m,n€N)(Kx = Q“m q(x) & y = Qnq(y))
(3) Q*m+n(q(x) « q(y)) = ab
(4) q(x) = ba & q(y) = ab
(5) Qnab = Qmab
(6) y = DQmba = Dx
(7) (Vx,y€M)(Kx ^ y=ab —► q(x)=ba ft y«Dx)
(8) x,yeM ft q(x) = ba & y = Dx
(9) Kx ^ y = KDy « y
(10) Kx r\ y = y n Iy
(11) (Vx,yeM)(q(x)=ba ft y=Dx —► Kx y=ab)
7,11,D90,D91,D95 >-- T452.
T452 ----<
TEOREM 453
(Vx,y€M)(-1mx Am y = T0 «-► q(x) = 1 Q ft 
TEOREM 454
(Vx,y€M)( Dx vm y = 1 Q q(x) = TQ ft
D o k a z
(1) x,yeM ft Dx *  y = ab

X (Dx)+X (y)
(2) Q p p qp(Dx) ^ qp(y) = ab
(3) Ap(Dx) + Xp(y) = 0 ft qp(Dx) * qp(y) = ab
(4) Xfl(x) = -Ap(y) ft qfl(x) = ba ft qp(y) = ab

Ix).

x).

x).

Dx).

Sup.
1,179,1102,1105
2,1,T137
3,T78,T125
4,3,T69
5,4,2,T95
1,4,6
Sup.
8, T83
9, D32
8,10,T451,D95

= Dx) •

Sup.
1, T238,T138
2, T125,T222
3, T266,T264
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T456 >---c
TEOREM 457
(Vx,yeM) ((•—imx Am y) v,m m (x & •—i y ) = 1m 'nr o

TEOREM 458 
(Vx,yeM)((  Dx vm y) (x v„ Dy ) = T,

D o k a z
(1) x,yeM A (Dx ^ y) ^ (x ^ Dy) = ba
(2) q(Dx'>y)=ba A Dx r\ y = I(x ^ Dy)
(3) qp(Dx) ^ qp(y)=BA A qp(x) *  qp(Dy)=BA
(4) q(x) = q(y)

A (Dx)+A (y) -A (x)-*A (Dy)
(5) Q P p BA = Q p p IBA
(6) Q

A (x)+A (y)+lba= Q p
- A _ ( x ) - A _ ( y ) - l

ba
(7) As(x)-*-Ap(x)+l = - (Aa(y)+Ap(y)+1)
(8) A(x) a -A(y)
(9) (Vx,y€M)((Dx y) ^ (x ^ Dy)=ba —► x=Iy).

(10) x,yeM A x = Iy
(11) (Dx y) ^ (x r\ Dy)=(DIy ^ y) ^ (x ^ DIx)
(12) =(Ky y) ^ (x ^ Kx)
(13) =ba ^ ba
(14) (Vx,y€M)(x=Iy —► (Dx *  y) ^ (x * Dy)=ba).
9,14,D90,D93,D94 >--- T458.

T458 >---<
TEOREM 459
(Vx,yeM)((Dx Am y) (x &m Dy) =1m m X :

T157,D93,D94 >---
TEOREM 460
(Vx,y€M)(D(x Am y) = Dx vm Dy).

T460 >---<
TEOREM 461
(Vx,yeM)(D(x vm y) = Dx &m Dy).

q(x) = q ( y ) ).

x = I y  ) .

Sup.
1, T448
2, T238,T109
3, T125
4,2,T238,T112

5, T266
6, T222
7, T283
I, 4,8,T292,T109
Sup.
10
II, T118 
12.T155 
10,13» T124

Iy)*
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1.13. fl̂ -S T R U K T U R A

1.13.1. m-ZEROID KAO INDUKTIVNA KLASA GENERIRANA IZ m-NULA 
OPERACIJAMA ZBRAJANJA

DEFINICIJA 99
= {x: xeMnepoz & (q(x) = ba v q(x) = ab)}.

DEFINICIJA 100
(M^,ab, ba, ^ ).

D99,T311 >---
TEOREM 462
xeM^ A(x) < 0 & -il(x) = d(x).

T462,T147»T148 (tot.indukc.) >---
TEOREM 463
( V G 6 S ) ( ( 0 o C G  & G C M ^  &

(x,yeG —► (x ^ y)eG & (x ^ y)eG)) —* G = M^).

TEOREM 464
(Vx,yeM^)((q(x) = ba & q(y) = ab) — ► 
x ^ y = D(x ^ Dy) & x ^ y = D(x ^ y)).
D o k a z
(1) x,y€M£ & q(x) = ba & q(y) = ab
(2) (3m,neN)(x = Qmba & y = Qnab)

Sup.
1,T79

(3) D(x v, Dy) = DQm+nba 2,T137,T145
(4) = Qm+nab 3, T95
(5) = Qmba ^ Qnab 4,T137,T145
(6)(Vx,y€M^)(q(x)=ba & q(y)=ab -> x ^ y=D(x ^ Dy). 1,2,5
(7) x,yeM^ & x = Qmba & y = Qnab
(8) D(x *-» y) = DQm+n(ba ^ ab)

Sup.
7, T13 7

(9) = Qm*n(ab ^ ba) 8,T95,T157
(10) - Qmba ^ Qnab 9,T137
(11)(Vx,yeM^)(q(x)=ba & q(y)=ab —► x ^ y=D(x ^ y)). 
6,11 >--- T464.

7,10
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T464 >---<
TEOREM 465
(Vx,y€M^)((q(x) * ab è q(y) = ba) x ^ y = D(x ^ Dy) &

x w y = D( x ^ y))

T464,T465 >---
TEOREM 466
(Yx,y€M^)(-i q(x) = q(y) —► x ^ y = Dx ^ Dy A

x « y = Dx Dy .

TEOREM 467
(Vx,yeM^)(q(x) = q(y) = ba —► (x ^ y) = Q*(X ^ y)).

D o k a z
(1) x,yeM A x * Qmba A y * Qnba Sup.
(2) x « y = Qn+n-1 ba 1,T138,T125
(3) = Q ,(Qmba w Qnba) 2,T137iT145
1,178,3 5---T467.

T467 -----
TEOREM 468
(Vx,yeM̂ )(q(x) = q(y) * ab -*• (x ^ y) * Q*(x ^ y)).

T464,T467 >---
TEOREM 469
(Vx€M^)(q(x) = ba —► x ^ ab = Dx A x ba « Q*x).

T469 >— <
TEOREM 470
(Yx€M^)(q(x) = ab —► x ^ ba = Dx A x ab =
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1.17.2. IZ0M0KFIZAM iDf-STRUKTURE I STRUKTURE DOBIVENE 

DUALIZIRANJEM ADITIVNE POLUGHUPE PRIRODNIH BROJEVA

DEFINICIJA 101
(1) Č = X & -e/ = Y *— *• X = {0,1,2,7,...} & (X,0,Y)«Speano e.

tu) <#" = x & x *-*■ x = {ō,i , ( X , o , ? ) « s Peano 8>

DEFINICIJA 102
(N^,0,Ō,Z,A,+, + ) (Nf "

A6Sfunkc(N?’V  * AO = 5 & AŌ
+€Sfunkc^5 X  W

( VX€Nj. ) ( X + 0 = X
(Vx,y€Nj. ) ( x + Zy = X(x + y)
(Vx,yeNj.)( x + y = y + x 

(Vx,y,zeNj. )(x + (y + z)=(x + y)+ z 
( Ō ♦ ō = ZŌ

£ u đ & z = u &

0 & (VX€Nj.) (AZx : Z Ax) &

& +€^ŕunkc:(Nf X Nf•V &
& r\ X + ō = X ) &
& n _x + Zy = K X ? y) ) &
& r\ X + y = y A+ X ) &
& x r \ ,  a+(y + z) =(x + y)+ z ) &
& 0 + 0 = IO )).

PRIMJERI
267 7 + 0 = 7 .  269 3 + 0 = 5 .  271 Ō + Ō = I.
268 5 + 0 = 5 .  270 5 + Ō = 5. 272 0 + 0 = 1 .

D101,D102 >-- T471 - T478.
TEOREM 471
(VX€Nf)(x6£ *—► Ax€^ ).

PRIMJERI
273 A1 = AZO
274 AĪ = AZO

ZAO ■ ZŌ * I. 
ZAŌ = ZO = 1.

275 A35 = 55.
276 A 75 = 73.

TEOREM 472 
(Yx€Nf )(AAx = x).

PRIMJERI
277 AAO = AŌ = 0. 278 AA&9 = 69.
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TEOREM 473
(Vx,y€ €  )(x + y = A( Ax + Ay)).

PRIMJER 279
1 + 2 =1110 = EEEA(Ō + Ō) = A( EŌ + EEŌ) = A(f + 5).

TEOREM 474
(Vx,ye^ )(x + Ay = A(x + y)).

PRIMJERI
280 2 + 5 = EE(0 + Ō) = EEŌ = 2 = A 2 = A( 2 + 0).
281 2 + 3 = 2 +  A3 = A(2 + 3) =5« 282 3 + 2 = 2 + 4 = 5.

TEOREM 475
(Vx,y6£ )( Ax + Ay = EA(x + y)).

PRIMJERI
283 Ō + 2 = ZI(5 + Ō) = IIZŌ = 3 = Z A( 0 + 2).
284 3 + 5 = Z A( 3 + 2) = ZA5 = Z5 = 6.

TEOREM 476
(Vx,ye£ )(x + y = Z(x + y)).

PRIMJERI
285 0 + 2 = ZZ(0 + 0) = ZZZO = 3 = 1(0 + 2).
286 3 + 2 = Z(3 + 2) = 6.

TEOREM 477
(Vx,ye£ )(x + Ay = x + y).

PRIMJERI
287 2 + 1 = Z(2 + Ō) = 1 2 = 3 = 2  + 1.
288 3 + 2 = 2 + 3 = 2 + 3 = 5 .



110

TEOREM 478
(Vx,y€<^)(Ax + Ay = A(x + y)).

PRIMJERI
289 2 + ī = 1(2 + 0) = E2 = 3 = A(2 + 1).
290 3 + 4 = A(3 + 4) = A7 = 7.

T473»T478 >---
TEOREM 479
(Vx,y€N^ )(A(x + y) =Ax + Ay & A(x + y) = Ax +Ay).

T474,T476 >---
TEOREM 480
(Vx€<?)(x + Ō =  Ax & x + 0 = Ix).

T480,T479 >---
TEOREM 481
(Vx€<?)(x + 0 = Ax & x + Ō = Zx).

T474,T477 >---
TEOREM 482
(Yx€N^)(x + 1 = E x & x + I = Ix).

T462-T482,D101,D102,T72,T137,T138,T84,T157,T158 
TEOREM 483
^ /f^ ~ (N̂  t 0 , 0, I * A » +»

(ff,F€Sbijekc(N^ M^))(F(0) 
(Yx,yeN^)(F(x + y) = F(x)
(Vx€N^)(F(Ix ) = QF(x) &

= ba & F(Ō) = ab 
^ F(y) & F(x + y) = F(x) 
F(Ax) = DF(x))).

&
F(y)) A



Drugi dio
m t- S T R U K T U R A

2.1. U T E M E L J E N J E  mt-S T R U K T U R E  

DEFINICIJA 103
( {AjB}eS A k{A,B} = 2) — *-
*t{A,B} = {<G,f8>fp): G,S & (f8,fp) Ē  Sfunkc(G x  G,G) A
(YH€S)(({A,Bl c h  a h c g  a
(x,yeH (fs(x,y)€H A fp(x,y)€H)) — ► H = G) A
(x,y€G — (fs(x,y) = fQ(y,x) A fp(x,y) = fp(y,x)) A
(x,y,zeG — *■ (fS(fS(X»y)»Z) = & 

fp(fp(x»y)»z) = fp(x,fp(y,z)))) A
(X€{A,B} — fs(x,x) = x A fp(x,x) = x) A
(xeG — fs(x,fp(B,A)) = fp(x,f8(A,B))) A
(x,y€G A f8(x,ŕp(B,A)) = f p(y,fe(A,B))) — * x = y) A
(x<=G — * -if8(x,fp(B,A))í(A, B, fs(A,B), fp(B,A)})}.

A K S I O M  3 
K(*t{A,B}) = 1.

DEFINICIJA 104
(Mt = G A v, = fQ A ^ = fp) (G,f8,fp)6 *t{Á,B}.

111
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DEFINICIJA 105 
Q̂. ~ {A, B}.

DEFINICIJA 106
= {A, B, A ^ B, B ^ A}.

D103-D106,A3 >--- T484-T494.
TEOREMI 484-485.
484 ~ *Sfunkc((Mt x  Mt), Mt)#
485 " eSfunkc((Mt x  Mt), MtJ*

TEOREMI 486-494.
486 -i A = B.

48? Qt “  Mt*
488 (VG€S)((fìt C  Gi C M t & (x:.yeG (x ^ y)eG &

(x ^ y)€0) --► G = Mt).>

489 (Vx,y€Mt)(x ^ y = y °’ X & X ) It y ^ x).

490 (Vx,y,z€Mt)(x w (y ^ z) = (X y) ^ z &
X ^ (y ^ z) = ( X y) ^ z)

491 u ^ u = u & u r> u = u).

492 (VxeMt)(x ^ (B ^ A) = X r\ (A B)).

493 (Yx,y€Mt)(x (B " A) = y *  (A ^ B) — ► X = y) •

494 (Vx€Mt) —i ((x ^ (B ~ A) )eQ+ )

DEFINICIJA 107

= (Mt, Qt, ^ , ^ ).
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TEOREM 495

D o k a z
T309,T280,T18
(1) AeM, A BgM.poz poz
T309,T281,T282,T237,T23 8
(2) x,y€Mpoz (x ^ y)gM 
T278,T309
(3) (Yx€M

* (x ^ y)gMpoz ' " ’ poz ' *' poz
)(3neN+)(x = PnA v y = P1̂ ).

) A (x,y€Ō (x v; y)cG
poz

(4) GeS A (Gt C  0 C poz(x ^ y)€0).
(5) xgG —► (A ^ x)gG & (B ^ x)gG
(6) xgG -> PxgG
(7) Mp o z ^ °
4,7 >---
(8) (VGgS)((GtC  G C M poz) & (x,ygG •(x y)gG

poz(x *  y)€G)) —>
T14,T2 ?---
(9) n A = B.
T18,T124,T125 5---
(10)(VugQ^.)(u ^ u = u A u ^ u = u).
(11) X6M_rta, A (x ^ BA)g {A,B,BA, ADIpo z
(12) (3 x g M _ ) (x=Q * A v x=Q*B y x=Q*BA v x=Q»AB)poz(13) A(x) = -1 v X(x) = 0
(14) x«M -+• -I ((x w (B « A))í{A,B,A ^ B,B « A} )poz

D103,1,2,8,9,10,14,T141-T144,T152,T153,T72 >--

2.2. O P E R A T O R  Qn
DEFINICIJA 108 
(VX€Mt)(Qx * X v; (B r\ A)).

D108,T492 >---
TEOREM 496
(VxeMt)(Qx = x * (A ^ B)).

A
Def.
4
5»T133»T134
6,3,4

Sup.
11, T152,T69
12, T288 
11,13,T309

T495.
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T496,T490 >--
TEOREM 498
(Vx,yeMt)(x *  Qy = Q(x ^ y)).

D108,T490 >--
TEOREM 497
(Vx,yeMt)(x ^ Qy = Q(x ^ y)).

T490,T491,D106,D108 >--
TEOREM 499
u,wefì̂  —► ((u w) V U V  w = Qu V

T499 --- -
TEOREM 500
u,wefì^ —► ((u ^ w)eQ^ v u ^ w = Qu v

TEOREM 501 
QeSbiJekc(Mt>
D o k a z
(1) Q<Sŕunkc<Mt> “tV Q P -(2) (Vx,yeMt)(Qx = Qy -► x = y).
(3) G = {x: xeot v (yeM. & x = Qy)}
(4) OtC O
(5) x,yeG -> (x ^ y)€G ft (x ^ y)eG
(6) G = Mt
(7) Mt = U Adom(Q)
(8) Mt\Q^ = Adom(Q)
1,2,8 >--T501.

u ^ w * Qw).

u ^ w = Qw).

D108,D106,T484,T494 
D108,T492,T493
Sup.
3,D105,D106 
3,T497-T500 
3» 4,5»T488 
6,3
7,1

T501 >--
TEOREM 502
(yx€Mt)(5TlFx€Sfunkc(N+,Mt))(Fx(0) = X ft

(yneN^)(Fx(n+l) = QFx(n)).
DEFINICIJA 109
(Vx€Mt)(Vn€N+)((Qn(x) = Fx(n)) < - +  (Fx je Jedinstveno određena

funkcija iz teorema 502)).
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D109,T501-T503 ( t o t . i n d . )  >----- T504-T506.
TEOREM 504
(Vn6N+)(Qn€Si n j e k c (Mt ,Mt ) ) .

TEOREM 505
(Vx, yeM^) (VneN"1’ ) (x Qny = Qn(x ^ y)  & x ^ Qny = 

TEOREM 506
(Vx€Mt )(Vm,n€N+)(QmQnx = Qm+nx ) .

TEOREM 507
(Vu€Qp(VneN ) - i ( Q nu6Q*).

D o k a z
(1) ueQt & (^n€Npoz)(Qnu60p
(2) QQn“1U€Q^
1,2 ,T501 >-----  T507.

TEOREM 508
(VxeM_t ) (5T! uefì^) ( ?T! neN+) (x  = Qnu ) .

D o k a z
(1 )  G = {x :  xeM.fc & (3uefì^) (5TneN+) (x  = Qnu) }
(2 )  Q°A = A & Q°B = B
(3 )  Gt C  G
( 4) (3x,yeG) (5Tu,W€fì!£) (3m,neN+) (x=Qmu & y=QrV )
(5 )  x v-' y = Qm+n(u ^ w) & x ^ y = Qm+n(u w)
5,T499,T500,T506 >------
( 6 )  ( f f z , ( ( x v  y = Qm+nz v x ^ y = Qm+n+^z)

(x ^ y = Qm+nž v x ^ y = Qm+n+1ž ) )
(7 )  x,yeG —► (x  ̂  y)eG & (x ^ y)eG
(8)  ( YxeMt ) (3ueQ^) (3neN+) (x = Qnu ) .

( 9 )  (Gx€Mt )(^u,weQ^)(5Tm,n€N+ ) ( x  = Qmu & x =

D109,T502 >--
TEOREM 503
(Vx6Mt)(Q°x = x & Q1x = Qx)•

(10)(3k<=N+)(m = n + k V m + k = n)
(11) Qn+k u = Qn w V Qm u = Qm+k
(12) Qk u = w V c II <0 tK í

(13) k 0 & U — W
8,9,10,13 >-- - T508.

Qn(x ^ y)) •

Sup.
1,T506,T503

Def.
T503
1,2,D105
Sup.
4,T505,T506

1,4,6
I, 3,7,T488 
Sup.
9
9,10
II, T504 
9,10,12,T507
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D115,T514,D113,D114,D105 
TEOREM 515
*t€Ssurjeke
D116,T513,D111,D112,D105 >
TEOREM 516
dt6Ssurjekc(Mt,(V *
D113-D115,T511 >---
TEOREM 517
(VX€M^)( ( l^(x) = A <— ► A ^ x = x

(lt(x) = B B ^ x = x

D116,D111,D112, T512 >---
TEOREM 518
(VX€M^) ((dt(x) = A *— ► X A = x

(dt(x) = B «— ► x ^ B = x

T517,T518,T491 >---
TEOREM 519
lt(A) = A & dt(A) * A.

B r\ x = x) A 
A ^ x = x))•

x ^ B * x) A 
x ^ A = x)).

T519 >--- -
TEOREM 520
lt(B) = B A dt(B) = B.

T517,T518,T490,T491 >---
TEOREM 521
»lt(A ^ B) = A & dt(A v B) = B.

T521 5---c
TEOREM 522
lt(B « A) = B & dt(B « a ) = A.

TEOREM 523
(V«Mt)(VneN+)(lt(Qnx) = lt(x)). 
D o k a z
(1) xeMt A neN+ A lt(Qnx) = A
(2) A ^ Qnx = Qnx
(3) Qn(A x) = Qnx

Sup«
1»T517
2,T505
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(4) A ^ x = x
(5) (Vx€Mt)(Vn€N+)(lt(Qnx) = A ► lt(x) = A).
5 >---c
(6) (Vx€Mt)(Vn€N'H)(lt(Qnx) = B  lt(x)'=B).
5,6,T515 >---T523.

3,T504 
1,4,T517

T513,T505,T504,T516 >--
TEOREM 524
(VxeM̂ .) (VneN^) (d̂ .(Qnx) = dt(x)).

DEFINICIJA 117
(VX€Mt)(Vu€fìt)(It(x) = u -i u = lt(x)).

DEFINICIJA 118
(Vx€Mt) (Vu6f?t)(dt(x) = u * -i u = dt(x)).

PRIMJERI
298 It(A) = B. 299 dt(B) = A. 300 It(B ^ A) = B. 
301 dt(A ^ B) = A.

2.4. O P E R A T O R I  P^ I P*J

DEFINICIJA 119 
(Vx€Mt)(P1(x) = Px = y

DEFINICIJA 120 
(VxeMt)(Pd(x) = xP = y

(lt(x) = A & y = b ^ x)
(lt(x) = B & y = A ^ x))

(dt(x) = A & y = x ^ B)
(dt(x) = B & y = x *  A))

PRIMJERI
302 PA = B " a . 303 PB = A ^ B. 304 P(B ^ A) = A ̂  (B ^ A).
305 AP = A v. B. 306 BP = B ^ A. 307 (A ^ B)P = (A ̂  B) ^ A.
308 P((B ^ A) ^ (B ^ A)) = A ^ (B ^ A) ^ (B ̂  A).
309 (B ^ (B ^ A))P = ((B ^ A) ̂ B) ^ A.
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TEOREM 525
(Vx€Mt)(lt(Px) = īt(x) & dt(Px) = dt(x))«
D o k a z
(1) xeMt & lt(x) = A & dt(x) = A
(2) A ^ x = x & x ^ A  = x & P x = B ^ x
(3) B ^ Px = Px & Px ^ A = Px
(4) l.(Px) = B & d.(Px) = A 
1,4,1)117 >—
(5) (Vx€Mt)(lt(x) = A & dt(x) = A

5 >-- <
(6) (Yx6Mt)(lt(x) = B & dt(x) = B

T517,T5ia,D119,T490,T491,D117 >------
(7) (VxeMt)(lt(x) = A & dt(x) = B

7 >---c
(8) (Vx€Mt)(lt(x) = B & dt(x) = A

5,6,7,8,T515,T516,D105 >---T525.

1t(Px)
dt(Px)

1t(Px)
dt(Px)

lt(Px)
dt(Px)

lt(Px)
dt(Px)

Sup.
1, T517,D119
2, T490,T491
1,T517,T518

= It(x) &
= dt(x)).

= It(x) &
= dt(x)).

= lt(x) &
= dt(x)).

= It(x) &
- dt(x)).

D120,D118,D105,T490,T491,T515-T518 >---
TEOREM 526
(VxgMt)(l^(xP) = l^(x) & d^(xP) = dt(x))»

TEOREM 527
PleSbi jekc^t’ MtX Q t)#
D o k a z
D119,T484,T485 >---
(1) Pl6Sfunkc(Mt’V *

Sup.
2,T525,D117
3.2, D119
4.3.2, T508,T522
5, T505
6 ,  T494, 2

(8)(yx6Mt) -ì (Px = B).

(2) xeMt & Px = A
(3) lt(x) = B & dt(x) = A
(4) A ^ x = A
(5) (HneN+)(A ^ Qn(B ^ A) = A)
(6) QnA ^ (B ^ A) = A
(7) (VxeMt) (Px = A).
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(9) AdomCP^) C  (Mt\ Q t). 1,7,8,D105

D105 , T508 >---
(10) y€Mt\ Q t — ►

(^m6Npoz)(y = QmA v y = 0% )  v
(5TneN+)(y = Qn(B "A) v y = Qn( A ^ B)).

(11) y = A w Qm~1(B "A) v
y = B ^ Qm"*1(A ^ B) v
y = B ^ QnA v y = A ^ QnB 10,D108,T505,T506,T496

(12) y = PQm-1(B ^ A) v
y = PQra”1(A ^ B) v
y = PQnA v y = PQnB 11,T519-T524,D119

(13) yeM^\ — * (5TxeMt)(y = Px). 10,12,T504
(14) Adom(P1) = Mt\ fìt. 9,13
(15) x,yeMt & Px = Py Sup.
(16) lt(x) = lt(y) & dt(x) = 15,T515,T516,T525
(17)(5Tu€Qp(3m,n€N+)(PQmu = PQnu) 15,16,T519-T522,T508
(18) Qm(A ^ u) = Qn(A ^ u) v

Qm(B ^ u) = Qn(B ~ u) 17,D119,T505
(19) m = n 18,T504,T507
(20)(Vx,yeMt) (Px = Py -** x = y) 15,17,19
1,14,20 >--- T527.

T484,T485,T494,T496,T504-T508,T515-T525,D105,D117,D119 >---
TEOREM 528
PđeSbijekc(Mt> MtX O t)#

TEOREM 529
(VxeMt)(PPx = Qx).

D o k a z
(1) X€iw.c & l^(x) - A & dt(x) = A Sup.
(2)(ffneN+)(x = QnA) 1,T519,T508
(3) PPx = Qn(A ^ (B ^ A)) 2,T523,D119,T505
(4) PPx = QnQA 3,D108
(5)(Vx€Mt)((lt(x)=A & đt(x )=A) PPx=Qx). 1,2,4,T506



122
5 >— <
( 6 )  (VxeMt ) ( ( l t (x)=B & dt (x)=B) - *  PPx = Q x ) .
( 7 )  1 xeM̂ . & l.j.(x) = Á & đ^(x)  =
(8 )  (3n«N+) ( x  = Qn(A ^ B ) )
(9 )  FPx = Qn(A ^ (B ^ (A v, B ) ) )

(10) PPx = QnQ(A ^ B)
( 1 1 )  (VxeMt ) ( ( l t (x)=A & dt (x)=B) ->PPx=Qx) .
H  >---<
( 1 2 )  (Vx€Mt ) ( ( l t ( x)  = B & dt (x)  = A PPx

5t6 , l l »12 ,T 5 15 .D 1 0 5  >----- T529.

Sup.
7, T521,T508
8, T523,D119,T505
9, T496,T505 
7.3,10,T506

= Qx).

T519,T508,T524,D120,T505,D108lT506,T52l,T522,T496(analog T529)> 
TEOREM 530 
(Vx€Mt)(xPP = Qx).

PRIMJERI
310 PPA = A ^ (B ^ A) = QA.
311 PP( A B) = A v ( B M A ^ B ) )  = A ^ QB = Q(A ^ B).
312 (B ^ A)PP = ((B ^ A) ^ B) ^ A = QB ^ A = Q(B A).

DEFINICIJA 121
(Vx€Mt)(Vn€N*)(P2nx = Qnx & P2n+1x = PQnx).

DEFINICIJA 122
(Vx6Mt)(VneN+)(xP2n = xQn & xP2n+1 = (Qnx)P).

D121,D122,T503 >—  T531-T533.
TEOREM 531
(Vx6Mi.)(P°x = xP° = x).

TEOREM 532
(VX€Mt)(P1x = Px & X? 1 = xP).

TEOREM 533
(Vx€Mt)(Vn6N+)(Pn+1x = PPnx & xPn+1 = xPnP).

D121,D122,T504,T527,T528 5--- T534-T536.
TEOREM 534
(Vn6N+)(P^Sinjekc(Mt,Mt)).
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TEOREM 536
(Vx€Mt)(Vm,n€N+)(PmPnx = Pm*nx & * xPm+n).

TEOREM 537

TEOREM 535
(Yn€N+)(P^SinJekc(Mt,Mt)).

(YxeMt)(Ym,neN+)(Pm(xPn) = (Pmx)Pn).
D o k a z
(1) xeMt & lt(x) = A & dt(x) = A Sup*
(2) P(xP) = B ^ (x ^ B) 1,D119,D120,T525,T526
(3)(3:n€N )(P(xP) = B " (QnA ^ B)) 2,1»T519»T508
(4) = Qn(B « (A v, B)) 3,T505
(5) = Qn(B ^ (B * A)) 4,T492
(6) = B w <Đ ^ x) 3,5,T505
(7) = (Px)P 1,6,D119,D120,T525,T526
(8)(VxeMt)((lt(x) = A & dt(x) = A) ->

P(xP) = (Px)P).

(9)(VxeM.)((l.(x) = B &

1,7

d.(x) = B)
P(xP) = (Px)P).

(10) xeMt & lt(x) = A & dt(x) = B Sup*
(11) P(xP) = B " (x ^ A) 10,D119,D120,T525,T526
(12) P(xP) = (B x) « A 11,T490
(13)(Vx€Mt)((lt(x) ■ A & dt(x) = B) ->

P(xP) = (Px)P). 10,12,T525,T526
13 >---<
(14)(VxeMt)((lt(x) = B & d^(x) = A) -►

P(xP) = (Px)P).
8,9,13,14,T515,T516,D105 >------
(15)(Vx€Mt)(P(xP) = (Px)P).
15,D121,D122 >--- T537.
TEOREM 538
(VxeMt MSTIneN) (x = Pndt(x) & x = lt(x)Pn).
D o k a z  
T508,D106 >—
(1)(Yx€M^)(SlmeN*)(x = QmA v x = 0 %  

x = Qm(A v/ B) v x = Qm(B " A)
v
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D112-D116,T487,T491,T517,T518,T525-T528,T538,T531-T533 >• 
TEOREMI 543-545

125

543 (s.IdB(Mt), B, fl#.

544 (s.IdA(Mt), A, Pd)eSpean0 s#.

545 (p.IdB(Mt), Đ, Pd)6Speano 8..

2.5. N A D O V E Z I V A N J E  mt“P 0 L I

DEFINICIJA 125
(Vx,yeMt)(fk(x,y) ~ xy = z ► ((dt(x) = lt(y)

(dt(x) = lt(y)

TEOREM 546
(Vx€Mt)(Ax = A ^ x & B x = B ^ x ) .
D o k a z
(1) xeMt
(2) lt(x) = A v lt(x) = B
(3) Ax = P°x v Ax = Px
(4) (Vx€Mt)(Ax = A ^ x).

(5) (VxeMt)(Bx = B ^ x).
4,5 >-- T546.

TEOREM 547
(Vx€Mt)(xA = x ^ A & xB = x ^ B).
D o k a z  
(1) X€M* X+(x)
(2) xA = P t A vX. (x)
(3) xA =(P X A) ^ A
( 4 ) (Vx€M^) (xA = x A). 
4 >---<

X.(x)+l
xA = P X A

xA = (P
X.(x)+l

A) ^ A

(5)(VxeMt)(xB = x ^ B).
4,5 >-- T547.

O M A

X. (x)
& z = P y) v X. (x)+l
& z = P x y)).

Sup.
1, T515,D105
2, D125,T540 
1,2,3,T517,D119

Sup.
1, D125
2, T525,T519,T518 
1,2,3,D125
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TEOREM 548
(Vx,yeMt)((Px)y = P(xy)).
D o k a z
D125,D117,D123,T556 >---xt(X ) +1 X.(x)+2(l)(Vx,y6Mt)((Px)y = P x y v (Px)y = P x y).
1,T556 >--- x+ (x) X.(x)+l(2)(Yx,yeMt)((Px)y = P(P 
1,2,D125,D117 >---T548.

D125,D125,T548,T555 >---
TEOREM 549

t y) v (Px)y = P(P x y)) •

(Vx,yeMt)(Vn€N+)((Pnx)y = Pn(xy)).

TEOREM 550
(Vx,y€Mt)(Vn€N+)(x(yPn)( = (xy)Pn).
D o k a z
(1) xfy€M. & ngN Sup.

n X.(x) n v x(yPn)
X.(x)+1

(2) x(yPn) = P 1 (yPn) = P x (yPn) 1,D125
_ X+(x) v x(yPn)

X.(x)+1
(3) x(yPn ) =(P * y)Pn 
1,3,D125 5---T550.

=(P 11 y)P" 2.T537

T546,T491 >---
TEOREM 551
AA = A & BB = B •

T546 >---
TEOREM 552
AB = A ^ B & BA = B ^ A.
T552,D119,D120,T519,T520 5---
TEOREM 555
AB = PB = AP & BA = PA = BP.

T515,D105,T546,T517 >---
TEOREM 554 
(VxeMt)(lt(x)x = x).
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TEOREM 555
(Vx€Mt)(l^.(x)x = Px). 
D o k a z
(1) X6Mt Sup.
(2) lt(x) = A V lt(x) = B 1,T515
(3) l^(x)x = Bx V l^(x)x = Ax 2,D117
(* ) ī.(x)x = B ^ x V 1̂ .(x)x = A ^ x 3,T546
1,2,4 ,D119 >--- T555.
TEOREM 556
(VxeMt)(xd^(x) = x).
D o k a z
(1) xeM.

t X.(x)(2) xd.(x) = (P d.(x))d (x)
z X (x) z z

(7) « P t (d.(x)dt(x))Xt(x) 1 1
(4) = P 4 dt(x)
1,4,T579 >--- T556.

Sup.
1, T539
2, T548
3, T516,T551

T516,D118,T547,D120 >---
TEOREM 557
(VxeMt)(xd^(x) = xP).

TEOREM 558
M y )(Vx,yeM.)((d.(x) = l.(y) & xy = xP ) v

4 _4 4 X+(y)+l(dt(x) = lt(y) & xy = xP z )).
D o k a z
(1) x,yeM. Sup.

xt(y)(2) (d,(x) = l+(y) & xy = x(d.(x)P )) v
_ x+(y)(dt(x) = lt(y) & xy = x(dt(x)P x )) . 1,T515,T516,T539

1,2,T550,T556,T557,T533 >---T558.

D125,T558,T525,T526,D121,D122,T523,T524 >---
TEOREM 559
(Vx,y€Mt)(lt(xy) = lt(x) & dt(xy) = đt(y)).
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D o k a z
(1) x,y,zeM

A. (x)
(2) (xy)z = (P dt(x)y)z

A. (x)
(3) (xy)z = P (lt(y)y)z vX.(x) _

(xy)z = P (lt(y)y)z
A.(x)

(4) (xy)z = P yz vA.(x)+l
(xy)z = P yz

1,2,4,D125 >---T560.

TEOREM 560
(Vx,y,zeMt)((xy)z = x(yz)).

TEOREM 561
(Vx€Mt)(q^(x) = lt(x)dt(x)). 

D o k a z
T519-T522,T551,T552 :>---
(1) (Vu€Qp(u = lt(u)dt(u)).
(2) xeMt

(3) lt(x) = lt(Q t q^(x)) &
Xt(x)

dt(x) = dt(Q qt(x)) 4

(4) lt(x) = lt(q^(x)) & dt(x)

Sup.

1» T539

2,T515,T516,D117,T549

3?T554,T555,T536

Sup.

2,T510

= dt(q*(x)) 3.T525.T524

2,4,T509,D106,1,T559 >---T561.
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2.b. D U A L N O S T  mt-P 0 L I N 0 M A 

DEFINICIJA 126A+(x)
(VxeMt)(Dx = P x dt(x)).

D126,T539,D118,D105 
TEOREM 562
D€Sbijekc(Mt,Mt)#

>

D126,T540,T519,T520,D118 >---
TEOREM 563
DA = B & DB = A.

D126,T541,T521,T522,D118 >---
TEOREM 564
D(A ^ B) = B " A A D(B ^ A) = A ^ B.

D12ò ,T562-T564,T510,T509 >---
TEOREM 565
(Vx,y€Mt)(D(x ^ y) = Dx ^ Dy & D(x ^ y) = Dx ^ Dy).

2.7. K A N O N S K E  F O R M E  mt-P 0 L I N 0 M A 

DEFINICIJA 030
Ako je x m^-polinom, onda kanonska forma od x je y, ako i samo 
ako je y = x i za svaki m^-polinom z, ako je z = y, onda broj 
simbola za operacije zbrajanja koje dolaze u x nije veći od b- 
roja simbola za operacije zbrajanja koje dolaze u z.

TEOREM 08
Ako je x m^-polinom, onda kanonska forma od x je y, ako i samo 
ako je y = x i broj simbola za operacije zbrajanja koje dolaze 
u y jednak je t-duljini od x, tj. jednak je X^(x).



l^O

PRIMJERI 313-317
Kanonske forme m^-polinoma iz ideala s.Id^M^), kojima t-duljina 
nije veća od četiri

X xt skup kanonskih formi od x
313 A 0 {A}.
314 AB 1 {A w B}.
315 ABA 2 {A '-'(B ^ A), (A B)^ A},
316 ABAB 3 {((A ^ B)^ A)^ B, A ^(B ^ A)'-' B,

(A ^ B)^(A ^ B), A ^(B <̂ (A ^ B))}.
317 ABABA 4 {(((A ^ B )'■> A)'-' B)^ A , (A ^ B W A  ^(B ^ A)) , 

((A ^ B)^ A)^(B a ), A ^(B '•'(A B)^ A) , 
(A '-'(B ^ A)'-' B A , A ^(B A ^(B ^ A))), 
(A vv B)^(A ^ B)^ A , (A ^(B ^(A ^ B)))̂ > A , 
A '-'(B ^ A)^(B ^ A), (A ^(B A ^ B)))^ A}.

PRIMJER 318
xe{A ^ A, B ^ B, B ^ A ^ B ,  B ^ ((A ^ B)^(A ^ B))} — *• x nije
kanonska forma m^-polinoma.

DEFINICIJA 031
Ako je x m^-polinom, onda Fs-forma od x je y, ako i samo ako y 
je primitivni m^-polinom ili y je kanonska forma serijskog zbro­
ja primitivnih m^-polinoma.

PRIMJER 319
F -forme m.-polinoma kojima t-duljina nije veća od četiri su: s t
{A,B), {a ^ B,B ^ A}, {a ^ (B ^ A), (B ^ A) ^ B },
{A ^ (B ^ A) ^ B, (B ^ A) ^ (B ^ A)},
{A ^ (B ^ A) (B r\ A), (B A) ^ (B ^ A) ̂  B}.

D031, T510,D108 >---
TEOREM 09
Ako je x m.-polinom, onda se x dade na jedinstven način prikaza- 
ti u F -formi, odnosno u formi serijskog zbroja iz q+(x) i n-s + ^pribrojnika (B ^ A), pri čemu je n = Â .(x).
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DEFINICIJA 032
Ako je x m^-polinom, onda F^-forma od x je y, ako i samo ako y 
je primitivni m^-polinom ili y je kanonska forma paralelnog zbro­
ja primitivnih m^-polinoma.

PRIMJER 320
Fp-forme m^-polinoma kojima t-duljina nije veća od četiri su:
{B,A}, {B ^ A, A ̂  B}, {B ^ (A ^ B), (A ̂  Đ) " A},
{B ^ (A ^ B) ^ A, (A ^ B) ^ (A ^ B)},
{B ^ (A ^ B) (A ̂  B), (A ^ B) ^ (A ^ B) ̂ A}.

D032,T510,T496 >---
TEOREM 010
Ako je x m^-polinom, onda se x dade na jedinstven način prikaza­
ti u F -formi, odnosno u formi paralelnog zbroja iz q*(x) i n- P ^ ^pribrojnika (A ^ B), pri čemu je n = X^(x).

DEFINICIJA 033
C^-forma m^-polinoma je svaki generator ili svaki izraz
P(•.•(P(P(Pu) ) )...), u kojem je svako "P" supstituirano 
n 3 2 1  1 2 3  n
odgovarajućom operacijom zbrajanja saglasno definiciji 119 
i u = A ili u = B.

PRIMJER 321
C^-forme m^-polinoma kojima t-duljina nije veća od četiri su:
{A,b J, {B ^ A, A ^ B}, {A ^ (B ^ A), B ** (A ^ B)},
{B ^ (A ^ (B A)), A ^ (B ^ (A ^ B))},
{A ^ (B ^ (A - (B ^ A))), B ^ (A ^ (B ^ (A ^ B)))},

D033,T539,D119 >---
TEOREM 011
Ako je x m^-polinom, onda se x dade na jedinstven način prikaza­
ti u C-j-formi, odnosno u formi iz D033 i to tako da je u = d̂ .(x) 
i broj simbola ”P" jednak je t-duljini od x, tj. X̂ .(x).
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DEFINICIJA 034
C^-forma m^-polinoma je svaki generator ili svaki izraz

( (uP) P) P)...)P, u kojem je svako MP" supstituirano 
n 3 2 1 1 2 3  n
odgovarajućom operacijom zbrajanja saglasno definiciji 120 i 
u = A ili u = B.

PRIMJER 322
Cd-forme m^-polinoma kojima t-duljina nije veća od četiri su:
{A,B}, {A ^ B, B r* a }, {(A v, B) « A, (B « A) ^ b } ,
{((A ^ B) ^ A) ^ B, ((B ^ A) ̂ B) ̂  A},
{(((A ^ B) r. A) v, B) ^ A, (((B ^ A) ^ B) ^ A) ^ B}.

D032,T539,D110 >---
TEOREM 012
Ako je x m^-polinom, onda se x dade na jedinstven način prikaza­
ti u C^-formi, odnosno u formi iz D034 i to tako da je u = 1^(jc)
i broj simbola "P" jednak je t-duljini od x, tj. Â .(x).



Treći dio
ALGEBRA DVOGENERATORSKIH 

IM1TANCI JA

3.1. U T E M E L J E N J E  t - S T R U K T U R E  

DEFINICIJA 127
(Ve,ŕeRe)(e < f —► S) ~ = {x: keRe^,, & seE &e) i po z
(x = (As)(kse) V X = (Afl)(ks*))}).

PRIMJERI
323 {(a s )(2.3s~3), (a s )(*s2), (a s)(0.5s“3)} C  q_5
324 {(As) (7)» (As)(|), (a s )(3), (a s)(0.1s*)} C  Q

DEFINICIJA 128
seE — > (AsUFp + (As )(F2) = (Aa) (F^ + F2). 

DEFINICIJA 129
seE — *■ (a s )(F1) + (a s )(F2) = (a s )( ).

FV  F~2
PRIMJERI
325 (As)( ) + (As)(3) = (a s )( \ t-4S ).

326 (As)( 5--^- ) ? (a s )(3) = (As)( 3- }-aT - ).

A K S I O M  4
(Ve,feRe)(e < f -► (ff!GeS)(0 - C  Ge, x
(x,yeG -*■ (x + y)eG & (x + y)eG)

(VWeS)((C> - C  W & W e  G e ì x
(x,yeW -*■ (x + y)eW & (x + y)eW)) —►

&

&

&

W = G)
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DEFINICIJA 130
(Ve,feRe)(e < f —► (T « je jedinstveno odreden skup G ize,iaksioma 4).

DEFINICIJA 131
T = {x: e,feRe & e < f & xeT -NS) * } 06 f X 6 j x

KONVENCIJA 3
(Ve,feRe)(e < f (X) (Ye>f) (Z)) (X)(Yef)(Z).

KONVENCIJA 4
(VXeTef)(X = (As) (F) X = F).

D130,A4,D127-D129,K3,K4 5---
TEOREMI 566-571
566 (ìe f C T ef.

567 x,yeTef -> ((x + y)€Tef & (x + y)€Tef),

568 (VWeS)((fìef C  W & W C  Tgf &
(x,yeW —► ((x + y)eW & (x + y)eW)) —► W * Te;f).

xy569 (Vx,yeTef)(x + y = ).

570 (Vx,yeTef)(x + y = y + x).

571 (Vx,y,z€Tef)(x + (y + z) = (x + y) + z).

DEFINICIJA 132
(Ve,f€Re)(e < f -» f = (T f> Qe>f, +, + )).

DEFINICIJE 133-134
133 (Ve,ŕ€Re)(e < f Ae>f = {x: k€Repoz & seH & x=*(As)(kse)})
134 (Ve,f€Re)(e < f ■ -► Be>f = {x: k€RepQZ & seH A x=(As)(ksf)})

PRIMJERI
327 (f€Re & 2 < f & seH ) — ►

{(As)(3s2), (Aa)(n82), (a s )(2- s2)} £  A2>f.
328 (eeRe & e < -1 & seH ) -*■

{(a s )(2s“1), (a sH us"1), (as)(j s -1)) £  Be>-1.
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TEOREM 572
(Vx,y€Aef)((x + y)*Aef & (x + y^6Aef^*
D o k a z
(1) e,ŕeRe A e < f & x,y«Ae ^ Sup.
(2) (3k1,k2€Repoz)(x=(As)(k1se) & y=(As)(k2se)) 1,D133

k k
(5) x+y = (k1+k2)se & x+y = ae 2,D128,K4,T569
1,2,3 »D133 ,K3 >---T572.
T572 >---c
TEOREM 573
(Vx,y€Bef)((x + y)€Bef & (x + y)eBef).

D133,D134,D127 >- 
TEOREM 574

= QAef U Bef ef
TEOREM 575 
Aef n Bef * 0#
D o k a z
(1) e,f€Re A e < f & x€Aef & xe®ef
(2) (3k1,k2€Repoz)(x = k ^ 6 A x * k2sf )
(3) k^a® « k2sf
(4) kx = k2’ * a = f
1,4 >---T575. 1 2

DEFINICIJA 135
(BA)ef = {z: xeAef A yeBef A z = x + y}.

DEFINICIJA 136
(AB)ef * {as: xeAef A yeBef A z *= x + y}.

TEOREM 576
xa(BA)ef (ak1,k2íRepoz )(x = 8f kl ) 

k, ♦ af-e)

(1) xe(BA)ef.
(2) (āk1,k2eRepoi!)(x = kja® + k2af)

Sup.
1,D133,D134,K4
2
3

Sup.
1,D133-D135
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(3) x =
k ^

i  ♦ sf-e
2,T569

1,2,3, >---T576.

D124,D121,D122 
TEOREM 577
xe(AB)ef ^  O k 1,k2€Repoz)(x = e k2 *se- h : ------ ).

PRIMJERI 
329 82 ■1,5 + s €(BA)1,2* 530 8 e(AB)l,2-

3.2. FORME I PARAMETRI FORMI DVOGENERATORSKIH IMITANCIJA

3.2.1. s-FORMA I p-FORMA IMITANCIJE

DEFINICIJA 137
(ieN+ & A^eRe & ceRe & seH & x^ = (As)(A ̂a0 1 ))
o - . n+1 n

( V x± = xQ & (Vn<-N )( V xi = ( V xi) + xn+1)). l=o i=o l=o

DEFINICIJA 138
(i€N+ & A^eRe & ceRe & s€E & xi = (As)(AisC1))
o . n+1 n ^

( A x. = x & (VneN )( A x, = ( A x. ) + x ,)). i=o 1 0  i=o 1 i=o 1 n i

PRIMJERI

331 A A.s31 = A . 332 V B.s'x = B + B,s' + Bpsw + B,s-i=o 1 0 i=o 1 o x c ^
,31 _

333 A A.8*1 = A„ + A,s*. i=o 1 o i

A C, s
1 = 0  1

1.51 _= C + CnS1'̂  + Cr>8 .̂334
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TEOREM 578

(Ve,f»ueRe)(Ym,n€N+)(su ~“°
iYoEi’

(ŕ-e)i

n a(f-e)l
_ v i=o Bn-i ,
" 8 m 8(f-e)l *

A f c r
v = u + (m - n)(f - e))•
D o k a z m
(1) e,f,u€Re & * = f - e & m.neN+ & x = s V Ai♦ A ~ * -U 1=0 1nVBii=o 1

.*1

*i SUP 4

1,D137

(2) x = 8
V A.8^1"*1̂  _ „u+(m-n)x l=o 1______
V B1s1l(i“n)
- A  A1=0

2 >-
m

_ 4Y_ _*(m-i) (5) x = sv- ^ - ^ -----n B,
1=0

3,T569,D138

& v = u + (m - n)*

m x(m-i) 
A 3

(4) x = 8v_i^o— _i---
n „»(n-i)
A T ---i=o Bi

n *(n-i)
A H —~ -V 1=0 1m K(m-i)8

1=0 Ai

1,3,4 T578.-

PRIMJER 335

8
„ k + k , a * + k 0B2*+A*B3* U o 1 2 5

Bn + B.s*o 1
= 8u+2*

1 ? 1 8*
B1 Bo

1 U S« U ^ Í L , 3 «
A3 A2 A1 Ao



133

T576,T578 >- 
TEOREM 579 r\ f~Q

e k2 + 8x6(BA)ef (ffk1,k2€Repoz)(x - se— ---- )

T577,T578 
TEOREM 580
xe(AB)Qf *-*• (Skj.kjíEe )(x = af 1 ŕ_e ).

^2 ®

TEOREM 581 mx
u V V(Ye,f€Re)(Vm ,n ,m ,n €N+)((e < f A x = s -— -----x x J J “x

V B j ai=o 1

(f-e)i
Se

( t - e ) l
m,

u V  V- „ y i=p—y  = 8 n,
V Vi=o 1

(f-e)i

(f-e)i
& ux,V {e,f} Se (Vi) ( .C^fDj^sRe z))

V El.(f-e)1
(x + y) = s11- ^ 2---------

V r s « ' 6’1
i=o 1

& mfn€N

(Vi)(E1,F1eHep0Z) Se u = inŕ(ux,uy) &
u + (m - n)(ŕ - e) = eup(ux+(mx-nx)(f-e), Uy+(m -n )(f-e))).

D o k a z
(1) e.ŕeRe A e < f A mx»nx»my»ny6N

m_

X = 8
u ,V A i8X 1=0___

Xi

nx VB.8 
i=o 1

ni

m_

A y = 8 y-
y

u V Ci e y 1=0_____
y ni V D V 1i=o 1

A

ux,u €{e,f} A n = f - e A (Vi)(A ± ,Bi9C ± »Di€RepQZ) Sup.
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(2) x + y

1 >-- -

.u

& u = inf(u ,u )^ jr

2,1 -̂-------

(3) (tix - uy & ux - U = 0 & uy - u = 0) v
(ux + uy & ((ux~ u = * & uy - u = 0) V (ux-u = 0 &

u -u = *)))•
3,2,i >--  _

V Eis*1
(4) x + y = sU"-~"°----- & (Yi)(Ei,Fi€Repo2) & u = inf(ux,uy) &

V F., s*1 i=o 1
n = nx+ny ák *m = 8up(ux-u+*(mx+ny), uy“*u+*(my+nx)).

(5) "a+sup(b,c) = sup(a+b,a+c) & a+inŕ(b,c) « inf(a+b,a+c)”.
(G.Birkhoŕŕ, Lattice-ordered groups, Annale of Mathematics, 
Vol 43,No 2,April 1942)«

4.5 >---
(6) u + m* = sup(ux + n(mx + n ), uy + *(my + nx))
6.5 >---
(7) u + m* - *(nx + ny) = sup(ux + *(mx - nx), uy + *(my - ny))

- n)(f - e) = sup(ux+(mx-nx)(f-e), uy+(my~ny)(f-e)). 
T581.

7,4,1 >---
(8) u + (m
1,4,8 >---
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TEOREM 582 mx

+ u V A iS
(Ve,feRe)(Vm ,n ,m ,n eN )((e < f & x = s x— -----a a J Jr XIy

(f-e)i
&

mv
u . .  y v

(f-e)i
V B ,1=0 1

,(f-e )i

y = s y l=on.
Wi=o 1

(f-e)i
& ux»uy€{e,f} ft (Vi)(Ai,Bi,Ci,DjL€Repoz))

y *  i, r\ u i =0(x + y = 8 ------—
m (f-e)io

V Fis(f"e)i
& m,neN &

i=o

(Vi)(E1,Fi€Repoz) & u = sup(ux,uy) &

u + (m - n)(f - e) = inf(ux+(mx-nx)(f-e), uy+(my-ny)(f-e))). 

D o k a z
(1) e,feRe & e < f & mx>nx»my>ny€N+ &

m.

X  =  8

u y vX 1=0
ni “V  ni 

u V.Cis
nx V B,8 

1 = 0 1

& y = s ^
ni yV Dj s711 

i=o 1
uxiuy€{e,f} & n = f-e & (Vl€N+)(Ai,Bi,C1,Di€Repoz) Sup.x y 
1,D129

(2) x + y = s

& w = inf(uv,u ).x y
2,1 >---

(u = U . & c 1 í II o & u.
X y X

(ux uy ft ((ux- W= n & u.
(uv - w = 0 & u, - w = n)))

X y
v
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2,1,3 m
z.x 9 u i=o(4) x + y = s

V ni

nV Fj 8 l=o 1
ni & (Vi)(E1,Fi6Repoz) A

u = u* + uy - w - ux + uy - inf(ux,uy) A m = mx + my A 
*n = sup(u - w +(m ♦ n )*, u - w + (m + n )*).

JL X Jr jr jr X

(5) u+(m-n)* = u +u -w+(m +m )n-eup(u -w+(m +n )*,u -w+(m +n )*).
JL y  A j r  X a  jr Jr y x

(6) Ha + b = inf(a,b) + sup(a,b)". (G.Birkhoŕf,Lattice-ordered 
Groups,Annals of Mathematics,Vol 43,No 2,April 1942),

5.6 ----
(7) u+(m-n)* = w-(nx+ny)* ♦ inŕ(ux-w+(mx+ny)*, uy“w+ m̂y‘,'nx ^  ̂ •
7,(5 u demonstr. T581) >---
(8) u + (m - n)n = inf(ux + (mx - nx>*, uy +(®y " n )*)•
4.6 >---
(9) u = sup(ux,uy).
1,4,8,9 >---T582.
TEOREM 583
(VxeTe:p)(S[!u€ {e,f} )(5T!v€ {e,f}) (5Tjn,n€N+)

(x = 8- »u i=o
V A l8<f-s)1 A V (f- e)1

= 8V 1=0

1=0

A
À v (f-9)1

(Vi)(Ai,B1,C1,D1€Rep0Z) A v - u = (m - n)(f - e) A 

(Vi)(Ci V i  = 1 & DiAta-i =1)).

D o k a z

(1) 0 = {x! xeTef & (aiu<={e,f})(Bm,n«N+)(x = su
VA,8lf-e)1

i=o 1
(ViKA^jB^Re z) A (u + (cr; - n)(f - e))e{e,f})}. Def.
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1,D127,T566 >---
(2) Gef e  G.
1,T581,T582 >---
(3) x,yeG —► (x + y)eG & (x + y)eG.
1,2,3,T568 >-

V A 4s<f-e)i
(4 )(YxGTef)(ff!u€ {e,f} )(Sm,neN+)(x = su-~°

V B,s 
i=o 1

(ŕ-e)i

(VI) (Ai ,BieRepoz) & (u + (m ~ n)(f - e))€{e,f}).

4,T57B T583.

&

PRIMJER 336
(1) x = s'°-5 + (2s°*7 + (1.5s0-7 + 4s0,5)) Sup.
1,D127,T567,T569 >---
(2) xgT_q 5 ^ 0 7 & f - e = 1.2

x ,0.7. 14 + 3s1.2
4 + 15.5s1.2 3s77Ā

&
1 ^ 1 1.2 ^ 

- o-0.5_2_l_il^_!____1= s i ? 13 14
.1.2

& ~0.5 - 0.7 = (1 - 2)(0.7 - (-Ó.5)).

3.2.2. ZAVRŠECI IMITANCIJE 

DEFINICIJA 139

(Vx€Tef) (x = su ,y,v (f-e)i

(f-e)i

D139,T583 >---
TEOREM 594

(VxeTef)(x = su-À Ais(f'e)i

1=0

w^(x) = u &

wd(x) = u + (m - n)(f - e)).

w^(x) = u + (m - n)(f - e) & 
wd(x) = u)).

H
m
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D139,D133 >---
TEOREM 585
X€Aef w1(x) = wd(x) = e.
D139,D134 5---
TEOREM 586
X€Bef wi(x) = wd(x) = *“•
D139?T583,T585 >---
TEOREM 587
wl€Ssurjeke(Tef9^0 9f  ̂* *
D139,T583,T586 >---
TEOREM 588
wđeSSurJekc<Tef'{e*f))-
D139,T581,T582 >---T589-T592.
TEOREM 589
(Vx,y€Tef)(w1(x + y) = inf(w1(x), w1(y))).
TEOREM 590
(Vx,y€Tef)(w1(x + y) = sup(w1(x),w1(y))).

TEOREM 591
(Vx,y6Tef)(wd(x + y) = sup(wd(x),wd(y))).

TEOREM 592
(Vx,yeTef)(wd(x + y) = inf(wd(x),wd(y))).

D139,T576 >---
TEOREM 593
X€(BA)0f —► w^(x) = f & wd(x) = e.

D139,T577 >---
TEOREM 594
xe(AB)ef. —► w^(x) = e & wd(x) = f.

DEFINICIJA 140
(Vx€Tef)((l(x) = a *— ► w1(x) = e) & (l(x) = b «— > w1(x) ■ f)). 

DEFINICIJA 141
(YX€Tef) ((d(x) = a *-*wd(x) = e) & (d(x) = b ► wd(x) = f)).
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D140,T587 >---
TEOREM 595
^6SsurtJekc^ef * ̂ a,b  ̂̂ *

D141,T588 >---
TEOREM 596
d6SsurJekc(Tef»{a»b}).
D140,D141,T585 >---
TEOREM 597
X€Aef ~* K*) = d(x) = »•
D140,D141,T586 >---
TEOREM 598
X€Bef Hx) = d x̂  ̂ = b*
D140,D141,T593 >---
TEOREM 599
X€(BA)ef —► l(x) = b & d(x) = a.

D140,D141,T594 5---
TEOREM 600
xe(AB)ef 1(x) = a & d(x) = b.

DEFINICIJA 142
(Vx€Tef)(q(x) = l(x)d(x)).

D142,T595,T596,T3 >---
TEOREM 601
Bsur j ekc

TEOREM 602

i=o
((A0B1-A1B0) < 0 * l(x) = a) v ((A0B^-A^BQ) > 0 4  l(x) = b) 4

((AmBn-1- V l Bn) > 0 4 d(x) ' a) v « W l ’V A ,< 0 4 d(x)=b))'
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D o k a z

; m « - ) 1
(1) G = {x: xeTe:p &' x€Qa^ v (x = su i=oef

l=o 1

((A0B1-A1B0) < 0 & l(x)=a) v ((A ^ - A ^ )  < 0 & l(x)=b))}. Def.

1 >---
(2 ) Qef C  G

(3) x,yeG & -i (x + y)eQe;f. & * = í - e &

m.

x = su v vX 1=0
ni

nx V B.s
i=o 1

& y = s
ni

my niV C< s 1 u . i.V 1=0_____ny niV D.s*1i=o 1

& u = u = u. Sup. x y

3,D127,T531fT5B3 >-
(4)

x + y = s

mV E,s 
U 1=0 1

Hl

nV F,s 
i=o 1

Hl
(m > 0 v n > 0 ) & (ViME^F^Re )

= A D + B C  0 0 0 o & E1 = V i + AlDo + BlCo + BoCl &
= B D  0 0 & F 1 = BoDl + Bl V

o
Fo 

4 >---
(5) EqF1 - EXF0 = D ^ B j  _ AiBo, + - C ^ )

3,1 >--
& AoBl < AlBo & CoDl < ci V  v
& AlBo •= AoBl & ClDo < V i »  •

5,6 >--
(7 ) (l(x) = a & EqF1 - E1Fq < 0 ) v (l(x) = b & E-LFQ < E ^ )

1,3,4,7,D159-D141 >--
(8) (x,y€G & l(x) = l ( y ) )  —► (x + y)eG.
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(9) x,yeG & -i (x + y)eQef & n = (f - e)

x = s

mx . V A.s*1 
u i=o 1

m.

nx 
V B, s 
i=o 1

V*C a*1
& y  = I ŕ O ---------

ni n v
v V a *1
i=o 1

A

l(x) = a
9,D127,D139-D141,T581,T583 >- 
(10)

& l(y) = b Sup.

mV E,s
u i =0 1 x + y = s —̂

ni

nV F,s i =o 1

&ni (m > 0 v n > 0) &

(Vi)(Ei,FieRepoz^ &
= A & E, = AD, + A,D0 0 0 1 o 1 1

F = B D  & 0 0 0 F1 = V i + B,Dl <
o o

10 >---
(11) E F, - EnF = D2(A B-, - A,B ) - B2C D ' ' o 1 1 O 0 0 1 1 O 0 0 0

&

9,1 ----
(12) AoBl < AlB<)
10,11,12,D139-D141 5---
(13) l(x + y) = a & E0F1 < E1F()
1,9,10,13 -̂--
(14) (x,yeG & -i(l(x) = l(y))
8,14 >---
(15) (Vx,y€G)((x + y)€G).
1,D127,T581,T583 »D139-D141 (analog 15)
( 1 6 )  (Vx ,y€G) ( (x + y ) e G) •
1,2,15,16,T568 >---

(x + y)eG.

m
V A± e

(17) (Vxe(Tef\fìef))(x = su 1
V B . s i=o 1

ni

ni

((A0B1-A1B0 < 0 & l(x)=a) v (A0Bi"AiB0 > 0 & l(x)=b)).
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D127,T578,D139-D141,T568 (analog 17)

m

(18)(Yx€Tef \ Q ef))(x = 8U-^p
V A±a

*1V B ,8  i=o 1

((AmBn - r V l Bn " 0 & d(x)=a) v (AmBn-rAm-l
d(x) = b)).

17,18 >---T602.

T602,T583 >—
TEOREM 603

A v ( f - e)1
(VxÉ(Tef\ Q ef))(x = su- Ì f

á
B . 8(f-e)i

((A B,-A,B ) < 0 & d(x) * b) v ((A B^-A^B^ > 0 « o i i o  o l l o
((AmBn - r V l Bn) > 0 * 1(x)=b) v

3.2.3. VALUACIJA I DEFEKT IMITANCIJE 

DEFINICIJA 143
(Vx€Teí.)(w(x) = wd(x) - w1(x)).
D143,T587,T588 >---
TEOREM 604
W€Ssur jekc^ef* f ’ °> f " e^*
TEOREM 605
(Vx,y€Tef)(w(x + y) + w(x + y) = w(x) + w(y)). 
D o k a z
(1) x,y€T0f & w(x + y) + w(x + y) = z
(2) z = wd(x+y) - w1(x+y) + wd(x+y) - w1(x+y)
(3 ) z = eup(wd(x),wd(y)) - inf(w1(x),w1(y)) +

+ inf(wd(x),wd(y)) - sup(w1(x),w1(y)) 
3,(6 u demonstr. T582) >—
(4) z = wd(x) + wd(y) - w1(x) - w1(y)

T605.

B„ < 0 ft n

: d(x) = a)) &
< 0 & l(x)=a))•

Sup.
1, D143

2, T589-T592

1,4,D143
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DEFINICIJA 144 
<V*«Tef)(h(x) = Jijp ).

D144,D131,T604 >---
TEOREM 606
^6^sur jekc^* {-1,0,-a}).

T605,D144 >---
TEOREM 607
(Vx,yeTef)(h(x+y) + h(x+y) = h(x) + h(y))

D139-D141,D143,D144,T606,T607 >- 
TEOREM 608

v v ( f - e)1
(VX€Tef)(x = 8u i_°

W B  8<f-e)1
iVoBl8

T608-T610.

h(x) = m - n ).

TEOREM 609 

(VxeTef)(x = 8U 1=0
V A l8(f'e)i

V B is(f-e)i
1=0

TEOREM 610 

(VX€Tef)(x
V A l9(f-e)i .u i'o 1

V B . s (f'e)i 
i=o 1

((m=n & l(x)=d(x)) v
(m=n+l & l(x)=a & d(x)=b) v 
(m=n-l & l(x)=b & d(x)=a))).

A w, (x)
lim(x) = ■ 
s—► 0

0 s 1
Bo
A w,(x)

lim(x) =• m 8 ds —>• 00 n

D143,D144,T574,T585,T586,T593,T594 >--
TEOREMI 611-613
611 X€Oef •

oIIXX!í

612 xe(BA)ef — ► h(x) = -1

ef *"613 X€(AB) h(x) = +1
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3.2,4. KANONSKA s-FORMA IMITANCIJE

T583 >---
TEOREM 614

(Vx€Tef)((x = eu 1=0  1_________

V  BiS^ - e)i
i=o 1

s
P

MU 1=0Y cis(f-e)i

i'o 1

&

((d(x) = a & Bn = D = 1) v 

m = p  & n = q  & (Vi)(A^ =

DEFINICIJA 145

(VX€Tef)(Slog(x) = (A®, Bj) <— ►

El( ^  CjS1, f ^ a 1 ) = 0 
\i=o 1 i=o 1 /

(d(x) = b & Am = C = 1)))

& Đj = Dj)).

(x = sU 1=0
& B ,  .<*->*
i =o 1

n a (  É a/ . e b / ) ^ 0 &
\ 1=0 1=0 /

((d(x) = a & Bn = 1) v (d(x) = b & Am = 1))m &

(A^, ) = ( Aq , A-̂ » • • • Am» Bq ,B^,••.Bn)))•

PRIMJER 337

(1) x = a7- 14 + 3o12
.12 . ,,24 & xeT

4 + 15.5e + 3s -5,7 Sup.

1,D139,D141 >---
(2) d(x) = a & 3 14 0

El((14 + 3si),(4 + 15.5S1 + 3s21)) = 0 3 14
3 15.5 4
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1,2,D145 >---
(3) Slog(x) = ( ^- , 1, j 1 ).

D145,T614 >---
TEOREM 615
(Vx,yeTef)((Slog(x) = Slog(y) & (l(x) = l(y) v đ(x) = d(y)))
— ► x = y).

PRIMJER 338
(1) x€Te^ & Slog(x) = (3,1,4,2,1) Sup.
1,T609 >---
(2) (Aq=3 & Ax=l & A2=4 & BQ=2 & B1=l & l(x)=a & d(x)=b) v 

(AQ=3 & A1=l & Bq=4 & B1=2 & B2=l & l(x)=b & d(x)=a)
2,1,D145 >---
(3 ) đ(x) = a
3,2,D145,D140,D139 >
(4) l(x) = b & x = s1 _2_ í _ s f-e

4 + 2ef'e + 8Ž(f"e) -

PRIMJERI 
339 <x«Tef & Slog(x) = (1,1)) X V X  = 8**

340 (xeTef & Slog(x) = (3,1)) — X = 8e 1
1 *

341 (x<=Tef & Slog(x) = (1,3)) — X = 8f 1
3 •

342 (x6Tef & Slog(x) = (1,1,1)) X = 8e v
X = 8 f

1_ f-e1+s

343 (xeTef & Slog(x) = (2,1,3,4)) x = sf2 + sf-e
3 + 4sf-e *



151
3.2.5. DULJINA IMITANCIJE 

DEFINICIJA 146
(Vx€Tef)(At(x) = k ► Slog(x) = ( A® , ) & k = m + n).

DEFINICIJA 147
(Vx€Tef)(A(x) = *t(x) + 1).

DEFINICIJA 148
A+(x) - h(x) A.(x) + h(x)

(VxeTef)(X8(x) = ----2-----  & Ap(x) = -----2----- )•

D148 >---
TEOREMI 616-617

616 (Vx€Tef)(Xs(x) + A (x) = At(x)).

617 (Vx€Tef)(h(x) = Ap(x) - As(x))

D147,D146,D133,D134,T574,T576,T577 >---
TEOREMI 618-619
618 (Vx€Te£> (xeQef. <— > A(x) = 1).

619 (Vx€Īef)((xe(BA)ef v x€(AB ) <— ► A(x) = 2).

D146,T618,T619 >---
TEOREMI 620-621

620 (Vx€Teí)(x€fieí > A^(x) = 0 ).

621 (Yx€Te^)((x€(BA)eí. v xe(AB )ef) Xt(x) = 1)#

D148,T620,T611,T621,T612,T613 >---
TEOREMI 622-624

622 (VxeTef)(x€Q0f «- V x) = 0 & \p(x) = 0)

623 (VxeTe1f)(x6(BA)ef. «--  X8(x) = 1 & \p(x) = 0)

624 (Vx€Tef)(x€(AB)ef <--  Xp(x) = 1 & XQ(x) = 0)
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TEOREM 625 
Xt€Ssurjekc(Tef,N
D o k a z
D146,D147,T615 >---
(1) Xt6Sfunkc(T0f*N+)-
(2) Q = {n: neN+ & (āx6Tef)(X̂ .(x) = n)}
(3) OeG
(4) xeTef & Xt(x) = n
(5) (w1(x) = e 8t (Vy€Bef.)(Xt(x + y) = n+1)) 

(w1(x) = f & (Vy€Aef)(Xt(x + y) = n+1))
(6) neG — ► (n+DeG
(7) N* Q  Adom(Xt)
1,3,7 >-- T625.

Def.
2,T620,T566
Sup.

4,T587,T583,T615
4,5,T567,2
2,3,6

T625,D148,T606,T622,T611 >- 
TEOREMI 626-627
626 V Ssurjekc<Tef’N+)-

627 V Ssurjekc(Tef’N+K
D146,D148,D145,T608 >---
TEOREM 628
(VxeTef)((Xp(x) = m & X8(x) = n) Slog(x) II nn , B± )).

PRIMJERI
( x «T1i3 à Y = U t(x) , X(x),Xe(x)»XP(*»)
344 X = 8 -J- Y = ( 0 , 1 , 0 , 0 ).

345 X = .’- f — Y = ( 0 , 1 , 0 , 0 ).

346 x . a5 1 p — * Y = ( 1 , 2 , 1 , 0 ).
2 + 3d

347 2 +x = s — — 3s2p Y = ( 2 , 3 , 1 , 1 ).
5 +

348 3 2 + x = s — -- a2p __ * Y = ( 2 , 3 , 1 , 1 ).
3 + 4s2

349 X = B 4s2 + 8^---- X-- — Y = ( 3 , 4 , 1 , 2 ).
5 + 3s*

i
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DEFINICIJA 149

(Vx,y€Tef )(Elg(x,y) = E1 D ^ 1  ̂ <— ►

Slog(x) = (A*, Bj) & Slog(y) = (CP, Dj)).

DEFINICIJA 150

(Vx,yeTef)(Elp(x,y) = E1 

Slog(x) = (A®, Bj) & Slog(y) = (CP, Dj)).

PRIMJER 350

3 2 + e‘ x = s — ---—

Els(x,y) =

3 + 4sć 

4 3
3 5

&

&

y = s 2 + 4s‘
5 + 3s

+ s 
2““

Elp(x,y) =
•1 2 
0 1 
1 4

TEOREM 629
(Vx,yeTef)(As(x+y) = Xg(x) + Ag(y) Elg(x,y) £ 0).
D o k a z
(1) x,y€Tef & w1(x) = ux & w1(y) = uy &

Slog(x) = (A®, b £) & Slog(y) = (Cf, Dj) &

°x - v v ^ 1 & H = V B is(f-e)i ft
1=0 1=0

0 = V Bi8(f"e)i
y i = o 1 & H = V Dis(f“e)i . y i=o 1

(2) As(x + y) = Ag(x) + XQ(y) & Els(x,y) = 0.

Sup.

Sup.
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2,1,D149 >---
(5)(3H,H»,H^Spolinom(s))(Hx=HH»
3,1 >---

(4) x + y =
u. us yG_H»JU L

4,1,T628 >---
(5) XQ(x + y) < (XQ(x) + XQ(y))

& H =HH' & -iHeRe).

1,2,5 >--
(6)(Vx,yeTef)(Ag(x+y) = Ag(x) + Xg(y) -*■ Els(x,y) + 0).

(7)"2,2.Teorem. Operator R uzimanja rezultante je distributivan 
prema množenju polinoma:
R(ab,c) = R(a,c)R(b,c) i
R(p.q.r,,..,u) = R(p,u)R(q,u)R(r,u)
(Kurepa, Viša algebra I, 1965, str,705).

1,T581 >---
(8) x + y ~

x y
u = inf(u ,u )• x y

(9) K1ÍHH.G) = 0x y
9,7 >---
(10) E1(H G)E1(H ,G)x y

& o - 8 x OxHy + s y 0yHx

& ElQ(x,y) = 0 

= 0

&

Sup.

10 >---
(11) E1(H ,G) = 0  v E1(H ,G) = 0

X  Jr

11,8 >---
(12) EKG^JI ,HX) = 0 v El(GyHx,Hy) = 0
12,7 >---
(13) E1(GX,HX) = 0  v El(Hy,Hx) = 0 v El(Gy,Hy) = 0
13,9,1,D145,D149 >---
(14) Els(x,y) * 0 El(HxHy,G) ± 0
14,8,D145,T628 >---
(15) (Vx,y6Tef)(El8(x,y) + 0 -► X8(x + y) = X8(x) + X8(y)).
6,15 >---T629.



D150,T628,D145 >---
TEOREM 630
(Vx,y€Tef)(Ap(x + y) = Àp(x) + Ap(y) Elp(x,y) £

TEOREM 631
(Vx,y€Tef)(As(x + y) = Ag(x) + As(y) <6— >

Xp(x + y) = Ap(x) + *p(y) “* h(x + y)) •

D o k a z
(1) x,y€Tef & Afl(x + y) = As(x) + As(y)
(2) Ap(x + y) = AQ(x + y) + h(x + y)
(3) = AQ(x) + As(y) + h(x + y)
(4) = Ap(x) - h(x) + Ap(y) - h(y) + h(x + y]

(5) (Vx,y€Tef)(Aq(x + y) = Ag(x) + AQ(y)
Ap(x + y) = Ap(x) + Ap(y) - h(x + y)). 

T617,T607 (analog 5) >---
(6) (Vx,yeTef)(Ap(x + y) = Ap(x) + *p(y) “ h(x + y) -►

As(x + y) = Aq(x ) + Xfl(y)).
5,6 >-— T631.

T617,T607 (analog T631) >---
TEOREM 632
(Vx,y€Tef)(Ap(x + y) = Ap(x) + Ap(y) «— i►

As(x ? y) = Ag(x) + As(y) + h(x + y)).

155

0).

Sup.
1,T617
2,1
3,T617 

1,4,T607
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3*3* INVARIJANTA IZOMORFNIH

3.3.1. KARAKTERISTIČNI POLINOM 
t-STRUKTURE

DEFINICIJA 151
u-e

(VxeT ~)(II(x) = sf"e £ A . a 2i + 
er i=o 1

(A?, B^) = Slog(x) &

PRIMJERI
( X€ Tef x = f - e)

351 iKs6-^2-) = A.

552 n(sf-4-)
Bo .

555 n(s
. A +s e o__B.

= B.

= A.

354 n(e]

355 II(s

BQ+s
. A +A-. s1 e o 1

356 n(s]

B +s o
A_ + s1

357 n(s

358 n(s

B +B, s o 1
A +A-ì8*+b^* e o 1______
Brt + B,s* o 1
.  » *

t ± o l V
B+E,s^+s2* O 1

= B.

= A.

= B.

) = A,

) = B,

D151,D145-D147,T609 
TEOREM 633

n
= Ei=o

Ai8‘

TRANSFORMACIJA t-STRUKTURE 

IMITANCIJE I IZOMORFIZMI

f-u
sf"e |;b ,821

1=0 1

u = w1(x)).

+ 8.

+ 8 .

+ B 8 + 8 .O

+ A s  + 8 .o
2 3+ B s + A-> 8 + a ■o 1

2 3+ A^s + BtS + s . o 1

2 3 4+ B 8 + A,8 + B,sy + s .0 1 1

2 3 4+ A 8 + BtS + A,s + s .O 1 1

n = X(x) & A^ = 1).(VxeTef )(Il(x)
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D151,T615 >---
TEOREM 634
(Yx,y€Tef)((II(x) = IT(y) & (l(x) = l(y) v d(x) = d(y)) — ►

x = y.

T568 >---
TEOREM 635
(Ve,f,g,heRe)((e < f & g < h) — ►

(S!F6Sfunkc(Tef>Tgh))((yk€Repoz)(F(kae) = kf>g &
F(ksf) = ksh) &

(Vx,y€Tef) (F(x + y) = F(x) + F(y) &
(F(x + y) = F(x) + F(y))) .

DEFINICIJA 152
(Ye,f,g,heRe)(e < f & g < h 
određen skup F iz teorema 635).

D152,T635,T568 >---
TEOREM 636
(Ve,f,g,heRe)(e < f & g < h 

KONVENCIJA 5
(Ve,f,g,heRe)(e < f & g < h — > X) ---- - X.

D152,T635 >---
TEOREMI 637-638

637 (Vk6Repoz)(e>f*/"'"(ka« ) = ksg & e,ff^ (ks^) = ks*1).

/g>h -/g»h a/g»h638 (Vx,y€Tef)(e,ff (x + y) = e,fr (x) + e,fr (y) &
/g>h ^ y)e,ff (x + -  e,fV  (x) + e,fr (y)).

e,f
g>h

€Sbijekc(Tef’Tgh))‘

e,fV
g »h je jedinstveno
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T568 >---
TEOREM 639
(Ve,f,g,heRe)((e < f & g < h) — ►

(3 ,F6Sfunko<Tef>Tgh))((Vk€Repoz)(F(kae) = ¥  •** *
F(ksf) = -̂  ag &

(Vx,yeTef) (F(x + y) = F(x) + F(y) & 
(F(x + y) = F(x) + F(y))).

DEFINICIJA 153
Jg>h(Ve,f,g,heRe)((e < f & g < h) — ► e,f/ je jedinstveno

određen skup F iz teorema 639).

D153,T639,T568 >—
TEOREM 640

ig»h
(Ve,f,g,heRe)(e < f & g < h — ► e,f/ eSbijekc^Tef,Tg h ^ '

D153.T639 >---
TEOREMI 641-642

641 (VkeRe^J(e,f/*g,h(kse) = i  sh & e , f / * g ' (ksf) = £ sg).
gth

poz

Jg>h A&*h ^ ,4g»h642 (Vx,y€T0f)(e,fr (x + y) = e , f r  (x) + e,f/^ (y) &
| g » h

' . t A  (X V y) = e,ŕ/*e’h(x) + e,ŕ/ g»h(y))

T568,T589,T590,T634,D151,T636-T638,T640-T642 >--
TEOREMI 643-644

,/g»h643 (VxeTef)(VyeTgh)(e,fr (x) = y > (n(x) = ri(y) &
1(x) = l(y))).

Jg>h644 (Vx€Tef)(Vy6Tgh)(e,f/ 1 (x) = y <— ► (n(x) = II(y) &
-i l(x) = l(y))).
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TEOREM 645
(vx6Te f)(n(x)€sHurwitz p#).

D o k a z
(l)"...the stability of the physical system is assured if it can 

be shown that the zeros of the polynomial
P(z) = a zn + a^ -.z*1-1 + ... + a-,z + art (619)n n-i i olie in the left half of the z-plane. A polynomial having this
property is called a Hurwitz polynomial.

If the polynomial P(z) is written in the form
P(z) = m(z) + n(z) (628)
in which m(z) represents the terms involving even povvers of z 
(called the even part of P), and n(z) represents the terms 
involving odd powers of z (called the odd part of P), accor- 
ding to Eq.625, one has

■Mz) (629)

One has thus gained a new formulation for the necessary and 
sufficient conditions that P(z) be a Hurwitz polynomial.Name­
ti the quotient of its even and odd parts must be a function 
having simple poles on the imaginary axis only, and with posi- 
tive real residues in these poles.
It is collatererally useful to digress for a moment and stu- dy somewhat more carefully the properties of the function 
ìp(z). First it should be observed that if i}j(z ) satisfies the 
conditions 627, its reciprocal l/i|/(z) does so also.
Hence, using Eq. 629, the function

(638)
must also have simple poles on the imaginary axis only and positive real residues. Both the even and odd parts mvz) and 
n(z) must, therefore, be polynomials, whose zeros are simple 
and lie on the imaginary axis".(E.A.Guillemin,The Mathematics 
of Circuit Analysis, 1951, str.395-400).

(2) X€fìj>:L Sup.
(3)(PkeRepoz)(x = s" 1 j- v x = s ^ 2,D127
(4) n(x) = s + k 3,D151,D141
(5 )(Yx€Q^j;L)(n(x)6SHurwltz p#) 2,4

(6) G = {x: « T I ; 1  & n(x)sSHurwit2 p>
(7) nI ( 1  C  G

(8) x,yeG ft Slog(x) = (a“, B^) & Slog(y) = (C^.D?) Sup.

} Def.
6.5.T566



160

(9)(x = £  = S

mV A. s 
l=o 1

21

nV B,s i=o 1
21

v X
mV A. s

1 1=0
21

s nV B,s i=o 1
21

&

8

PV C,s 
l=o 1

21

qVD.S 
1 = 0 1

21
V y i

a

PV C,s 
l=o 1
qV D.s i=o 1

21

—  ) 
21

(10)  (M + N)€SHurwltz p> &

(11) x + y = &

(12) (x + y)€SHurwitz p. &
(13) x,yeG —* (x + y)eG & 
U 4)(vx*TI>1)(n(x)íSHurwltz p>

14, T636,T643 >----- T645.

(P + Q)€SHurwitz 
MP

X + y = MQ + PN
(X ?
(x + y)€G
).

P*

P.

8,6,D145

9,8,6,D151

9,T569

11,10,9,1
8 , 12,6
6,7,13,T568

3.3.2. IZOMORFIZMI D, R i Ŕ 

DEFINICIJA 154
(Vx6Tef)(P°(x) = e,f f//6,f(x)).

E154,T657,T638,T568 >---
TEOREM 646 
(Vx6Tef)(p0(x) = x).

DEFINICIJA 155
A e , f(Vx€Tef )(D(x) = e,f/ā (x)).

D155,T640-T642,T568,D139 >---
TEOREMI 647-650
647 D€Sbijekc(Tef,Tef)-
648 (VxeTef)(D(x) = ae + f ^ - ) .

649 (VxeTef)(wx(Dx) = e+f - w1(x) & wd(Dx) = e+f - wd(x)).

650 (Yx,y€Tef)(D(x + y) = Dx + Dy & D(x + y) = Dx + Dy.
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DEFINICIJA 156

?,Ì(VxeTef)(R(x) = e,ŕ/* (x)).

D156,T640-T642,T568,D139 >---
TEOREMI 651-654

651 R€sbljekcÍTef,Tfc>i
652 (Vx€Tef)(R(x) = i )  .

653 (VxeTef)(w1(Rx) = -w1(x) & wd(Rx) = -wd(x)).

654 (Vx,y€Tef)(R(x + y) = Rx + Ry & R(x + y) = Rx + Ry).

DEFINICIJA 157
(Yx€Tef)(R(x) = e,fr (x))•

D157,T636-T638,T568,D139 >---
TEOREMI 655-657
655 ^ S blJekc(Tef,T?>- ).

656 (Vx€T0f)(Ŕ(x) = s~(e+f)x).

657 (Vx€T0f)(w1(Ŕx) = w1(x) = (e+f) & wd(Rx) = wd(x) - (e+f)).

PRIMJER 359

(xgTef & * = f - e & x = s A + A, s* + k 0 e ^  e o____l______c.
+ Bn s11o 1

D(x) = s]
B. + B1s'

Aq + A^s* + k ^ ^ *
& R(x> = s-e

B. + B18
A + A-, s* + AoS^71 o l  c.

&

Ŕ(x) = s-f Ao + A1S + A23__
B. + B-jS
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3.3*3« ČETVORNA GRUPA PERMUTACIJA DVOGENERATORSKIH 
IMITANCIJA

DEFINICIJE 158-161
158 P° = rT {(x,y)s X€T & y = x}.

159 DT = {(x,y): X€ T & y = D(x)}

160 Rip = {(x,y); X€ T & y = R(x)}

161 Rqni = {(x,y): xeT & y = Ŕ(x)}

DEFINICIJA 162
Fj = {Pqi| Dj | Rrp) RT) •

D153-D162,D131,T647,T651,T655 >---
TEOREM 658
(VF€rT)(F€SblJekc(T,T)).

DEFINICIJA 163
(VF-^FgCrjMF.^ F2 = FjFg = {(x,y): X€Ī & y = F1(F2(x))}).

D158-Dl63,T648,T652yT656 >—
TEOREMI 659-663
659 (VF€rT)(FF = P°).
660 (VFc^HP^ F = F ft FP° = F).

661 D̂ Rrp “ RipDrp = 5|p*

662 = ^T^T B Rrp*
663 R»píifp = R»pR(j| = Drpa

D1621D1631T659-T663 >---
TEOREM 664
(rT , ^  .
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3.4. RASTAV IMITANCIJE U SERIJSKI I PARALELNI ZBROJ 

IREDUCIBILNIH IMITANCIJA

TEOREM 665
(seE & x = (Ae)(F))

(x€Tef < * (A0,A1,..Am,B0,B1,..Bn€Repoz

(X = (A8)|se if2--------- v x = (As)|sf --------- I )

m
i=o
n

(£ v  1 + sS Bi8 Ì)€SHurwitz p. i=o i=o

i=o 1

&

D o k a z
(l) A , • • •A |B i.•.B €Rso m o n poz &

m 21 n 21( I A4stA + a I B4s“ )€S
1=0

m
I Ais

(F(a) =

1=0

21

Hurwitz p.

n
8 I B ìS 

1 = 0  1

21
F(s) = 8

nI B.s 
i=o 1

21

m
I A. 8

1 = 0  1

21

1,(1 u demonstr. T645),D127,T576 >---
n

(2) F(s) -  2 v xì€ b̂ a ^I,i )

2,D127,D135,T566,T567 >---
(3) F(x)eTī>]L

1,3,T636,T645,T583,D137 >---T665.

Sup.

DEFINICIJA 164
°s(e,f) = ,x! xíTeŕ & (3y,zeTgf)(x = ? + z ~ *

-i (As(y) < Ae(x)) 4 -i(As(z) < As(x)))}.
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D164,T665,D133,D134,T576 >—  
TEOREM 666

fìs(e,f) = Àef U Bef U (ĐA)ef‘

T666,T662,T623 >---
TEOREM 667
(Vx6Tef)(x6Q8(e>f) Xp(x) = 0).

DEFINICIJA 165
fìp(e,f) = {xí X€Tef & (Sy»zeTef)(x = y í * — *

-i (Ap(y) < Xp(x)) & -i(Xp(z) < Xp(x)))}.

D165,T665,D133,D134,T577 >--
TEOREM 668

Qp(e,f) = Aef U Bef U (AB)ef*

T668,T622,T624 >---
TEOREM 669
(Vx*Tef)(x6fìp(e>f) Xs(x) = 0).

D164,D165,T666,T668,T629,T630,D148,D146,T622-T624,T611-T613 
TEOREMI 670-671
670 (Vx€Tef)(X(x) = n —► egzistira točno jedna n-torka pozitiv­

nih realnih brojeva (k^> A-, »Ag# • • • • »kg) > takvih da je

f—w -i (x) -x = -- -—  k,se + s1
f-e 1

Xe ( X )

i=l Bi + B7=1
w.(x)-e -

+ — -----k9sf ) .
f-e ^

671 (VxeTe:p)(X(x) = n —► egzistira točno jedna n-torka pozitiv­
nih realnih brojeva (k^ A^f A2» • • • • ,kg) t takvih da Je

Wi(x>-e f „ e / PÌ )A1 + b \ „ f-*d(x)
= -±-----kjS1 + s A  — -------  + --- ~f-e x V 1 —1 I f-e

k2se ) •



PRIMJERI
360 x - s-0.5 1$ f 30S1; 5 + 8ŝ

8 + 6a1* ' + a '
(X€T-0.5,1

w1(x) = -0.5 ft wd(x) = °*5 * A(x) = 5 ft X8(x)

ft

2 ft

2s-0 *5 +
4 ♦ s1-* + 8 i

2 + 81*5
).

361 x = s 6 + 6 8'
2 + 27a5 ♦ 5s6

(X€T
- 1,2 ft

w^(x) = 2  ft wd(x) = -1 ft X(x) = 4 & Xp(x) = 1  ft

x = 2e^ + a^1 + 3s-1 ).

3.5. M A T R I C A  

DEFINICIJA 166

(Vx€Tef)(fi(x) =

I M I T A N C I  J E

Co C2 C4 C6 • • • C2n-4 C2n-2

C-X C1 C3 C5 * e • C2n-5 C2n-3
C-2 Co C2 c4 . • • C2n-6 C2n-4
C-3 C-1 C1 C3 * • • C2n-7 C2n-5

-n+1

n

Cn-4 Cn-2 Cn 
Cn-5 Cn-3 Cn-1

(n(x) = ^ C i8i ft ((i < 0 v i > n) -► CA = 0))) .
l=o

D166,D151,(Def.13.9.1. Kurepa, Viša algebra II, str. 993) >---
TEOREM 672
(Vx€Te;p)(|i(x) je matrica koja rezultira iz Hurwitzove matrice po­
linoma II(x), transpozicijom preko glavne i sporedne dijagonale) .
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D139-D141,D145,D147,D151,D166,T672 >--
TEOREMI 673-676
673 (Vx€Ī (|i(x) je kvadratna matrica reda jednakog X(x)).

674 (VxeTejp)(Svaka početna glavna subdeterminanta matrice p(x)
je pozitivna).

675 (Vx«Tef)(Slog(x) = (A™, Bj) — ►
((glavna dijagonala od |i(x) počinje sa AQ 
(glavna dijagonala od p(x) počinje sa BQ

676 (VxeTef)(Slog(x) = (A®, B") — »•
((glavna dijagonala od p(x) svršava sa ^
(glavna dijagonala od p(x) svršava sa Bn

<— ► l(x) = a) & 
l(x) = b))).

*— ► d(x) = a) 8t 
<— ► d(x) = b))).

PRIMJERI
(xeTef & u = f-e)
a K362 MÍa8-^) ■ w 363 (i(sf -|- ) = [b .]

a * + S364 p(se— -- )

366 (i(s
. A + A-.S e o 1
B + s* o

) =

Ao 1
0 B.

A0 Aj_ 0 
0 Bq 1
0 Ao A1

365 (i(sf — -) =
Bq+ 8

f  A n +  8367 (i(sf— ^---- -) =B + B,sO 1

Bo 1
0 A.

Bo B1 0 
0 A0 1

0 Bo Bl

368 (i(s. A + A,B* s2* e o____1_______
+ Bnsn o < ±

) =

369 p(sf A0 Ai8
Brt + B,s* + s2* o i

) =

Ao A1 1 0
0 B„ B, 00 1
0 Ao A1 1 •
0 0 Bo B1

"Bo B1 1 0 "
0 Ao A1 0
0 Bo B1 1 •
0 0 Ao A1



3.6. OPERATORI IZLJUŠTENJA lt i dt

DEFINICIJA 167
W ( x ) ^ ( X )

(VxeTe f )((lt(x) = k1s 1 & dt(x) = k2a 2 )

V A  s(f-e)i
x “ sU ì ^ ~ 7 ^ 7 h* ki = & k2 = r 1 >•V B 4s(f 6)1 0 n

i=o 1

PRIMJER 570
( 1) X = s- -2 6 + 6s‘

2 + 27a3 + 5sv
l,Pr.36l,D167 >---
(2) lt(x) = 3a2 & dt(x) = | s”1.

D167,T585,T586,D127 >---
TEOREM 677
(Vx€Qef)(lt(x) = dt(x) = x).

D167,D127,T585,T586,T677 >—  T678,T679. 
TEOREM 678
1teSsurjekc(Tef,fìef
TEOREM 679
dt€Ssurjekc(Tef*Qef)*
D167,D133,D134,T583 >--- T690-T683.
TEOREM 680
(VxeTef)(l(x) = a -> (Vu€Bef)(lt(u + x) = u)).

TEOREM 681
(Vx€Tef)(l(x) = b —► (VueAef)(lt(u + x) = u)). 

TEOREM 682
(VxeTef) (d(x) = a (Y\ieBQ̂ ) (dt(u + x) = u)).

TEOREM 683
(Vx€Tpf)(d(x) = b -> (Yu€Àef)(dt(x + u) = u)).
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3.7. P R E T H O D N I C I N
I M I T A N Č I J A

TEOR0Ā 684
(Vx€Tef\ Q0f)(3!y€Tef)((l(x) = a

(l(x) = b

D o k a z

(1 ) x«(Tefs'Qef)
m

& n(x) = I  a, 
i=o 1

1,D166 >---

(2) A Á«i Àa 0 1 d A3 * Ai+1

0 Bo Bl B2 * Bi
0 0 A^-cB^ A^^cB^ • A^-cB

0 0 B0 B1 * Bi-1

2i n
i=o 1

21

i #

• • •
• ®

© •

Sup,

X je matrica koja rezultira iz matrice |i(x), kad se ovoj svaki
Aparni redak pomnoži sa c = ^  i doda sa suprotnim predznakom

retku ispod njega 

(3) Za svaku matricu Z, 7(1,2,••,n) 
Z(l,2,..,n) je determinanta početnog

glavnog minora n-tog reda matrice Z. Def.

1,2,3,T573 >---
(4) 0 < r < X(x)

"(l>2j •, ,r+1) 
‘(1,2,.. ,r+l) = A. y ( 1 ,2,••,r)í(l,2,..,r) & Y je matrica koja

rezultira iz X, kad se ovoj ispusti prvi redak i prvi 
stupac.
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4,3,2,T674 > 

n
(5) ♦ e ī u ,  Bi)B^)sSHurwltz p>

5.T665

(6)(y, = 8
f l V (Ai - ŕ B 1 ) S( f - e)1_ f 1=0_______0 ________

i=o 1

V B.s(f“e)i
y2 = -------

m A
V (Ai - B° V  1=0 0

,(f-e)i yl€Teŕ * y2€Tef

1,6,T569,D139,T587,D151 >---

(7) (w1(x) = e & x = -jp se + y1)
A°

(w1(x) = f &  X  = -ĝ - sf + y2)
o

1,6,7,D140,D167 >;--
(8) (VxeTef\ Q ef)(līy€Tef)((l(x) = a

(l(x) = b
8,T678 >---T684.

v

& x = lt(x) + y) V 
& x = lt(x) + y)) .

D167|D166,T674,T665,T569,D139,T588,D141,T679 (analog T684) >---
TEOREM 685
(Yx€T 0 j)(3lyíT f)((d(x) = a & x = y + d.(x)) v

(đ(x) - b  & x = y + d*(x))) .
DEFINICIJA 168
(Yx€(Tef \ Q eí>) )(P^1(x) = P£(x) = y «—*■ y je Jedinstveno određe­
na (e,f)-imitancija iz teorema 684).

DEFINICIJA 169
(Vx€(T0f \ Q ef))(pd1(x) = Pd(x) = y 
na (e,f)-imitanciJa iz teorema 685).

y Je jedinstveno odrede-
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T684,T635,D168,D169 >---
TEOREMI 686-689

686 (Vx«Tef\ G ef

687 (Vx«Tef\ O ef

688 (Yx6Tef\ 0 ef

689 (Tx«T,f\ O rf

PRIMJER 371

)(l(x) = a -► x

)(l(x) = b —► x

)(d(x) = a —► x

)(d(x) = b —► x

= lt(x) + PJU)). 
= lt(x) + P^(x)). 

= P£(x) + dt(x)). 

= P£(x) + dt(x)).

(!) x « -0.5 16 t ?0.x-? * 8s
8 + 6b1-* + 3̂

l,Pr.360,D167,D140,D141
(2) lt(x) = 2a” 0,5 A d^(x) = 8a” A l(x) = d(x)
1,2,T686,T688
(3) P£(x) = x - 2a" 0,5 18 + 6a1,5 A

8 + 6 .1*5 ♦ s5

P»(x) = x - 8a“ 0,5 - 8xe' 0,5  
x - 8a" 0#5

Sup.

a.

>-0.5 16 + 30a1*5 + 8s5
6 + 2.25a1-*

TEOREM 690
PÌ€Saurjekc(TefN Qef> Tef)#
D o k a z
(1) PÍ«Sfunlcc(Tef\ Q ef.,Tef).
(2) xeTef
(3 ) l(x) = a v l(x) = b
(4) (Su€Bef)(lt(u + x) = u A (u + x)€Tef \ ^ ef) ▼ 

(3w€Aef )(lt(w + x) = w A (w + x)6Tef \ Qef)
(5) u + x = w + P£(u + x) v w + x =  w + P^(w + x)
(6) x€Tef —► (3ueBe;f)(x = P^(u + x)) v

(3wgAe^)(x = P^(w + x))

D168,T684
Sup.
2, T595

3, T680,T681
4, T686,T687

6,T567,1 T690



T685,D169,T596,T682,T68?,T688,T689,T567 (analog T690) 
TEOREM 691
Pd€Ssurjekc(TeŕX °ef,Tef)#

TEOREM 692
(VxeTef\C?ef)(l(P^(x)) ± l(x) & d(P>(x)) = d(x) ft

X(P^(x)) = X(x) - 1).
D o k a z
(1) x6Tef\ Q ef & Slog(x) = (aJ, Bj) & w1(x) = e
1,T686,D167 >---.

V L . ^ 11
(2) PJ(x) = se

V B,e 
i=o 1

(f-e)i Ba 8e

2 >-
m A

f i^i(aì ' ^ Bi)s (3) P^(x) = sf -------2-----
(ŕ-e)i

V B1s(f_e)i i=o 1

3,D139,D147 >---
(4) w1(P^(x)) = f ft wd(PJL(x)) = 

X (P^(x)) = X(x) - 1
1,4,D140,D141 >---
(5) (xeTef \ Q0f & l ( x) = a) —►

T687,D167,D139-D141,D147 >---
(6) (x€Tef\ Q ef & l(x) = b) -►

5,6,T595 >---T692.

wd(x) ft

l(PJU)) = b & 
X(P^(x)) * X(x) - 1.

1(PJU)) = a & 
X(P^(x)) = X(x) - 1.

D139-D141,D147,D167,T688,T689,T596 (analog T692) >---
TEOREM 693
(VxeTef\ Q ef)(l(P^(x)) = l( x) & d(P£(x)) * d(x) &

X(P^(x)) = X(x) - 1).
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DEFINICIJE 170-171
170 (Vx€Tef)(P°(x) = x & (Vn€N+)(n < X(x) -►

P~(n+1)(x) = P^P"n(x))).

171 (Vx€Tef)(P°(x) = x & (Vn€N+)(n < A(x) -►
P”(n+1)(x) = P»P“n(x))).

D127,D146,D170,D171,T585,T586,T620,T625,T690-T693 
TEOREMI 694-695

' -X.(x) w,(x)
694 (VxeTef)(S!k€RepozMP-l 1 (x) = ks d

• -X.(x) w, (x)
695 (Vx6Tef)(5T!kíRepoz )(pd * (x) = ka

PRIMJER 572
(1) x = ae 1 * + 6 . ?  +

1 + 4s* + 3a

.3*
& e,ŕeRe * - f - e

1,D139-D141,D145,D146 ----
(2) w^(x) = e & wd(x) = í & l(x) = a & d(x) = b

Slog(x) = (1,5» 6,1,1,4,3) & Xt(x) = 5
1,2,D170,D171,T686-T689,D167 >--- (3),(4).

Sup.

&

(3) Pj4 5(x) = P"4(s. n-4,.f 1 + V  ♦ a2»
1 + 4e* + 3s2*

) . P-3(,» 1 * ! • * . +  • *
1 1 + 2s* ) =

p-2(.ŕJu±jŕL
1 1 + 2s*

= p-l(ee(lJ-«-)) = sf. 
-1 1

(4) p:5(x) = p-4(se 3 ♦ 148 + U s2, . p-3(.» 42 + 1?6 • j_196s.2
d d 3 + 1 2 8 + 9 8 ^  d 15 + 42s ) =

= P“2(ee 14 - 42-?-..) = Pd1(se 42 * 12" ~ ) -  42ee.5 + 14s 1
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3.8. R A S T A V  I M I T A N C I J E  U A L T E R N I R A N U  
S U M U  G E N E R A T O R A

T686-T691,T694,T695 >--- T696,T697.
TEOREM 696
(Vx€Te;f)(A(x) = n — > egzistira točno jedna n-torka pozitivnih 
realnih brojeva (G,H,I,J,K,L,...), takvih da je

t -vrA x) e
x = - f z t - G s 6 + (Hsf + (Ise (Jsf o (Ks w,(x)-e -

e + - V r - Lsf) ).

TEOREM 697
(yxeTeí>)(A(x) = n — ► egzistira točno jedna n-torka pozitivnih 
realnih brojeva (G,H,I,J,K,L,•.•), takvih da je

x = (
ŕ-w,(x)
(- F = i - Ga Hsf) I8e) + J 8 f ) + . r\ Kse) + w.(x)-e -

PRIMJER 373

/„ _ „e 1 + 5s* + 6s^k + s3* 0 _ ^_t,_ o « _ ^(x = s --- ---------- rt----- & e»ieRe & * = r - e) — »
1 + 4s* + 3s2*

X = se + (sf ? (se + (sf + (se + sf)))) &

x = ((((42se + 126sf) + 3se) + sf) + se) + y- s** .
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3.9. ALGEBRA KLASA OSTATAKA MODULO NULA DVOGENERATORKSIH 

IMITANCIJA KAO MODEL m^.-STRUKTURE

DEFINICIJA 172
(Vx,y€Tef)(x 0 y <— ► q(x) = q(y) & AQ(x) = Ag(y)).

D172,T617,T628,T608 >---
TEOREM 698
(Vx,y€Īef)(x 0 y q(x) = q(y) & Ap(x) = Ap(y)).

D172 >---
TEOREMI 699-701

699 (VxeTef)(x 0 x).

700 (Vx,y€Tef)(x 0 y —► y 0 x).

701 (Vx,y,Z€Teí.)(x 0 y & y 0 z  —► x 0 z).

TEOREM 702
(Vx,y,z,U€Īe^)((x 0 z & y 0 u & Els(x,y)  ̂0 &

El(z,u)  ̂0 —► (x + y 0 z + u)).s
D o k a z
(1) x,y,zfU€Tef & x 0 z & y 0 u &

Elg(x,y) t 0 4 Els(z,u)  ̂0)
(2) w^(x + y) = inf(w^(z),w^(u)) = w^(z + u) &

wd(x + y) = sup(wd(z),wd(u))
(3) q(x + y) = q(z + u)
(4) X8(x + y) = XS(X) + x8(y)
(5) = X8(Z> + xs(u)
(6) = \s(z + u)
1,3,,6,D172 >— —  T702.

Sup.

1, D172,T589»T591
2, D140-D142 
1,T629
4,1,D172
6,1»T629

T702 >---<
TEOREM 703
(Vx,y,z,U€Tef)((x 0 z & y 0 u & Elp(x,y)  ̂0 &

E1 (z,u)  ̂0) —► (x + y 0 z + u)).
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DEFINICIJA 173
(VxeTef)(|x|o = {y: y«Tef & y 0 x}).

DEFINICIJA 174
Tef(0) = {z: xíTef A z = |x|0).

D173 »D133|T597»T622 >---
TEOREM 704
(vkeRepoz)(Aef “ lk8el0)'

T704 >---<
TEOREM 705
(Vk€Repoz)(Bef « |kaf |0).

DEFINICIJA 175-177
175 (Vx€Tef)(VF€{w1,wd,l,d,q,w,h,X,Xt,Ap,As})(f |x |q) =F( x )).

176 (VxeTef)(VF€{D,R,S,lt,dt})(F|xj0 = |f (x )|q).

177 (Vx€Tef)(Vn€N+)(n < X(x) (P“n(|x|0) = |P~n(x)|Q &

Pdn(lx lo) = lpSn(*>l0))-
D174,D149,T670 >---
TEOREM 706
(VX,Y6Tef(0))(Hx€X)(Hy€Y)((El8(x,y) £ 0)).

DEFINICIJA 178
(VX,Y€Tef(0))(X ^ Y = Z xeX & yeY & Els(x,y) ± 0 &

Z « |x + y|0).

D174,D150,T671 >---
TEOREM 707
(VX,Y€Tef(e))(ffx€X)(a-y€Y)((Elp(x,y) ± 0)).

DEFINCIJA 179
(VX,Y€Tef(6))(X ^ Y = Z xeX & yeY & Elp(x,y) £ 0 &
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T704,T705,D174 >---
TEOREM 708 
U ef,Bef} c T ef(e).

D178,D179,T702,T703,T706,T707,T567 >---
TEOREM 709
X,Y€Tef(0) -► (X ^ Y)€Tef(0) & (X « Y)€Tef(0).

TEOREM 710
(VGeS)(({Aef,Bef} C  Q &
(X,Y€Q -► (X ^ Y)«0 &

D o k a z
(1) G*S & G Q  Tef(0) &

(X,Y€G (X ^ Y)eG
(2) (SZ€Tef(0))(-i Z€G)
2,1,D177,T694,T695 >---

-X.(Z)
(3) -i (P t (Z)€G)
3,T694,T695,T704,T705 >—
(4) ~i Ae^€G v -iBe^€G
1,2,4 >---
(5) Tef(0) C  G
1,5 >-- T710.

D178,D179» T570-T573,T575 >---
TEOREMI 711-714
711 (VX,Y€T0f(0))(X w Y = Y v,X & X ^ Y = Y ^ X).

712 (VX,Y,Z€Tef(0))(X (Y ^ z) = (X ^ Y) ^ z &
X ^ (Y ^ Z) = (X ^ Y) ^ Z) .

713 -.(Aef = Bef).

714 (VXe{Aef,Bef})(X ^ X = X & X " X = X).

0 G T ef(9) &
(X « Y)«Q)) — ► G  = Tef(0))).

A^eG & B^^cG ^
& (X ~ Y)eG) Sup

Sup
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TEOREM 715
(YXeTef(0))(X - (Bef - Aef) = X - (Aef - Bef)),
D o k a z
(1) X*Tef(0) & X ^ (Bef " Aeŕ> = Y &

X ^ (Aef “ Bef) = Z Sup.
1, D175-D179,T629»T630,T623,T624,T589-T592 >-
(2) X(Y) = X(X) + 2 & 1(Y) = 1(X) & d(Y) = d(X) &

X(Z) = X(X) + 2 & 1(Z) = 1(X) & d(Z) = d(X)
2, D172,D173,D146-D148 >-
(3) Y = Z
1,3 >---T715.

D178,D179,T589-T592,T623,T624,T629,T630 >---
TEOREM 716
(VX,Y€TGf(0))((X ^ (Bef ^ Aef) = Y ^ (A0f ^ Bef)) X = Y).

TEOREM 717
XeTef(e) -*• i (X ^ (Bef ^ Aef ̂ eíAef,Bef ,Aef ^ Bef,Bef ^ Aef ̂ *
D o k a z
(1) X€Tef(0) &

(X ^ (B0f ^ Aef ^ 6(Aef,Bef,Aef w Bef,Bef ^ Aef^ Sup#
1,D175-D179,T618,T619,D147,T629 >---
(2) X(X - (B0f " Aef)) > 3 &

(Y6<Aef’Bef’Aef ” Bef’Bef ~ Aef> ^  X(Y) * 2)
1,2 >-- T717.

A3,T484-T486,T708-T717 >---
TEOREM 718
(e,feRe & e < f) -► (līlFeS) (FeSj^ Jekc(Tef (0) ,Mt) *

F(Aef) = A & F(B0f) = B & (X,Y€Tef(0)) — *
F(X ^ Y) = F(X) f (Y) & F(X « Y) = F(X) ^ F(Y))).
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3.10. I M E  I M I T A N C I J E

DEFINICIJA 180
(VxeTef)(Vy€M )(3(x) = y ► l(x) = l(y) & X(x) = X(y)) 

PRIMJERI
m . n .

(x€T j? & * = f - e & El( I A. e1, I B. s1)  ̂0)
ei i=o 1 i=o 1

374 M s eAQ)

A + s
376 0(se -^-g--)

_ A^ + A,8
378 a(s9— 2---ì- )

B + 8* o

380 $(s
n 2nQ A + A,8 + 8* e o 1______

Brt + B-, s*O 1

= A. 375 9(sf -ŕ)Bo

= AB. 377 M s 1 B„ + 8*o
A + a*

= ABA. 379 $(sf — -------- )

) = AĐAĐ. 381 d(s

+ B,s o 1

f AQ * Al8
B + Đ1b%+ s2*o 1

) =

D180,D172,T286,T287 >---
TEOREM 719
(Vx,yc-Te f ) ( £ ( x )  = $ ( y )  <—* x 0 y )

D180,D147,D151,D155-D157,T643,T644,T647-T649,T651-T653, 
T655-T657,T90,T290 >---
TEOREMI 720-722
720 (Vx€Tef)U(D(x)) = D$(x)).

721 (Vx€Tef)U(R(x)) = Dd(x)).

722 (Vx€Tef)($(Ŕ(x)) = $(x)).

DEFINICIJA 181 
(VxeTef)(d|x|0) = $(x)).

B.

BA.

BAB.

BABA.



D181,D175-D179,T708-T719,T495 >---
TEOREMI 723-728

725 *€SbiJekc(Tef(0)’MpoZK
724 &(A0f) = A & *(Bef) = B.

725 (VX,Y6Tef(0))($(X v, Y) = $(X) $(Y) &

M X  « V) = 0(X) " 0(Y)) .

726 (VX€Tef(0))(YF€{l,d,q,h,A,Xt,Ap>As})(F(0(y)) = F(X)).

727 (VX€Tef(0))(0(D(X)) =D(0(X))).

728 (YXeTef(0))(Vn€N+)(n < A(X) -► 0(P~n X) = P“nUX) &

$(P^n X) = P“n(0X)) .

DEFINICIJA 182
(Vx€MpOZ)(VY€Tef(0))(0“f;(x) = Y ► *(Y)»x).

D182,T724 >---
TEOREM 729
»;£u) = A ef & *;J(b ) = B ef.

D182,D135»D136 >---
TEOREM 730

^ef(BA) = (BA)ef & déf(AB) = (AB)ef

D178,D181,D182,T719,T670,T696,T706,T723-T725 >---
TEOREM 731

(Vx€Mpoz)(x = X1 v x2 *
(Vye »;J(x))(3y1*»;J(x1))(ay2«»;|(x2) )(y * yx + y2>>*

179
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D179,D181,D182,T719,T671,T697,T707,T723-T725 >---
TEOREM 732
(Vx€Mpoz)(x = X1 ° *2

(Vy€e“J(x))(ffyi€^(xi))(ffy2€0‘J(x2))(y = yx

PRIMJER 382
^ A + A,8* + A982k

(1) (sr— 2----pT- eT -(BABAB) ft » = f - e
13 + B ,8  + er0 1 d

BABAB = (BA ^ BA) ^ BAB

1,T731,T732
f V  Al8 + A2®2(2) ,k^,kc,kg,ky6Re)(s -

1 d 5 4 p 0 ' poz B + B,s* + B«s^*0 1 d

= (af kl
k2 + a

í J --- ĪL, ) + J 2
k4 + s

kc + s
k6 + k78

" y2)).

ft

Sup.



Četvrti dio
m-TOPOLOGIJA

4.1. m-G R A F 0 V I 

DEFINICIJA 183
Primitivni pojmovi m-topologije su dva beskonačna,disjunktna 
skupa nedefiniranih objekata, koji se zovu čvorišta, odnosno 
grane.
Simboli za nedefinirane pojmove m-topologije su:
(i) V za skup čvorišta,

(ii) E za skup grana.

D183 >---
TEOREM 733 
v n E = 0.
DEFINICIJA 184
G = {(X1,X2,X3,X4): X1 C  V & -iX1 = 0  & X2 C  E &

X3€Sfunkc^X2» 1 & X4€Sfunkc^X2»

PRIMJER 383
(1) v1,v2»v^€V & e1,e2»e^€E Sup.
1,D184 >---
(2) ({vx, v2, v^} {e1,e2,e^}, {(e^, {v2, v,j}), (e2, {v2> v^}),

( ,  v^})}, {(ê , A), (e2, ab), e^ ,ba)} )eG.

DEFINICIJA 185
(Yx€G)(Vx =X1 & Ex =X2 & Ix=X3 & wx=X4 * * x = (X^,X2,X^,X^))•

181
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PRIMJER 384
(1) X€ G ft x = ({v^»v2}j{0-̂ j02»03}|{(8^i{v^iV2})»( e2 > { v2})»

(© 1̂ { } ) } » { ( ê » A) t (©2» )»(©*j»b a)}) • Sup •
1,D184,D185 >---
(2) Vx * {v1,v2} & Ex = { e 1 , e 2 , e j } &

Jx = H o 1i{v1,v2}),(e2,{v1,v2}),(e5,{v1,v1})} & 
u)x = {(©pAMe^ab), (e5,ba)}.

D184,D185 >---
TEOREMI 734-738
734 (VxeG)(Vx Q  V & Ex CE).

735 (Vx6G)(Ix€Sfunkc(Ex,{{i,k}í i,k€Vx})).

736 (Vx«G)(UxeSfunkc(Ex>0)).

737 (VxeG)(-iVx = 0).

738 (VxeG)(Ex = 0 -»■ x = (Vx,0,0,0)).

DEFINICIJE 186-189
186 (Vx«G)(v(x) = <(VX)).

187 (Vx€G)(Vu€Q)(Eu(x) = {e: e€Ex & wx(e) = u}).

188 (VxeG)(VuíO)(c (x) = k(E (x)).u u,
189 (VxeG)(e(x) = ^ba(x) + e^(x) + cB(x)).

D134-D189 >---
TEOREMI 739-740
739 (Vx€G)(Vu€Q)(eu(x) = k {g : ©€Ex & u>x(e) = u}).

740 (VxeG)(e(x) = K(Ex\ E ab(x)) = k(Ex) - eab(x)) .

DEFINICIJA 190
(VxeG) (g(x) = (X1,X2,X3) ^  = Vx & X2 = Ex\ E ab(x) ft

X3 = {(e,{i,k}): e€X2 & i,k€Vx & Ix(e) = {i,k}}) .
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PRIMJER 385
(1) xeG & x = ({v1,v2,v5},{e1,e2}>{(e1,{v1,v2}),(e2,{v2,v3})},

{(e^,A),(e2,ab)})• Sup.
1,D190 >—
(2) g(x) = ({v1,v2,v3},{e1},{(e1,{v1,v2})}).

Citat 1.
"An abstract graph, or simply a graph, may now be defined as fo- 
llows: A graph consists of a nonempty set V, a ( possibly empty) 
set E disjoint from V, and a mapping ^ of E into V & V. The ele­menta of V and E are called the vertices and edges of the graph, 
respectively, and <t> is called the incidence mapping associated 
with the graph". (R.G.Busacker, T.L.Saaty, Finite Graphs and Networks, 1965, str.6).

D190,D184,D183,Cit.l 5---
TEOREM 013
Za svako xeG, gíx) je graf, kojem su čvorišta elementi od V, a 
grane elementi od E.

DEFINICIJA 035
Za svako X€G, graf od x je g(x).

D035,T013,D190 >---
TEOREM 014
Za svako xeG, ako je y graf od x, onda broj čvorišta u y jednak 
je v(x) i broj grana od y jednak je e(x) i funkcija incidencije 
u y je funkcija koja rezultira iz Ix, kad se ispuste sve "praz­
ne grane" tj. grane karaktera "ab".

DEFINICIJA 036
Za svako x€0, (geometrijska) shema od x je y (simb.yeSh(x)), ako 
i samo ako y je geometrijski graf (crtež) izomorfan sa grafom od
x
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PRIMJER 386
(1) x€0 ft x = ({vlfv2,v5,v4},{e1,e2,e3,e4},{(e1,{v2,v3}),

(®2i {▼2 »v3 })(e5 ,{y3 >v4}),(e4, W 4,v4))}, {(e^B), (e2,A), 
(e5 ,ab),(e4,ba)}).

1, D190 >—
(2 ) g(x) = ({v1 ,y2,v3 ,v4},{e1 ,e2 ,e4},{e1 ,{y2>v:5}),(e2,{v2 ,v3}), 

(e4»{v4,v4})}).
2, D035 >—

(3) (<3> 0 ^  )fSh(x).

DEFINICIJA 191
(vx€G)(sm_iUbgr(x) = (y: 7€G & vyc vx ft Iy C ix & Wy c Wx}). 

PRIMJER 387
(1) X€Ō ft x * ({v1,v2,v5},{e1,e2,e5},{(e1,{v1,v2}),(e2,{v1>v2}),

(6 3 1 (v2» V3 })}»{(®i»A), (e2»B), (^»ab)}). Sup.
1»D191 >—
(2) ( { v2» v-j} t {®^}»{(®^» { ^  * {C®-ĵ *A)} subgr^* 

DEFINICIJA 192
(Vx,y€G)(x« y ((^e€Sbi jekc<Ex’V ) * (® V Sbi Jekc^’V  > > 
(Yg€Ex)(Ix(g) = {i,k} Iy(Fe(g)) = {Fv(i),Fv(k)} ft
u»x(g) * wy (Fe( g ) ) ) ) .

PRIMJER 388
(1 ) x,y€Ō ft x * ({v1 ,v2},{e1 >e2},{(®1 »{v1 ,v2}),{(e2 ,{v1 ,v1})}, 

{(©2 1A),(e2 ,B)}) ft y = ({v^,v4},{e ,̂e4},
{(e^f{v4»v4>),(e4> )}>{(e3»B)»(®4»A)>)•

1,D192 >—
(2 ) x « y.

Sup.
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4.2. NADOVEZIVANJE m-GRAFOVA

DEFINICIJA 193
(Vx,y€G)(fk(x,y) = xy = (Vx u V E U E , x w y* Tx U Iy, «x U « y».

PRIMJER 389
(1) x = <{v1,v2,V-j } t { 6j» ©2 }> {( {v^ v2)}, (e2»{v2»v5} ) } ,

{(e^,ba) t (®2 * A)}) &
y = ({v2, , v^}» { © 2 * J»{(©2 * {v2»v3))» (e3»{v2,v5)),

{(e2,A),(e^,B)}) Sup.
1.D193 >---
(2) xy = ({v̂ ,̂ v2, v^,v4), {e1,e2,e5}, {(e1, {vlf v2}), (e2, {v2,v5}), 

(e^,{v2,v^})},{(e1,ba),(e2,A),(e^,B)}).

D193,D184 >---
TEOREMI 741-744
741 (Vx€G)(xx = x)•

742 (Vx,y€G)(xy = yx).

743 (Vx,y,zeG)(x(yz) = (xy)z).

(Vx,yeG)(xyeG > (Ex íì Ey = 0 v (eeEx fl Ey —►

I (e) - I (e) & w (e) = u) (e))).X jr A jr

744
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4.7. J E Z I K  m-T O P O L O G I J E

DEFINICIJE 194-258

194 0 = {x: i<ŕV & X =

195 i = {x: X€0 & V :X

196 P  = / = {x: l€V & eeE
X = ({1} »{e

197 i / = {x: X€c// &

198 / u = {x: X€0/// &

199 ì/ u = i0/n
/ U 

1 cr

200
/ ( ©,

V
u)

= {x: &

201 0 0 - {x: i, keV &

202 è 0 = {x: X€ ( 0 0) &

203 i k = {x: xe (o o) & V

204 0---0 = (x: i, keV &
x = ({i, k},

205 o--S-o = {x: X€ 0---0 &

206 l = {x: xeo— -0 &

207 lJ U = o-H--o n 4— s

j(e’u)fe = {x: &

({1},0,0,0) }.

(1} }•

& U€$ &
,{(e,{i,i})},{(e,u)}) }.

Vx = {i} }.

Ađom(u)x) = {u} }.

Ex = {e} }.

i =)= k & x = ({i,k} ,0,0,0)}

ieV -

={i,k}}.

i  ̂k & esE & ueQ & 
e}, {(e,{i,k})},{(e,u)}) }.

Adom(wx) = {u} }.

Vx = {i,k} }.

Ex = {e} }.208



•{ ((0= 
* 0=

•{ ((o=
V 0=

• { 
V i

•{ D9iC
n/

•{ y>T9jC »

•{ y > 5 / :

xj u y > j®  s f ī®  ízz
(2)

** SZ} = 222
n

2)
»t3z sz} *

9z :z} = y > ® 022

•{ 09iC q? (iC*x) bz sz} S o{x) 612

•{ {T} = XA\A V (o ® ) «  :z} = ®  812

•{09iC ^ (£‘x)°<|>3z :z} = O @  AT2

• {3|‘T} = ^AUXA V c r »  = zx]

S<í> ?(Z *^*x)

•{T} = ^A l|XA V = Z

z = ^ c r > T  912kxT

Z = CQ í) ÍI2 xT

Z = H 2x]

^ 3(2<iC<x) Z = íI2
X]

•°<|>9(Z*>C‘x) «*_> Z = ®  ®  212

=Z S (0=^3 U Xa V 2=(iCA U XA)>«) •-) A ({iCx}=z
C3 U X3 S 2=(^AUXA)>«)) S Đ ^ ‘x í(Z‘(^<x))} = S<|> 112

Z S (0=^3 U XS 9 I=(^AUXA)x) u ) a ({iCx}=z 
^31^3 V l=(*AUXA)»)) V Đ ^ ‘x :(z«(iC«x))} = L<j> oi2

((0=Z * (0-*lU*3 * O ^ A U ^ ) 1-) A ({>Cx}=z
)= auxa s o»*a u xa)) * đ^ * x : (z ‘ (>C‘x))} = °<f> 602
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224 fx
(e,u) u

225 0 — o---o

226 0 - i ---6

227 0)— o-^-o

228 @-i-^_&

229

* {z: ze 0)-i<// ft Ez\ Ex = {e} }.

= {z: ze ̂  (x,y) & yeo--- o }.

& ye i-- fe } •

= {z: z€<fe1(x,y) & yeo—^—o }.

{z: Z€ >DÌ
0

0 —i—& n 0)—o-̂ -o •

{z: ze 0 — i— & Eg\ Ex = {e} }.

230 V = {z: ze <|>2 (x,y) & yeo— -0 }.

231 iV k
0 )

= {z: zeicC^jok
0 )

& yei— 45 ).

232 = {z: ze <t>2(x,y) & y€o-^--o }•

235 ■ V « t -

234 0---0 0 = {z: ze 0  o ft X€ 0---o }.

235 i— 0 & = {z: ze 0  S & xei— -o }.

236 è-a-o 6 = {z: zei---o & & Adom(u> ) = {u} } z

237 0_ y = {z: ze 0 )—< / & X€0---O }.

238 u u / v = {z: ze 0)— & 45 }.

239 0---0---0 = {z: z€ 0)— o---o & X€0---o }•
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240 -T 8 = {z: z€ (x>-£-ì-8

241 j(e,u)^(f,v)8 = {z: ze(x>fc<íii)B

242 c Q > = {z: z« <K\ x f

V
243 i < I > k  u * {z: z « 0

(f, v)
244 i < 3 > k 

(e,u)
= {z:

u
Z€Ì0t^^)Dk

V

245 ( g ^ O o k  y
= {z:

(x)
Z€Ì<X

ví)

246 O O = {z: z€ <t>, (x,y)

V t
247 ioCCXI>ni u w

* {z: v tz€ ( x K > m  w

krt u 0---0
248 t v6— o i w n

= {z: z€<|>2(x,y)

& xti-u fe }.

4 xíÌÍāiH>fc }.

&  X € 0 ---------- 0  } .

& Vz={i,k} ft 
Adom wz={u,v}}•

& Ez={e,ŕ} }• 

uft y€i<^>k }. 
v

& x,y€ o > -  

u
& x€ioC^X>k }• 

v

& * Ì U B &
ye£ J L & J U  }.

= {w: w€ko(^x)m

keV ft meV
X jr

ft

ft -i i€ {k,m } •
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251 i

jok
252 u

*N>m

253

= {z: & y€& - - }.

■ {z: z€icMÍ)~^m * xe&—^-8 }.

254 ìck— (x)— -bm ■ {w: W€ <J>2(ž> z) & Vžn V z=(k,m) ft
že<|>2(x,y) & VxfìVy={ifk} ft m€Vx ft i±m}.

255 ic£-{x)—bm = {ws weib— (x)— HDm & yeí— & zefe-- -9 }.

256 |ba
K - n

= {w: w€ ~jon
ŕyj

& z6(£)^-fi } .

257 ba| _ |ba * {w: w€ic(^)3n
m' vX/ -n

& Z€(x>íiliM)8 ft 
ž« & 

e^f & i^k ft m^n }

258 -  {X: X je definiendum iz D194-D208 1 D212-D257 }.
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760 xeo---o *— ► xgG & y(x) = 2 & k(Ex) = 1 &
(Ix = {(e,{i,k})} i + k)

761 (Vx€0-- 0 ) ( X€ 0———O ► ^e€Ex “*■ <*>x(e) = u)).

762 X€ o———o <— ► x€0———o & u = A.

763 o-- o = U{o— o, o-5-o, o-^-o, o - ^ - o ] .

764 i-- 4 = 4-^-4 = 0.

765 x€Ì-^-S -i i = k.

766 (i-" & = & i ^ k )  —► u = v & {i,k} = {m,n}.

767 íi®lālí = {({i,k},{e},{(e,{i,k})},{(e,B})} *-►
(i,k€V & eeE & i = k).

768 (X,Y€{o , , o— o, o— o} & -i X = Y) -► X fl Y = 0.

769 V SaurJekc(0><G» {Z: U ' * * G & vxn v y = ° & Ex n E y = °
& Z = {xy}) v Z = 0}).

770 íSsurjekc(G><G’ (Z! (xíG 4 z = M >  ▼ Z = 0}).

771 ’t’̂ s u r j e k c ^ ^ 0’ Ẑ: ^xeG * v ^x '>> 1  4 Z={x}) ▼

772 {VFe{<|»0,4"i »«l>2 })((x*y>»Z)«F -*■ ((y,x),Z)eF).

773 (W*{+0,^ ,<t>2 })((y,z,Y1)6F * y1íY1 & (x,y1,W1)íF *
(x,y,X.,«F & x,€X. & (x-,,z,W2)eF -
v 1 = w2).

774 O  O = +o

z=o}).

775 *



195

776 = <|)2

777 z e ( ®  ® ) x,yeG & V HV =0 & Ey 0E =0 ftx y x y
z = (Vx U V y, Ex U E y, Ix U l y, wx U w y)•

778 x y x y

x,y€G ft V n v  ={i,k} & i£k ftx y
Ex n Ey=0 & z=xy.

780 (W,Ze{® ® ,  <<X > < T >  } & -i W=Z)
(® (®

781 z € ( ®  ® )  v(z) = v( x ) + v(y) •

—► v(z) = v(x) + v(y) - 1.

—► v(z) = v(x) + v(y) - 2,

w n z=o.

782 ze ( c C ' )

783 z€ ( cC— ÌO )

784 ®  ®  = io(X>i = 0,

= o = i

X
= (o o) & i<x~>k = (è 6).

787 z«( @  @  ) ~l z=x.

788 y€i( x = ({i},0,0,0).
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790 (£e(© 0 )  & * € ( @  0 )  & x e ( 0  © ) )  ->
(®  ® ) ■ < ®  © > •

791 V) = 0) —► y=z.

792 -> (®  © )  ■ o - < ( ®  ® )  = ( ® 0 )  *“► {x,y}={z,w))

793 x,y€0 ( 0 ® > •ooII
794 (x,yeo & ix!=y>

J0
(©

•

795 y € 0 Ì  ► xeG & i€V\Vx & y=(vx U{l}»Ex»^x»wx)#

796 xei —► ( 0  o) = (i o).

797 y€ ©^(/^ > yeG & i«Vx & U€fì &
(3e€E\ Ex)(y = x({i},{e},{(e,{i,i})},{(e,u)})).

798 0 i / / * ©-^cŕ^ x=y.

799 x€ic/ (3e,f€E)(e£f &
y = ({i},{o,f}, {(e,{l,i}),(f,{i,i})},{(e,u),(f,u)}))).

800 y€(x>o V =V & k (E ) = k (E ) + 1.x y y x
y(e,u)

801 ye 0-^-0 <— > xcG & i€Vx & ecE\Ex & ueQ &
y = x({i},{e},{(e,{i,i})},{(e,u)}).



802

803

804

805

806

807

808

809

810

811

812

195
ze (x)-o---o ► ze (x)— o— (y) & yeo---°-

xeG & i<=Vx & k€V\Vx & ucO & 
(5Te€E\Ex)(y = x({i,k},{e},{(e,{i,k})},{(e,u)}))

©•&-— = {x({i,k}, {e}, {(e, {i»k})}, {(e,u)})} <— *-
x€ G & i€Vx & k € V W x à e*E\Ex & ueQ.

(3eeE\Ex)(y = x( {i,k}, {e}, {(e, {i,k})}, {(e,u)})) .

x€(4— —̂ & $) <— ► i,k,m€V & i^k & & k^m &
uefì & (He€E)(x = ({i,k,m}, {e}, {(e, {i,k})}, {(e,u)}). 

v
xei u «— ► X6 G & l,k€V & i^k & u,V€(? &
(3e,f€E)(x = ({i,k},{e,f},{(e,{i,k}),(f{k,k})},

{(e,u),(f,v)}).

x€&-— -& v„|j} <— ► i,k,m€V & i^k & iifm & k^m &
u ,v€Q & (STe,f eE) (e^f &
x=({i,k,m},{e,f},{(e,{i,k}),(f,{k,m})},{(e,u),(f,v)} ).

„ u  ̂v 0---0-- B A _ ba ab■o € {o--------o--------o , o— -—o-------o , o———o---------- o , o———o---------- o,

„ B „ B  ̂ „ B  ̂ba  ̂  ̂B  ̂ab „ „ ba A ba „o--- O-- O , O---O----0, O---0----0» O----0----0»
ba _ ab _ _ ab  ̂ab  ̂ i-o----o I •-o, o-

i A i  B 8 n M  i B ì  = o.

U U0---------0 0 € (o- A . B ^--0---o,  ̂ba  ̂ ab o----o--- -o }.
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824 ze (x)^<^))k ♦—► xeG ft i€Vx & keV\Vx & u,veQ &

(?e,f€E\Ex)(e+f ft x=(VxU {k} ,EXU {e,ŕ}, IXU {(e,{i,k}), 
(f, {i,k})) ,u>x U {(e,u),(f,v)}).

825 ▼<x>a!3 4 k(Ex )=4.

826

827

e n e =0 e n ex” y x

(e,{k,m})6lx & (f,{i,n})€lx -►
u>x(e) = Du>x(f).

x,y,z€G ft Vx n V y={l) & Vx flVz={k( 
V ÍÌV ={m} & i^k ft l^m & k^m ̂ w
„=0 & E H  E =0 & w=xyz.z y z *

ft

ft

828 W€i x,y€G & Vx ÍÌVy=(i) & keVx ft m€Vy 
l^k & i^m ft k^m ft ueQ &

(Ste€E\ E )(w=xy( {k,m},{e},{(e,{k,m})},{(e,u)})).■A-jr

829 W€ìcT ^  u X€ G & i»k€Vx & meV\Vx & i±k & i±m ft 
k^m ft u,veQ &

(Se,f€E\ Ex)(w=x({i,k,m},{e,f},{(e,{k,m}),(f,{i,m})}, 
{(e,u),(f,v)})).
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PRIMJERI

390

391

392

393

394

X € ( 0  O O )

<— ► i€V A u ,v ,W€Q A (3e,f ,g€E)(e+f A e^g A 
f+g A x = ({i},{e,f,g},{(e,{i,i}),(f,{i,i}), 
(g,{i,i})},{(e,u),(f,v),(g,w)})).

> xe((y) o) & ye( o o).

zg(o—-—o o —  o) » ze( (x) (y) ) & x€o-^-o & yeo- --o.

395

396

397

398

i c ^ k ^ o m  n (x V V ^ V i  = 0.

X 6 Ì O - <^>m xeG & (a:e,f»geEjO'u,V60)(e^f & e^g A 
ŕ+g A x = ({i,k,m},{e,f,g},{(e,{i,k}),

(f,{k,m}),(g,{k,m})},{(e,u),(f,A),(g,v)})• 
ba

(1) xe(ba( ) ā b \ ba a (^)b ) Sup.

1,D186-D189»D185 >---
(2) v(x)=5 A eba(x)=3 & £a b ^ =1 & «A(x)=2 A 

Cg(x)=l A k(Ex) =7 A c(x)=6.



199

4«4. m-D V 0 P 0 L I 

DEFINICIJA 259
(Vx€G)ÍVi,j€Vx)(i(x)j = (x,(i,j)) ).

KONVENCIJA 6 
i(X) j <---* ixj.

DEFINICIJA 260
2G = {z: X€G & & z = ixj}«

PRIMJER 599 
B

(1) X€ÌC^^>j
A

1,T814,D259,D260 >---
(2) ixii ixj, jxi, Jxje2G.

DEFINICIJA 261
(Vixj,kyme2G)(ixj « kym ► ^ ^ l 6^ j e k c ^ Ex,Eŷ
(3F2eSbijekc(Vx-Vy))(<eeEx * Ix(«)=(n.P}) -  *
{F2(n) ,F2(p)} & u,x(e)=wy(F1(e))) & F2(i)€{k,m} & F,
D261,D192 >---
TEOREM 850
(Vixj,kyme2G) (lxj « kyin —► x » y).

PRIMJER 400 
D261,T804 >—
(X€io———o———oJ & y€ko--—-o-̂  om) —► ixj « kym.

D261,D259 >---
TEOREM 851
(VxeG)(Vi,k€Vx)(ixk » kxi).

DEFINICIJA 262
(VY6S)(VF€Sr e l a c (2G, Y) ) (Vx€G) (Fx = { ( ( i , j ) , y ) :  i ,  
( i x j , y ) e F } )*

Sup«

&

(F1( e)) =
(j)e{k,m})•

ft yeY ft
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D262 >---
TEOREM 8*52
(YY€S)(YF€Sfunkc(2G,Y))(yx6G)(Ti,j€Vx)(Fx(i,j) = F(ixj)).

KONVENCIJA 7
Za svako YeS, za svako x€G, ako je Fx€Sreiac(vx ^  V »Y)t onda će 
se u slučaju većeg broja elemenata od V , relacija Fx prikaziva­
ti pomoću pravokutne sheme kao u slijedećem primjeru, tj. umjes­
to Fx = {((i,i),y1),((i,j),y2),((i,k),y^),((j,i),y4),((j,j),y5), 
((j»^),y6),((k,i),y7),((k,j),y8),((k,k),y9)}, pisat će se:

Fx i J k
i y2 y3
J *4 y5 y6
k *7 *8 y9

4.5. TRANSFORMACIJA m-GRAFA TRANSPOZICIJOM ČVORIŠTA

DEFINICIJA 263
(yxeG)(TieVx)(Tj«V)(x1*'J = (Y1,Y2,Y3,Y4) 
Yx = (Vx \ (i)) U {J> & Y2 = Ex ft
Y3 = {z: (Ix(e)={k,m) & -ii«{k,m} -►

(Ix(e)={i,k} & -ik=i
(Ix(e)={i,l}

z=(e,{k,m})) ft 
z=(e,{j,k})) 4

U).

xi*n e8 - O c  (̂

i*m €k

► z=(e,{j,j}>} & Y4 = _x

PRIMJERI
401 x6&-AJE<<3pm

402 xei A -■c(̂ )̂m

403 x€ (&———& S-5-8) -

404 x e ( M - S  B-ā-fl) —  (xK"n)m"1 eioCpon.

405 x e ( 8 - U  8-5-8 U - 8 1.54 g— g) -
2<>~5 q4,,,,, l* -2 % 3*-4x B-^0v 7>0x 8>2x 0*-8 , AY\T « xx ) ) ) ) ) c( A \  a ).

xk*» 4  a g B 8- 

_k*n\m*l ®

8
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D263,D185,D186 >---
TEOREMI 833-836
833 (Vx€G)(VÌ€Vx)(Vj€V)(xi>J = y yeG).

834 (VxeG)(Yi€Vx)(xi M  = x).

835 (Vx6G)(Vi, j€Vx)( (xi^ ) ^ >i = x ^ ) .

836 (VxeG)(1, j€Vx & -i i=j —► y(xi>J) = v(x) - 1),

DEFINICIJA 264
2G0 = W ► ((xei---& -> ixkeW) fts-p
(z€ ( (x) (y) ) ft ixj€W & kym€W —►
i(xJ^y)m€W & i(xJ*myk>1)m€W) &
(VXCW)((x€Ì---fc ixk€X) & (ze(® ® )  ft
ix j€ X & kym€X i(x^y)m€X A i(x«5*myk M )m€X) X=W)).

PRIMJER 406

Sup

1,D264
(2) jxm€2Gfl_p & -i (ixk€2Gs_p

D264,D259,D260 >--- T837-T838
TEOREM 837
20,s-p C  20

TEOREM 838
(Vx€G)(i€Vx -*■ -iixÌ€2Gs_p
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4.6. L J U S K A  m-G R A F  A

T734-T736 >---
TEOREM 839
(Vx€G)(3!Fx€Srelac(Vx,Vx))((i,k)€Fx (i = k v
(&e€Ex)(l(wx(e)) = b & Ix(e) = v
(^JeVx)((i,j)eFx & (j,k)€Fx))).

DEFINICIJA 265
(VxeG)(bx je jedinstveno određena relacija Fx iz teorema 839).

D265,T839 >---
TEOREM 840
(VxeG)(Vi,k€Vx)(i bx k «— ► i = k v 
(5re€Ex)(l(u)x(e)) = b & Ix(e) = {i,k}) v 
(Sj€Vx)(i bx j & j bx k))).

T840,D190,D035 >---
TEOREM 015
(Yx€G)(Vj,k€Vx)( j bx k, ako i samo ako J = k ili "jH i "k" po­
vezani su putem u grafu od x i karakter svake grane puta počinje 
sa b).

T734-T736 5---
TEOREM 841
(VxeG)(ff!Fx6Srelac(Vx,Vx))((i,k)€Fx «-► (i = k v 
(!īe€Ex) (d(u>x(e)) = a & Ix(e) = {i»k}) v 
(Sj€Vx)((i,j)eFx & (j,k)€Fx))).

DEFINICIJA 266
(VxeG)(ax je jedinstveno određena relacija Fx iz teorema 841).

D266,T841 >---
TEOREM 842
(Vx€G)(Vi,k€Vx)((i ax k «— ► i = k v 
(ffe€Ex)(d(wx(e)) = a & Ix<e) s {i,k}) v 
(Sj€Vx)(i ax J & J ax k))).
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T842,D190,D035 >—
TEOREM 016
(VxeG)(Vj,k€Vx)(j ax k, ako i samo ako j = k ili "j" i "k" po­
vezani su putem u grafu od x i karakter svake grane puta završa­
va sa a).

PRIMJER 407

X€ ( b
k A m
ab ba)

bY = {(i,i),( j, j)i(j,m),( j,n),(k,k),(m,m),(m,n),(m, j),(n, j),
(n,m),(n,n)} &
(i.iM
(n,n)}.

ax = {(i, i), ( j, j), (k,k), (k,m), (k,n), (m,k), (m,n), (n,k), (n,m),

T840,T842 >---
TEOREMI 843-845
843 (VxeG)(VÌ€Vx)(Vs€{a,b})(i sx i).

844 (VxeG)(Vi,k€Vx)(Vse{a,b})(i sx k k ex i).

845 (VxeG)(Vi, keV )(Vse{a,b})(i sv J & j st k i s_ k).

DEFINICIJE 267-268 
267 (Vixke2G)(l(ixk) = s - ((i bx k & s * b) v 

(—i (i bx k) & s = a))).

268 (Vixkg2G)(d(ixk) = s ► ( ( l a k  & s = a) v 
(-i (i ax k) & s = b))).

D267,D268 >---
TEOREM 846
^€^surjeke (2G,{a,b}) & ^ S surJekc(2G,{a,b}).

D267,D268 >- 
TEOREM 847 
(Vixke2G)((1(ixk)=b

TEOREM 848 
(Vixke2G)((đ(ixk)=a

T8471T848.

i bx k) & (l(ixk)=a

i ax k) & (d(ixk)=b

i i b x k)).

n i  ax k)) •
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T843-T848'>---
TEOREMI 849-856
849 (Vixi€2G)(l(ixi)=b & d(ixi)=a).

850 (Vixj62G)(l(ixj)=b ->l(jxi)=b) & (d(ixj)=a -► d(jxi)=a).

851 (Yixj,tjxk€2G)(l(ixj)=b & l(jxk)=b) -► l(ixk)=b).

852 (Vixj,jxke2G)(d(ixj)=a & d(jxk)=a) —► d(ixk)=a .

853 (Yixie2G)(-j l(ixi)=a & -,d(ixi)=b).

854 (Vixj€2G)(l(lxj)=a l(jxi)*a) & (d(ixj)*b d(jxi)*b).

855 (Yixj, jxk€2G)((l(ixj)=a «+> l(jxk)=a) —► l(ixk)=a).

856 (Vixj, jxke2G)((d(ixj)=b «+► d(jxk)=b) -*■ d(ixk)*b).

DEFINICIJA 269
(Vixj€2G)(q(ixj) = l(ixj)d(ixj)).

D269,T846,T3 >---
TEOREM 857
q€Ssurjekc(2G,0)#
D269,D262 >---
TEOREM 858
(VxeG)(qx = {((i,j),u): i,j€Vx & q(ixj) = u}).

PRIMJER 408

1,T858,K7 >
h i k m n

h ba ab ab ab ab
i ab ba ba ba B
k ab ba ba ba B
m ab ba ba ba B
n ab B B B ba

Sup.



T849»D269 >---
TEOREM 859
(VixÌ€2G)(q(ixi) = ba).
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D204,D205,T758,T777,T847,T848,D269 >---
TEOREMI 860-862
860 x€(í &)
861 X6 Í-HJF

862 z e ( ®  ® )

DEFINICIJA 270
(Vixj€2G)(qs(ixj) = q8(q(ixj))). 

DEFINICIJA 271
(Vixj€2G)(qp(ixj) = qp(q(ixj))).

D270,D271,T859-T862,T217 >---
TEOREMI 863-867
863 x«4 q8(ixi) = ba & qp(ixi) = BA.

864 - q8(ixk) = ba & qp(ixk) = BA.

865 (X€ (4 6) V xei _ s M > —► q_(ixk)=AB ft q_(ixk)=ab.B p

866 x « U - -S - q8(ixk) = qp(ixk) = A.

867 JS - qfl(ixk) = qp(ixk) = B.

TEOREM 868
Z€ ® ~ (VÌ€Vx)(Vm€Vy)(qa(izm) = qs(lxk) ^ q8(kym)). 
D o k a z
(1) x,y€Ō & Vxn v y = {k} & Ex ÍÌEy = 0 & z = xy. Sup.
1,T847»T848,T855 »T856, T160,T161 >—
(2) (Vi€Vx)(YineVy)(l(izm) = inf(1(ixk),l(kym)) &

đ(izm) = sup(d(ixk),d(kym))) .

—► q(ixk) = ab.

—► q(ixk) = u .

-*• (VÌ€V )(Vk€V )(q(izk) = ab). x y
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2,D269 >----
(3) q(izm) = i n f ( l ( q ( i x k ) ) , l (q (k ym ))su p (d (q (ixk )) ,đ(q(kym)) .
3 , T162,T164 >----
(4) q(izm) = q (q ( ixk ) ^ q(kym))
4, D270,T221 >--
(5) qs (izm) = qg (q ( ixk ) ^ q(kym))
5 , T237,T221 >--
(6) qg ( izm) = qg (ixk ) ^ qs (kym)
1,6 >----
( 7 )  (Vx,yeG)((V ÍÌV = {k} & E fì E = 0 & xy = z) -►

a  j  jr

(VieV )(Ym<=V ) (q  (ixm) = q_ (ixk ) ^ q (kym)). x y o o o
7,T778 >---- T868.

D269,D271,T160,T161,T163,T165,T221,T238,T779,T847,T848,T855i T856, 
(analog T868) >—
TEOREM 869

k —► qp( iz k )  = qp(ixk ) ^ qp(iyk )

4.7. S U V I S L O S T  m-G R A F A

DEFINICIJA 272
(Yx€G)(x» = (Y,Z) Y = g (x )  ft

Z = { ( e ,u ) :  eeEx\ Eafe(x ) & (e,u)€Q)x } )

PRIMJER 409
(ftb a )

( 1) Sup
( g , ab)

1,D272,D187 >----
(2) x* = ( { i ,k ,m ,n } , { e , f } ,  { (e , { i , k } ) ,  ( f  {k ,rrì) } ,  { ( e , A ) , ( f  , b a ) } )

D272,D186,D189,D190 >----
TEOREM 870

(VxeG)(x, 6G ft v ( x * ) = v (x )  & e (x*) = e(x ) ft g (x ’ ) = g (x ) )
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DEFINICIJA 273
( VxeG)( (n (x ) = 1 ►̂ -i (Gy, zeG) (x* € ( (y) (z) ) )  &
(VneNp0z) ( ti( x ) = n+1 (3y ,zeG )(x ’ e ( ( y )  (z) ) & * (y )  = n &

* ( z )  = 1 ) ) ) .

PRIMJERI

410 X6

B
V - >l(x) = 1.

411 A
X€ ( 0---------0 0- -^ _o ) - n(x) = 2.

412 ab B
X€ 0- -  o—— - 0 Tl(x) = 2.

413 xe (o y
oo

JO00ó « ( x )  = 5.

C itat 2
" I f  the graph G happens to be an unconnected graph, as in F ig . 
l - l l ( a )  then i t  is  obvious that i t  must consist o f a number o f 
"connecteđ pieces".We next attempt to make this in tu it ive  con- 
cept precise.

By Problem 1-12, the existence o f a path between vert ices  is 
an equivalence re la t ion . Any such equivalence re la t ion  đeŕines 
a partit ion  o f the vert ices  o f the graph into sets such that 
any two vert ices  in a set are connecteđ by a path in G. A lte r ­
n a t iv e ^ ,  we could also construct the sets. Beginning with any 
vertex v, , consider a l i  the vert ices  o f G which can be connec- 
ted to v, by a path in G. Then the elementa o f G incident at 
these vert ices  constitute a connecteđ subgraph Gs .Furthermore, 
i f  any other elementa o f G is  added to this subgraph to form 
Ĝ , then Ĝ is not.connecteđ. Thus Gs is  a maximal connecteđ 
subgraph o f G. G may or may not have any more vert ices  that 
are contained in G . I f  G has other vert ices (not in Gs ), consi- 
đer one o f these vert ices  Vj . By a sim ilar procesa, we can now 
construct a maximal connecteđ subgraph containing Vj • The pro- 
cess can be repeated u n t i l  there are no more vert ices  l e f t ,  
proviđed G is  f in i t e .  The number o f these connecteđ subgraphs 
is  denoteđ by p.
Theorem 1-3. The decomposition o f a graph into maximal connec- 
ted subgraphs is  unique.
Theorem 1-4. p=l fo r  a graph G i f  and only i f  G is  connecteđ". 
(Seshu-Reeđ, Linear graphs and e le c tr ic a l  networks, 1961, 
s tr .  16-17).

D273,D272,D190,Cit.2 >----
TEOREM 017
(VxeG)(n(x) je broj maksimalno povezanih subgrafova (maximal 

connecteđ subgraphs) od g ( x ) ) .
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TO 17 >----
TEOREM 018
(Yx€G)(it(x) = 1 «-—► g (x ) je su v is l i  g ra f ) .

D273,D272,T746,T757,T762,T777,T778 >—
TEOREMI 871-877. 
871 xeo —► * (x ) = 1.

872 * €Ssurjekc(G,Npoz)#

873 X6 O-H-O & U€{A,B,ba} - * (x )  = 1

874 ( X€(0 0) V X€ O Sb 0) - * (x )  = 2

875 (YxeG)(Ex = 0 —► * (x )  = v( x ) ) •

876 Z í ( ®  0  ) —► n (z) = * (x ) + * ( y ) .

877 Z Í 0 - O - ® —► * ( z )  = * (x ) + * (y )  -

DEFINICIJE 274-277
274 (Vx6G)(YÌ6Vx ) (| i| a = { Jj J«Vx 4 )  i | ) .

275 (VxeG)(* (x ) = k( { í : iíV,, 4 Y = |il }> ) •a X

276 (YxeG)(YiíVx) (| i| b j eVx 4 j b x i } ) .

277 (VxeG)(*b(x ) = k( {Y :  i«Vx 4 Y = |i|b } ) )  . 

PRIMJER 414
ba Đ ab

(1) x€ ( lo  ab -<^^ ))k
ba A A

1,D274,D276 >----
(2 ) |i| = { i } ,  |j| =|k| = { j » k } i  Im| = |n| *|p| !

X X X  X X X

|i|b = { i } »  l j l b = IkIb = { j , k } ,  |m|b =|n|b ={m,n}
X X X X X

1,2,D275,D277 >—

(3 ) * x ) = 3 A * b(x ) = 4.

Sup.

{m,n,p} A 

|plb = {p )•
x
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D275,D277,D273,T017 >---- T019,T020.
TEOREM 019
(Vx,y€G)(* (x ) = * (y )  ► y re zu lt ira  i z  x uklanjanjem svih

cl

grana kojima karakter ne završava sa a ).

TEOREM 020
(Vx,y€G)(*b(x ) = * (y )  *—► y re zu lt ira  iz  x uklanjanjem svih

grana kojima karakter ne počinje sa b ).

D275,D277,D185,D186,T777,T773,T840,T842 5-----

TEOREMI 878-880

878 xeG A Ex= 0 —► * a(x ) = * b(x ) ~ y ( x )«

879 z€ ((x ) (y) ) —► (VS€ { a , b } ) ( « s ( z) = * 8( x ) + * 8( y ) ) .

880 ze (x)—o—(y) (V s e {a ,b } ) ( * 8(z )  = * 0(x ) + * Q(y )  "  1)* 

DEFINICIJA 278
(VxeG)(C(x) = e(x) - v (x )  + * ( x ) ) .

DEFINICIJA 279 
(VxeG)(R(x) = v (x )  -  * ( x ) ) .

PRIMJER 415

( 1) X€< Sup.

1,D186,D189,D273 >—

(2) e(x) = 8  A v (x )  = 8  A * (x )  = 5.

1,2,D278,D279 >—

(3) C(x) = 8 - 8 + 3  = 3  & R(x) = 8 - 3 = 5
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C ita t 3
"D efin ition  2-9. N u ll i ty .  The n u l l i ty  o f a graph with e edges, 
v ver t ices , and p maximal connected subgraphs ie  [i = e - v + p. 
N u l l i ty  ie  also known by the names o f cyclomatic number, con- 
n ec t iv ity ,  and f i r s t  Betty number.

The fundamental system of c ircu ite  fo r  an unconnected graph 
iō obtained by taking the fundamental 8ystems fo r  each maximal 
connected subgraph.
D efin it ion  2-10. Rank. The rank o f a graph with e edges and p 
maximal connected subgraphs is  v - p " .
(Seshu-Reed,Linear graphs and e le c tr ic a l  networks,1960,s t r . 27).

D186,D189,D190,D273,D278,D279,Cit.3 >----
TEOREMI 021-022
021 (VxeG)(C(x) je broj su v is los t i,  odnosno broj temeljnih pet- 

l j i  grafa od x ) .

022 (VxeG)(R(x) je rang, odnosno broj temeljnih rezova grafa od 
x ) .

C ita t 4
"Defin ition  2-11. Cut-set. A cut set is  a set o f edges o f a con­
nected graph G such that removal o f these edges from G ređuces 
the rank o f G by one, provided that no proper subset o f this set 
reduces the rank o f G by one when i t  is  removed from G” . 
(Seshu-Reed, Linear graphs and e le c tr .  networks, 1960, s t r .  28).

T847,T848,T015-T018,Cit.3 >----
TEOREMI 023-024
023 (Vjxke2G)( l ( j x k )  = a ► j  i  k nisu povezani putem u grafu 

od x i l i  eg z is t ira  rez (cu t-set) u grafu od x i  karakter sva­
ke grane reza počinje sa "a" i  uklanjanjem grana reza rezul­
t i r a  gra f u kojem j  i  k nisu povezani putem).

024 ( Vjxk€2G) ( d( jxk) = b <-—► j  i  k nisu povezani putem u grafu 
od x i l i  e g z is t ira  rez (cu t-set) u grafu od x i  karakter sva­
ke grane reza završava sa "b" i  uklanjanjem grana reza rezu l­
t i r a  gra f u kojem j  i  k nisu povezani putem).

DEFINICIJE 280-283
280 (VxeG)(R0(x ) -  *b (x ) - 1 ).

281 (Vx«G)(Rb(x ) * *a (x ) - 1 ).

282 (VxeG)(C (x ) 8 = eA( x) + Eba(x ) - v (x )  + * ( x ) )  8

283 (VxeG)(Cb(x ) = £b ( x ) + £ba(x ) - v (x )  + * fe( x ) )



PRIMJER 416

1,D186,D188,D275,D277 >----
(2) *b(x )  = 6 & *a (x ) = 4 & v (x ) = 10 &

£ba( x ) '  5 & eA(x ) = 5 & eB( x ) = 5

2.D280-D283 >— 
(3 ) Ra(x )  = 5 & Rb(x ) = 3 & Ca(x ) = 2 & Cb(x ) = 4.

D282,D283,T021 >----
TEOREMI 025-026

025 (Vx€G)(C (x ) je broj suv is los t i grafa m-grafa ko ji re zu lt ira  
i z  x, uklanjanjem svih grana kojima karakter ne završava sa 
" a " ) .

026 (VxeG)(Ct)(x )  je broj suv is los t i grafa m-grafa ko ji re zu lt ira  
i z  x, uklanjanjem svih grana kojima karakter ne počinje sa 
"b " ) .

D280-D283,D275,D277,T878-T880 >----
TEOREMI 881-888

331 (Vx€G)((eeE & w (®) = ab) —►

Ra(x ) = Bíb(x ) = v (x )  -  1).

882 (Vx€G)((eeEx & -i d(wx ( e ) ) = a) Ca(x ) ■= 0 ).

0000 (VxeG)((e€Ex & -i l (w x ( e ) ) = b) - Cb(x ) ■= o ) .

884 (VxeG)(Vse{a, b } ) (0  < C_(x) & 0 <“* S " RS(X ) ) .

885 * « < ®  ®  ) - (V se {a ,b } ) (R fl( z ) = Ra(x )  + Rs (y )  + 1).

886 z « ( ®  ©  ) (V se {a ,b } ) (C s (z ) = C8<X) + C8( y ) )•

887 Z Í 0 - O - ® - (V se {a ,b } ) (Rs (z ) = Ra(x ) + Rs ( y ) ) .

888 Z6 ® ~ ° — (š ) —► (V se {a ,b } ) ( Cs ( z ) = Ca(x ) + C8( y ) ) .
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D275,D277,D280-D283,D186,D188,T749,T757,T760,T761.T809,T814
TEOREMI 889-906

(Vx€G)(Y = ( » a<x>
—►

889 X€0 — ► Yx = ( 1,

890
. ab

x€cr YX = ( 1,

891
.ba

xeo __*
YX = ( 1,

892 / Ax€cr Yx = ( l f
.B

893 » / — Yx = ( 1.

894 X€(0 0) — Yx = ( 2,

895 abX € 0- -—0 — Yx = ( 2,

896 baX€0------0 — Yx = ( l i

897
AX6 0---- 0 — Yx - ( l t

898 X€ 0- — O — Yx = ( 2,

899 XCoab0abo
— Yx = ( 3,

900 X€ 0———0——-o — ► Yx = ( 1,

901 X€ 0———0——-o — Yx = ( 2,

902 X€ O———O——--o — ► Yx = ( 3,

903 — Yx = ( l f

A
904 ► Yx = ( l f

B
905

x e< ? °
► Yx = ( 2,

B
906 Yx = ( l f

b(x ) ,Ra( x) ,Rb(x ) ,Ca(x ) ,Cb( x ) ) )

l f 0, 0, o, 0 ).

l f 0, 0, 0, 0 ).

l f 0, 0, l f 1 ) .

l f 0, 0, l f 0 ) .

l f 0, 0, 0, 1 ) .

2, l f l f 0, 0 ) .

2, l f l f 0, 0 ) .

l f 0, 0, 0, 0 ).

2, l f 0, 0, 0 ).

l f 0, l f 0, 0 ).

3, 2, 2, 0, 0 ) .

3, 2, 0, 0, 0 ).

2, l f l f 0, 0 ).

l f 0, 2, 0, 0 ) .

l f 0, 0, l f 1 ) .

2, l f 0, l f 0 ).

l f 0, l f 0, 1 ).

l f 0, 0, 0, 0 ).
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DEFINICIJA 284
(Vx€G)(Xg (x ) = e(x ) - v (x )  + 1 -  C&(x ) -  Cb( x ) ) .

PRIMJERI

419 X€

B B B

A A A

— ► Xg(x ) = 4-1+1-4-4 = -4.

— ► X8(x ) = 3-2+1-0-2 = 0.

Xs (x ) = 7-5+1-0-0 = 3.

Xs (x ) = 6-4+1-3-3 = -3. 

Xg (x ) = 8-7+1-0-0 = 2.

ba ba ba ba
422 X€

B ba ab B

B B
423 x«

A A

424 xe(o o)

joc v . . ab ab ab _ 4 2 5  X€ 0------------0------------O------------O

B
426 X€( A A ) 

°~W

Xs (x ) = 8-5+1-2-3 = -1.

Xs (x ) = 4-4+1-0-0 = 1.

Xg (x ) = 0-4+1-0-0 = -3. 

X (x ) = 0-4+1-0-0 = -3.o

Xs (x ) = 4-4+1-0-0 = 1.
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D284,D186,D188,D189,T889-T906 >----

TEOREMI 907-915
. ab

907 X€( o U o ) — Xs (x )

.ba ba
908 xg( cr U

<Q ’
— *• Xs(x )

909 xg( < /  U / B , \ B( x )

910 xg ((o  o) U * -& -0  ) — Xs(x )

911 xg U{o—̂ -o, <>———0 ) o ba o} — x8(x )

oio v r ( o 0 as x̂ ;

915 X€ o-H-u_L_o A u,vg{A,B,ba} — X8(x )

A B
914 x g (c (^ ) )  U o X8(x )

A B
B

915 xg c(^^> — * X8(x )
A

TEOREM 916

Zí 0 - t - @  ~ As (z )  = XQ(x ) + Xg(y).

- 1 .

0.

0.

1.

0.

- 2 .

0.

0.

1.

D o k a z

(1) x,ygG & Vx rìVy = {k } & Ex flEy = 0  A z = xy

1,D186,D189,T888 >-----

(2 ) c (z )  = c (x ) + c (y ) A v (z )  = v (x )  + v (y )  -  1 A 

CQ(z )  = Ca(x ) + Ca(y )  A Cb(z )  = Cb(x ) + Cb(y )

Sup.

1,2,D284,T778 T916



215

PRIMJERI

A B ba
430 xe — *“

A ba

D284,T777,T781,D189tT886 >-----
TEOREM 917

X8(x ) = -1 -  1 = -2.

X8(x )  = -1 -  1 -  1 * -3. 

X8(x )  = -1 -  1 - 1 -  1 = -4. 

X8(x )  = 0 + 1 + 0 -  !  = 0.

Z € (@  0  ) — ► X0(z )  = Xs (x ) + Xfl(y )  -  1.

PRIMJERI

431 X € ( 0 0)

432
ba

x6 (c( ^ ^ ) d o o)

433
B B 

X 6 ( < 0 )  c ^ ^ > )  

A A

D245 ,T916,T915 >----*
TEOREM 918

B

y« (xH Q >  — *■ * 8
A

— ► X (x )  = 0 + 0 -S

— *  X8(x ) = -1 -  1 -  

— *  X8(x ) = 1 + 1 -

(y )  = X0(x ) + 1.

1 = -1. 

1 = -3. 

1 = 1 .

D222,T916,T908 
TEOREM 919

y€(x
ba

Xfl(y )  = Xs (x )  -  1
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TEOREM 920 

V Ssurjekc(G,N)#

D o k a z

(1 ) V Sfunkc(0 ' N )-
(2) H1 = {n: neN* A (3xeG)(Xfl(x )  = n ) } .  Def.
(3 ) O e^  2,T907
(4 ) neH^ Sup.
( 5 )  (3x€0)(X8( x ) = n) 4,2
(6 ) neH^ -► (n+l)€H1 4,5,T918
(7 ) H1 = N+ 2,3,6

(8 ) H2 = {n: neN* A (3x€G)(XQ(x ) = -n ) }  Def.
(9 ) neH2 -► (n+l)€H2 8,T919

(10) H2 = N+ 8,2,3,9

2,7,8,10 >-----T920.

D2 84, D189, D2 80-D2 83 >—
TEORM 921
(VxeG)(Xs (x )  = y (x )  -  eba(x )  "  “  Rb( x ) ) .

DEFINICIJA 285
(V ix je2G )(h (ixJ ) = h ( q ( i x j ) ) ) .

TEOREM 922

Z č i X ( z )  = X (x)+X (y )+ h ( ix k )+ h ( iyk )-h ( izk ) .

& vxnv =(i,k} & i^k
& q (ixk )=q(iyk )=ba

E Í1E s0 *  y A
D o k a z
(1 ) x,yeG 

z=xy
1,D284,D189,T783,D282,D283,D275,D277,T869,T221 >----
(2 ) XQ( z ) = e (x )+  e (y ) - (v (x )+ v (y ) - 2 k l - (C a(x)+Ca( y ) + l ) -

- (Cb(x)+Cb(y )+1 ) A q ( izk )  = ba 
1,2,D284,D285,T256 ------

Sup«

(3 ) Xg( z )  = X8(x)+X8(y )-1  A h (ixk ) =h(iyk) =h (izk ) = -1
1,3,T779 5-----

(4 ) ( Z€ i A q (ixk ) = q ( iyk ) = ba) —► 
X_(z)=X_(x)+Xia(y )+h (ixk )+h (iyk )-h ( izk )  •0 0 9
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D284,T779,D189,T783,D282,D283,D275,D277,T869,T221,D285,T256 
(analog 4) >----

(5) q ( ixk ) ,  q ( iyk )e {a b ,A ,B }) -*■

Xs (z )  = As (x ) + XQ(y ) + h (ixk ) + h (lyk ) -  h ( izk ) .

4,5»T38,T3 >----T922.

PRIMJERI

434 X€
A

*9 ° - As (x )

435 X€
B

< 9
- XB(x )

436 X6
ab

< 9
- As(x )

437 X€
ba

— ► As (x )

0 + 0 + 0 + 0 + 0 = 0.

0 + 0 + 0 + 0 + l  = 1*

1 - 1  + 1 + 1 - 1  = -1.

0 + 0 - l - l + l = - l .

4.8. i - P  R 0 S T 0 R I

DEFINICIJA 286
X8

(Vx€G)(Vi, JeV ) U ( i x j )  = Q 8
(x )

qs ( i x j ) )

D286,D270,T857,T920,T229 
TEOREM 923

surjeke ( 2G,M).

>•

D286,T923,T832,D262 >----
TEOREM 924

(Y x «G )(«x = { ( ( i , J ) > y ) : & 9 (ixJ) = y } ) .
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PRIMJERI
Đ B

458 (1 )  x « ( è - A 2 <Q í<̂ l_B__§ § )

A A

1, T911»T915 > T9161T917 >----
(2 ) As(x ) = 1

1,2,D286,T924,T866-T869,K7 >----

»X 1 2 3 4 5 6

1 BA ABA ABA ABA ABAB ABAB
2 ABA BA BA BA BAB ABAB
3 ABA BA BA BA BAB ABAB
4 ABA BA BA BA BAB ABAB
5 ABAB BAB BAB BAB BA ABAB
6 ABAB ABAB ABAB ABAB ABAB BA

439 (1 ) xe (J -A jj

1,T911,T917 >----
(2 ) A0(x )  = -1

1,2,D286, T924, T866-T869, K7

»X 1 2 3 4

1 bABa aBa ab ab
2 aBa bABa ab ab
3 ab ab bABa bABa
4 ab ab bABa bABa

Sup.

Sup.

TEOREM 925
(vFe{i><J,q,q8,qp,h } ) (Y ix j€ 2 a ) (F ( * ( i x j ) )

D o k a z
(1 ) ixj€2G

A (x )
(2 ) q ( $ ( i x j ) )  = q(Q 8 qs ( i x j ) )

(3 ) ix je20 —*  q ( ^ ( i x j ) )  = q ( i x j ) .

3,T217,T256,D267-D271,D285 >----  T925.

F ( i x j ) ) .

Sup.

1,D286

1,2,T78,D270,T221
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DEFINICIJA 287
(VF€{Js ,Jp,As ,Xp,X } ) ( y i x j€ 2 0 ) (F ( i x j )  = F U ( i x j ) ) ) .

DEFINICIJA 288
(VF€{r,<8,<p,< }) (Y ix j,k ym €20 )( lx j  F kym « —► $ ( ix j )  F $(kym)).

D286,D287,D49 >-----
TEOREM 926
(Vixj€2G)(X8( lx J )  = X0( x ) ) .

D287,T850,T354,T926 >-----
TEOREM 927
(Vx€G)(Vi,k€Vx )U ( i x k )  = # (k x i ) ) .

D286,T859,T863-T867»T907-T911- >—
TEOREMI 928-931

928 x c i  —>■ < K ix i )  = b a .

929 » ( i x i )  = u ba

930 X€ ( Ì & ( ix k )  = ab.

931 — a ( l x k )  = u.

T868,T733»T75»T137 
TEOREM 932

Z€0 _ ^ _ 0

TEOREM 933

(YÌ€Vx )(Vm€Vy )($ (izm ) = d (lxk ) $(kym)> 

$ (izk ) = $ (ixk ) *  $ ( iyk )«

D o k a z

(1)  Z€Ì

(2 ) qpU ( iz k ) )  * qp(M ix k )  ~ qp( * ( i y k ) )

(3 ) X8(z )+ h ( izk )  ■ X8(x)+h(ixk )+X8(y )+h (iyk )

Sup«

1,T869,T985

1,T922
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(4 ) Xs ( $ (i z k ) ) +h(<Kizk)) =
=Xs (d ( ix k ) )+ h U (ix k ) )+ X sU ( i y k ) )+ h U ( iy k ) )  3,T925

(5 ) Xp(d(izk) = Ap(d(ixk)) + XpU ( i y k ) )  4,T923,D55

1,2,5,T226,T238 >-----T933.

T929-T933,D223-D257 >-----

TEOREMI 934-945
u

9 3 4 ( y e  0 * /  & Ì € V X )

9 3 5 ( y e  ( x ) - & - ^ - 8  à  Ì € V X )

936 X € i ———̂ -c/^

9 3 7  x e ( Ì - ^ - o  fc)

938 x€(4-^~o-^-S)

939 y c (  M ŕ »

940 xe ic (^^ )k

941(y€ 0 ^ ® *  ieVx )

$ (iyk ) = $ (ixk ) w (u * ba). 

$(iym) = d (ixk ) ^ u#

$(ixk ) = u *-» (v  ^ ba), 

d (ixk ) ss u v  ab.

# (ixk ) = u ^ v.

$ (iyk ) = d (ixk ) <"» u.

£ (ixk ) = u ^ v •

d(iym) = d (ixk ) ^ (u ^ v ) .

—► $(izm) = ($ ( ixk ) ^ $ ( iy k ) )  ^ u.

—> $(iwm) = #(ixm) ^ ($ ( iy k ) ^ d(kzm)).

n€V ) —► $ (izn ) = $ (ixk ) ^  #(myn). 
¥

—► $ (izn ) = $ (ixk ) * #(myn)*
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PRIMJERI

, ba
440 X€Ìo $ ( i x i )

/  A
441 X€ic^ * ( i x i )

'  B

442 xe -► $(ixk )

B B A
443 xeicC^>C^>CI^D^ —► <Kixk)

444 x«(& ab o ab o ab ■ i U ( i  0

#( i x i ) = ba * ba = bABa*

$ ( i x i )  = (A ^ ba) ^ (A ^ ba) = ba*

<Kixk) = BA ^ BA ^ (A ^ A) = ABABA.

$(ixk )

= ab ^ ab ^ ab = aBABAb.

B
445 x€ ba 

i 1
A .ba^ B — o— o—

,m

ba
n

$(ixn)=$(kxm)=d(kxn)=d(ixm)=BAB.

TEOREM 946 
i -  ba _k

y€
Da „i

\p(ixk) = As(y).

D o k a z

(2 ) $ (iyk ) = $ (ixk ) "  ba
A ( ixk)

(3) X8(y) = *8(ba « Q p qp(ixk))
A (ixk )

(4 ) A0(y )  = Afl(Q p ba)

1,41T2331T227»T209 T946.

Sup*
1, D233,T933,T931
2, T923,T226
3, T125,T217
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TEOREM 947 

j  ba
y€ (x )^ o  -► Xp( i x i )  = XQ(y )  = Xfl(x )  -  1.

D o k a z

1,T919,T923,D55 >---
(2 ) X8(y )  = X8(x )-1  & Xp( d ( i x i ) ) = X0( $ (i x i ) )+ h (# ( ix i ) )

1,2,D287,T925|T923,T859,T797,T254 5----- T947.

Sup.

T946,T805,T947,T921 >---- T948,T949.
TEOREM 948

Xp(ixk ) = v (x )  -  eba(x ) -  2 -  Rft(y )  -  Rb(y ) .

TEOREM 949
(VxeG)(Yi€Vx )(X p( i x i )  = v (x )  -  ebQ(x )  -  2 - Rfi(x )  - Rb( x ) ) .

D284,T948,T949,T283 >-----T950,T951.

TEOREM 950

X(ixk) = e (x )-€ba(x )-C a(x )-Cb(x )-R a(y )-R b(y ) .

TEOREM 951
(Yx€G)(Vl€Vx ) (X ( i x l )  = e (x )-eba(x )-C a(x )-Cb(x )-R a(x )-R b( x ) ) .

D263,D286,D284 >—

TEOREM 952

(Vx€G)(Vj€Yx )(Vk€V W x ) ( x J*k = y -► ( VieVx ) ( $ ( i x j )  = $ ( iy k ) ) .
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TEOREM 953

(FeS-,, . (20,M) ft ( ( x €Ì-y-Sfunkc 
u

F (ixk ) = u)

F ( i x i )  = u * ba)
* ab

(iìyì«r ) -► p. F )X

A

ft

&

(VieV )(VmeV )(F (izm ) = F (ixk ) ^ F(kym)) &

F (izk ) = F (ixk ) F ( i y k ) ) 

, —► q (F ( ix j )  = q ( i x j ) ) ) F = d.

D o k a z

(1 ) ( i )  F€Sfunkc(2G»M)
( i i )  x€ Ì-^ -Ì  -► F (ixk ) = u

( i i i )  X€i<// —► F ( i x i )  = u ba

&
ft

&
i  ,  ab

( i v )  ye( @ J ab  U © -^ °  ) F = F y x

(VicV ) (VmeV ) (F(izm) = F (ixk ) w F(kym)) &

F (izk ) = F (ixk ) ^ F (iyk ) 

q (F ( ix j ) )  = q ( i x j ) .( v i i ) (x e G  & i» j€ V x ) -

1 (iv )iT797 >----
* ab

(2 ) ( X€ o & ye (x)-^c ) —> Fx = Fy

&

Sup.

2 , l ( i i i )  >-
ab

(3 ) X€

/au
) ->  F( i x i )  = ab ^ ba = ba.
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l ( v ) , T 8 0 3 , l ( i i )  >■

(4) yg (x}& -ba 9 —► (VigVx )(F (iym ) = F (ixk ) ^ ba)
4,T145,T803 >-—

(5 ) yg(x)-&-^-# -► F(kym) = F(kxk)—► F(kym) = F(kxk) 

abl ( i v )

(6 ) yg (x)4S---a-1? & Z€ic^)-fe — -bm —► F(kym) = F(kzm)
6 , l ( v i )  >----

(7 ) ye (x)-& b-a -?? —► (Yi€Vx )(F(kym) = ba ^ (F (ixk ) ^ ab))
7,5,T192 5-----
( 8 )  (VxgG)(Vi,kgV ) (F(kxk) = JQ(F ( ixk ) = F ( i x i ) )X s

( 9 )  (VxeG)(Yi,k,m,ngVx ) (J s (F (ixk ) = Js(F(mxn))
9 ,T243 >----
(10) (YxgG)(Vi ,k,m,ngVx)(Xg(F(ixk) = XQ(F(mxn)))
(11) ( VxeG) ( VngN)(f(x)=n <—► (5Ti, jgVx ) ( XQ(F ( i x j )  =n))• Def

11,10  >----------

(1 2 ) (Vx€G)(Yi,j€Yx ) ( f ( x )  = Xa( F ( l x j ) ) ) .

10,1 ( v i ) , T850,T854 -----
(1 3 ) <Vx€G)(Vi,j€Vx ) U 8( F ( i x j ) )  = Xs ( F ( j x i ) )  & 

qs ( F ( i x j ) )  = qfl( F (J x i ) ) ) .

13,1 ( i ) , T225 >----
(1 4 ) (Vx€G)(Vi,j€Vx ) ( F ( i x j )  = F ( j x i ) ) .

12,l(v),T237 -̂----
(15) zg (x)—o—(y) ->  ŕ ( z )  = f ( x )  + f ( y ) .

1 ( v i ) , T238 5-----

(16) zgi k Xp(F ( i z k ) ) = Xp(F ( i x k ) ) + X (F ( iy k ) ) .

16,D55 >----

(17) zg i  k X (F ( i z k ) )  + h(F( i z k ) ) =o

X (F ( i x k ) ) + h (F ( ix k ) ) + Xfl(F ( iy k ) )  + h (F ( iyk ) )S o
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17 ,12 ,l(v ii ) ,T256  >----

(18) Z€i f  ( z) f (x )+ f (y )+ h ( ix k )+ h ( iy k ) -h ( iz k ) .

l ( i v ) , 12,T803 >-----

(19) y « ( ®  &) & z e® -^ o -ab fe -► f ( z )  = f  ( y ) •

19,T795,l(v),D186,D188,D189 >----

(20) y e ( (x )  S) —► e(y ) = e(x) & v (y )= v (x )+ l  & f ( y ) = f ( x ) - l .

D186,D188,D189,18,12,1 ( i i ) ,D285, T805, T861 >----
i

(21) ye @ J u  & u€ {ba, A,B} -► £(y) = £ (x )+ l & v (y )= v (x )  &
k f (y )= f (x )+ f (u )+ h ( ix k )+ h (u )-h ( iy k )

21 ,T922 ,12 ,l( i i )  2-----

(22) ye ® Q u  & u€{ba,A,B} —► e(y ) = e (x )+ l  &
k f ( y )= f ( x ) - X Q(x)+X8(y ) .

15,l(iii),T797,D189,12 >----

(23) y€ (* )-< / ' & u€{ba,A,B}

23,T908,T909,T916 >----

(24) y€ (x></ & U€{ba,A,B)

—► £ (y )= e (x )+ l &
f ( y )= f “(x)+X8(u «  ba)

—► £(y) = £ (x )+ l &
f ( y ) = f  (x )-A s (x)-»-A8(y ) .

(25) H-̂  = {n: n^Npoz & ((xeG & e( x )=0 & v(x )=n) —►.

f ( x ) = l - v ( x ) ) }
25,12,3,T746 >----
(26) leHj
25»20,T795 >—
(27) n e ^  - *  (n+DeH^^
25,26,27 >-----
(2 8 )  (VxeG)( e( x ) = 0  ->  f ( x )  = l - v ( x ) )
28,D284,D189,T882,T883 >----
(2 9 )  (Vx€G)(£(x ) = 0 f ( x ) = As( x ) ) .

Def.
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PRIMJERI

446 xe o

447 x€(o ---o  U (o o ) )
B

448 x€ O
Á

449 xe o———o———o
y b a  ba

/  U<0>>450 xe(

451  ( o ab o-g^-o U (o o o ) )

ba

B B
455 x€ (c<^> c ^ p a ^ ^ o )

6(x ) = ba. 

8 (x ) = ab.

6(x) = BA.

6(x ) - AB. 

6 (x ) = bABa.

6 (x ) = aBAb.

6(x ) = BABA.

6(x) = ABAB.

DEFINICIJA 290
(Vx€G)(VF(qs ,Xs ,J8,qp,Ap,Jp,q , l .a ,h ,X } ) (F (x )  = F (6 (x ) ) .  

TEOEEM 956
(VX6G)(V1,j«Vx ) (J e ( lx J )  = Js ( x ) ) .

D o k a z

(1 ) x€G & i , j€ V x
D289,D287,T925 >----
(2 ) Xg ( 6 ( x ) ) = Xs ( i x j )
2,D287,T244 >----
(5 ) Jg ( 6 ( x ) ) = Js( e ( i x j ) )
1,5,D287,D290 >----T956.

T956,T244,D286,T859 >----
TEOREM 957

X (x )
(Vx€G)(V ì €V ) U ( i x i )  = J « (x )  = Q ba).X o

D289,T925 >----
TEOREM 958
6eS , . (G,M). surjekc *

Sup.
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4.10. TRANSFORMACIJE m-GRAFA UZ m-PROSTOR KAO INVARIJANTU 
TRANSFORMACIJE

4.10.1. KONGRUENTNOST m-GRAFOVA MODULO JEDAN

DEFINICIJA 291 
flG = {X: X C G ) .

DEFINICIJA 292
(VX,Y€nG)(X 0X Y ( (Yx€X) (?y€Y)  & ( VyeY) (7x<=X)) (qx = qy )

(X = 0 & Y = 0 ) ) .

D292,D291,T857,T858 >----
TEOREM 959
0-i c S  ,1 re l.ekv . (no).

v

PRIMJERI

454 o - ^ - o - ^ - o  0. (o o o ).

B A
455 O O a A bfì . Ao------o---- o

456 0X S-A-8 { i , k} = {m,n}.

D 2 9 2  5--------

TEOREM 960
(Vx,y€G )({x ) 01 {y }  > qx = qy ) .

TEOREM 961

( Z€Ì & l x j  r  i y j ) (Vk,meVx )(q(kzm) = q(kxm)).

D o k a z

(1 ) x ,y «0  & VxnVy=( i >^  & & Ex nEy=0 ft z=xy ft

i x j  r  i y j  & (3k,m€Vx ) ( -I q(kzm) = q(kxm)). Sup.

1, D292,K8,T840,T842,T847,T848,(T023,T024) >--
( 2 )  ( l ( i x j ) = a  & l ( i y j ) = b )  v (d ( ix j )= b  & d ( iy j )= a )
2 , T183 * T159-T161 >—
(3) -i ( i x j  r  i y j )

1» 3 »T779 >— T961.
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TEOREM 962

(3keVx ) ( jx k  r i y j ) )  -►

(Vm,n€Vx )(q(mwn) = q(m(xy^*k )n ) ).

D o k a z
(1) x,yeG & Vx n v y= { i , j }  & i±J & Ex nEy=0 & w=xy & 

(3k€Vx ) ( jx k  r i y j )  & z=xy^>k & (3m,neVx ) ( -\ q(mwn)=q(mzn)) Sup.

1, D292,T840,T842, T847,T848,( T023, T024) 5---

( 2 )  n (q ( iw j )  = q ( i z j ) )  v -i (q (iwk) = q ( i z k ) )

2, D291 >---

( 3 )  ( -n l ( iw j )  = l ( i z j )  v -i d( iw j)  = d ( i z j ) )  v 
(*- il ( iwk ) = l ( i z k )  v -jd (iwk ) = d ( i z k ) ) .

1 .3 , T840,T842 >—

(4) l ( i y j )  = b v d ( i y j )  = a.

1 .4 , T840,T842 >--

( 5 )  ( l ( iw j )= b  & l ( i z k )= b )  v (d ( iw j)=a  & d (izk )= a ).

3,5 >----

( 6 )  ( l ( i z j ) = a  v l ( iw k )=a ) v (d ( i z j )= b  v d(iwk)=b).

6 .5 , T855,T856 >---

( 7 )  ( l ( j z k )= a  v l( jw k )=a ) v (d (jzk )=b  v (d(jwk)=b)

7 ,T840, T842, T847,T848 >----

(8 ) l ( jx k )= a  v d(jxk)=b

8,4,T183,T159 >----

( 9 )  —i ( jxk r  i y j )

1 ,9 ,T779 >-----T962.

D292, T778,T777,T840,T842, T847,T848 >----
TEOREM 963

Z € ( 0 —o—@  U ( 0  ® ) )  (V i,keVx ) (q (izk ) = q ( i x k ) ) .
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4.10.2. K0NGRUENTN0ST m-GRAF OVA MODULO NULA

DEFINICIJA 293 _________ .
(YX,YenG)(X 0 Y ► ( (Vx<ŕX) (FyeY) & ( Vy€ Y) (FxeX)) ( ^  =

(X = 0 & Y = 0 ) ) .
D293,D291,T923,T924 >----
TEOREM 964

06Sr e l . e k v . (nG)#

$ )
y

V

T964,D291 >----
TEOREM 965 
G 0 G & 0 0 0.

D293 »D291 ------
TEOREM 966
( V x , y € G ) ( { x }  0 { y }  ► $x  = $y ) .

D293,D286,T924,T858,D292 >• 
TEOREM 967
(VX,Y€riG)(X 0 Y (X Y &

( (Yx€X) Oy€Y)&(Yy€Y) (Sx «X ) ) ( X8(x)=Xa(y )  ) ) ) .
T967,T858,D186 >- 
TEOREM 968
(vx,YenG)(x 0 y —►( (Vx€X)(ffy€Y) & (Yy€Y)Ox€X) ) ( v ( x )  = v ( y ) ) )

T967,D292,T744 >—
TEOREM 969
(Vx,y,Z€G) ( ( {x }8 {y }  & Ev ÍÌĒ = 0 & E fl E = 0) {x z }0 {y z } ) .x  z y  z

TEOREM 970 

(x^Jab 0 {x } .

D o k a z

(1) ye ® 3
i
ab
k

1,T805,T865,T869,T961,D292 >-----
(2) {y }  Q1 { x} & h (iyk ) = h (ixk ) 
1,T922,T910,T256 >-----
(3) Xs ( y ) = X_(x) -  1 + h (ixk ) + 1 -  h (iyk) 

0

Sup.
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3 , 2  

(4 )

1 ,2 ,4 ,T967 >---- T970.

(4 ) ^s (y )  = XQ(x )

T797,T963,T907,T916,T967 >- 
TEOREM 971

ab
(x)-o 0 { x } .

T803,T795,T970 ------
TEOREM 972

0 i-? M  e ( 0  S).

T972,T964,T803,T777,T778 >----
TEOREM 973

( ' ' "' ' jíab = {w: we (z)— (y) & ze 0 Ì - ^ - Ì ]

® ~ ^ k 0 Ì - 2 Ī L & 0  9 ( 0 ® ) .

PRIMJERI

457 o-ba-̂  0

458 (o o o)

ab

459 ( o———o o-^-o)
ab

T967,T779,P263,T922,T961 
TEOREM 974 

( x )
( Z € i < ~ > j  & k€V \V )

TyJ z
(Vm,neV )(d(mzn) = $(m(x( (y i ^c) ^ ) k*^)n) ]

PRIMJER 460 

( X6B B &
1 <h H >

yeB
i

A )
~E~°

9 ( ix j )  =
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D293, T809, T93 2, T933,T930,T124, T125 
TEOREM 975

0 v r u,

PRIMJER 461
B ,ba

(1) X = ( i c ^ ~ V

1,T970

(2 ) X 0 i

A

B /ba

o~ -—o ——ok) Sup.

ó * a b  o - ^ y
B -ok

2,D293,T932,T933,T929 >-----
(3 ) xeX —► $(ixk ) = (B ^ A) ^ (ba ^ ba) ^ ab ^ A ^ B = aBAb.

PRIMJER 462 
i 0---- —---- c} <r----  ---- <> <r---- ------Y

0 B A B A 
L £. y - i, A B B A

k Jfc 7 - Jf A o. o

6---- « ---- <!
B A

\---- rr-----<
B A
L <!l N I

1,T974,T975,T969 >----
( 2 )  (xeX & yeY ->  d (ixk ) = $ ( iy k ) )  & Y 0 Z
2. 1, D293 >---
( 3 ) S (ixk) = &(izk)
3 .1 , T932,T933 >---
(4 ) S (ixk) = (A ^ B ^ B) ^ (A ^ ( (A  ^ B) ^ (A ^ B ) ) = ABABAB.

T967,T797i T778,T963,T909,T916 >- 
TEOREM 976

(xy< 0 Q {x } .

PRIMJER 463 
7ab /A / B

0 O—^ —O—^ —O .
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T967,T778,T963,T916,T952 >----
TEOREM 977

z e @ - & - (y )  (VJ,k,meVx )($(kzm) = ^ (k (xyi ^ )m ) )

PRIMJER 464

^-Žr-—-om) —► $(ixm) = $(iym) 
B( )A

TEOREM 978

(w€icr~^>j à (3keV ) ( jx k  r i y j ) )  -►
(g f

(Vm,n€Vx )(d(mwn) = d(m(xy^*k)n ) ) .

D o k a z
(1 ) x,yeG 4 VT n v = { i , , ) }  4 i= j  4 E 0 E =0 4 w=xy 4

a y x y

(Sk€Vx ) (  jxk r  i y j )  & z=xy^‘>k & -i Xs (w)=XQ(z )  Sup.

1,T922 ------
( 2 )  —i (X0(x )  + Xs(y )  + h ( i x j )  + h ( i y j )  -  h (iw j)  =

= X (x )  + XQ(yJ*k ) + h (ixk ) + h ( i (y ^ *k )k) -  h ( i z k ) ) .
o o

2,1,T952 >-----
( 3 )  ~i ( h ( i x j )  -  h (iw j)  = h (ixk ) -  h (iwk))
3 ,  T849-T856 3---
( 4 )  ( l ( jx k )= a  & l ( i y j ) = b )  v (d (jxk )=b & đ ( iy j )= a )
4 , T183 ------------
( 5 )  -i ( jxk r  i y j )

1,5,T967,T962,T779 >-----T978.

TEOREM 979

& u r  v)

D o k a z

& u r  v Sup.
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1,D255,T933,T931,T177,T175 >
(2) M iy j )  r  u & V = Vvx y
2 ,1,D288,T179 >----
(3) i y j  r v

1,2,3,T931,T978 >— T979.

PRIMJERI
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T978,D288,T805,T931 
TEOREM 980 

i .  u Jl  u i i  u
(y€ à (3Tc€Vx ) (  jxk r u )) —► {y }  0 <\ * ŕ >

PRIMJER 467

T980,D288,T797 
TEOREM 981

(y€ (
&

ixk r  u) {y } 0 0 ^ / ^  .

PRIMJERI

468 „ ba „
‘’v I T 0

A
0 O- ^ - /  a 0 - ^ - „  .

469
B

V
0

/ B
e 0 B 0

470

ba

• © >
ba

0
ba .ba

*

y ba

\ b a
ab

471 / k  _ ba o---- o----- 0 o-^—o-
z ab

.

T981,T183,T925,T976 >-----
TEOREMI 982-985

982 (y e (x^Jb & l ( i x k )  = b)

983 ( X€G & (āi,k€Vx ) ( l ( i x k )

{y }  8 { x } .

= b) ) {X} e



984 (y€ (x ^ A  & d (ixk ) = a) —► {y } 0 {x } .

985  (xeG & ( ā i , k € V x ) ( d ( i x k )  = a ) )  —►  {x} 0 (x^Ja .

PRIMJERI

472  c^ -^ > -A _ o  0 o-l®_o_A^o .
13 
B

475 < S > 0 .

474  B
ir

baŕ\_ _k B m_A*“ i .  ba & B c
Tb

A____A_____/
ba 0

C~ ba p B n r °  ba t

ba

T97 8  >-----
TEOREM 986

( z € lo (® > j i x j  r  i y j )  —►  (Vm,neV )($(mzn) = 0 (m(xyi ^ )

PRIMJER 475

$(mxn) = $(myn).

T986  >-----

TEOREM 987 
i
ba & z = x k M ) -►  {y} 0 0 - A - M - S  .

PRIMJER 476 

ba

j / H r g \ m e v , ^ . 1c (3 )k
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T987,T828 >----
TEOREM 988

T986,T926,T911 >—
TEOREM 989 

i
y e (x jjb a  -*• Xfl(y ) = Xs (x 1>k).

PRIMJER 477

B
(x€cć^-o- — & yec (^ )> ) —► XQ(x ) = Xg( y ) .

A

T946,T989 >----
TEOREM 990
(Vx€G)(Vi,k€V ) ( - i  i=k ->  Xn(ix k ) = X U 1* * ) ) .

A  p o

T990,T921,T836 >----
TEOREM 991
(Vx€G)(V i,k6Vx ) ( - i  i=k -►

Xp(ix k ) = v (x ) -  efea(x ) -  2 -  Ra(x i *k) - Rb(x i îc) ) .

T283,T991,D284 >----
TEOREM 992
(Vx€G)(V i,k6Vx ) (n  i=k ->

X (ixk ) = e (x ) - “  CQ(x ) “  Cb(x ) ”  "  R̂ )(x^>k) ) .



4.11. IZOMORFIZAM m-STRUKTURE I  ALGEBRE KLASA OSTATAKA 
m-DVOPOLA MODULO NULA

DEFINICIJA 294
(Vx€G )(V i,jeVx ) ( |ixj| = { kym: kyme2G & &(kym) = d ( i x j ) } ) .

PRIMJERI

478 (xeÌ-A_&

4 7 9  ( x e i

p. _A o ba _ B _& y€ o--- o—-— o-----o

& ye

|ixk| = |myn|. 

| ixi| = |kym|.

DEFINICIJA 295
2G0 = {X: ixke2G & X = |ixk|}.

DEFINICIJA 296
(VXe2G0)U(X) = y ixkeX & $ (ixk ) = y ).

PRIMJER 480 

B ki
X€ A

i'
$|ixk| = ABAB.

D294-D296,T923 >----
TEOREM 995

* 6SbiJekc(2G0' M)-

D294,T927 >----
TEOREM 994
( Vixke2G)( |ixk| = |kxi|).

DEFINICIJA 297
(Vx€M)(^"g( x ) = Y Ye2G0 & $(Y) = x ) .

PRIMJER 481

d“ J(BA) = |ixk|.

DEFINICIJA 293
(VX€2G0) (V F € {l ,đ ,X ,A .\ J ) (F (X )  = F (d (X ) ) ) .

P s
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PRIMJER 482 
B

( x e io- A "~ °k & X = |ixk|) 1(X) = a &

d(X) = b & X(X) = 4 & X (X) = 2 & XD(X) = 1.
P 8

DEFINICIJA 299
(VX€2G0)(VF€{q,q3,qp,Js ,Jp,Pd,P1,Q ,D ,K ,l})(F (X ) - ^ 0 (F U (X ) ) )  

PRIMJERI

483 x e ( i  o & o) & yemo— on -

484 x€ A

485 x€ io-

A 

B

B
& ygk < ^ > n

B

< í > B

ba
486 xe:

q|ixk| = |myn|. 

JQ|ixj|= |kym|•

D|ixk| = |lyk|•

B
487 x€ k & y g ( ì  o &) K|ixk| = |iyk|• 

k |ixk| = |iyk|.

489 x€&-^-& & y€ (Ì-^ -S  o) —► 11 ixk | = | iyk |.

DEFINICIJA 300
(VX,Y€2Ge)(yF6{r,r,<s ,<p,< ,0n)(X  F Y

DEFINICIJA 301

Q2G0 = <*2G(A ) ’ *2G(B )» d2G(b a )» *?a(a b )>*

$(X) F $ (Y ))•

PRIMJERI

4 9 0  xeí> - *■ $ 2 0 * b a * = 1 1 x 1 1 *

4 9 1  x e ( i  6 )  ^ 2 G ^ ab  ̂ = l i x k l *

492(xe&— & u€{ A>b J ) -*• ^ G (u) = l ix k l*



D256,T778,T803,D293,D294 >—
TEOREM 995
(YX,Ye2G0)(ff!Z€2G8)(ixk6X & i^k & myneY & m£n &

DEFINICIJA 302
(?X5Ye2G0)(X ^ Y = Z <—► ( ixkeX & i^k & myn€ Y & m£n

D257,T779,T803,D294,D295 >-----
TEOREM 996
(VX,Y62G0)(3!Z€2Ge)(ixkeX & myneY &

—► (ixk€X & myn€Y & 

|izn|) )•

T995,D301,T996,D303 >----
TEOREM 997
Fe{ ^ , M  -► F€Sfunkc(2G0x2G0,2G0).

DEFINICIJA 303 
(yX»Ye2G0)(X ^ Y = Z

DEFINICIJA 304 

~^>G0 = ^2G0» Q2G8> °

D301,D303,D256,D257»D294-D296,T778,T779,T803,T932,T933,T931 

TEOREM 998
(VX,Y€2G0)($(X ^ Y) = $(X) ^ $(Y) & $(X "  Y) = &(X) «  $( Y ) )



242

4.12. mt-G R A F O V I

4.12.1. INTERPRETACIJA DULJINE IMENA KANONSKOG mt -DVOPOLA 
TERMINIMA TEORIJE GRAFOVA ^

DEFINICIJA 305
G. = {x : x€G & * (x )= l  & 1 < v (x ) à (VeeE ) (u) (e )e  { A ,B }) }  •v X X

PRIMJERI

493 U6{ AjB} —  o - 2 -

B

494 5 c  ot .

495 X€ 0 —► -1 (x€Gt )

496 X€ ( 0 - 0 O———0 )

D305 ,D188 >—
TEOREM 999
(Vx€Gt ) (e^b( x ) = eba(x ) = 0) .

D305,D189,D186,D273 >-----
TEOREM 1000
xeGt —► 1 < e (x ).

D305,D292,D293,D189 (to t.ln d u k c .) >-----
TEOREM 1001
(Vx,y€Gt )(íx] 01 /y] -► (x }e jy j).

D305,D289,D189,T309 (to t.ln d u k c .) >----
TEOREM 1002
(Vx€Gt ) ( 6 (x)€Mpoz) & (Vx€Mpoz)(3y€Gt ) (6 (y )  = x ).

D305,D284,D279,T921,T999 >----
TEOREM 1003
(VxeGt )(X s (x ) = C (x )-Ca(x )-C b(x ) = R (x )-Ra(x )-R b( x ) ).
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DEFINICIJA 306
2Gt = { i x j :  X€0t  & i , j€ V x } ,

D306,T999,T991 >-----
TEOREM 1004
(ix je2G t & —i 1=J) —► Xp(ix j )  = v (x )-2 -R a(x i ^ ) - R b(x i> ^),

D306,T999,T992 >-----
TEOREM 1005
(ix je2G t & -i i=J ) —► X (ix j )  = e (x )-C a(x )-C b(x )-R a(x i ^ ) -

-Rb(x 1^ ) .

T1005,T884 >-----
TEOREM 1006
(Vixj€2Gt ) (X ( i x j )  < e (x ) ) .

TEOREM 1007
(Yx€Gt ) (V l,  j€Vx ) ( (£ (x )  = eA(x ) & -i i= j )  —► $ ( ix j )  = A ). 

D o k a z
(1 ) lxj€2Gt & c (x ) = eA(x ) & —i i=J Sup.

1,D188,D189,D278,D282,D283,D304 >----
(2 ) C (x) = Ca(x ) & Cb(x ) = 0

1 , 2,D305,D284,D282, T999, T1000,D273, T847, T848 >----
(3 ) Xg(x ) = 0 & q ( ix j )  = A

1,3»D286,T217 >----  T1007.

D305,D188,D189,D278,D282,D283,D284,T999,T1000,D273,D286,T217 
TEOREM 1008
(Yx€Gt ) (Y l ,  j€Vx ) (  ( e (x ) = Eg(x) & -i i= j )  —► $ ( ix j )  = B ).

PRIMJER 497
i .  A

X€ A A $ ( ix j )  = A & $ ( ix i )  = ba.

DEFINICIJA 307
2Gtkan= {i x j:  ixje2Gt & (Skym€2Gt )U (ix j)= $ (k ym ) -► e (x ) < e ( y ) ) } .
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TEOREM 1009

(Vy€Mpoz) ( í i x j € 2Gt )(d ( ix J ) = y & M ix j )  = e (x ) &
XQ(x ) = C (x) & Xp( i x j )  = v (x ) -  2 ).

D o k a z
T931,D189,D278,D305,D186 

( l ) ( x € Ì - ^ - í  & ue{A ,B }) d (ixk ) = u & e (x ) = 1 = X (ixk)

X_(x) = 0 = C (x) & X_(ixk) = v (x ) - 2 = 0 .  a P
1,T933,T134,D15,T288,T281,D278,D189,D186,T805,T922 >•

(2)(y€(x^|B & l ( ix k )  = a) $ (iyk ) = P$ (ixk ) &

X (iyk ) = X(ixk)+1 & XQ(y ) = Xfl(x)+1 & Xp(iy k ) = Xp(ix k ) 
£ (y ) = e (x )+ l ft C (y ) = C(x)+1 & v (y ) = v (x ) .

ft

1 ,T932,T133, T288,D284,T281,D278 >-----

( 5 ) ( y e i—̂ —S—(x) & (3m€Vx )(l(kxm ) = b) —► $(iym) = P($(kxm)) & 
X(iym) = X(kxm)+1 & Xg (y ) = XQ(x ) & Xp(iym) = Xp(kxm)+1 ft 
c (y ) = e (x )+ l & C (y) = C (x) & v (y ) = v (x )+ l.

(4 ) H = {n: (y €MpOZ & X(y) = n) —► (5Tlxk€20t ) (d ( ix k ) = y ft

X (ixk) = c (x ) & X ( x )  = C (x) & X ( ixk ) = v (x ) -  2 ) } ,  Def.a p
4,1 >----
(5 ) l€H
4,2,3 >-----
(6 ) neH -► (n+l)eH
4,5,6 ------

(7 ) H = Npo.-
4 ,7 ,T309 >-----T1009.

TEOREM 1010
(Yixk€2Gt ) (ixk6 2G^kan >  X (ixk) = e (x ) ) .

D o k a z
(1 ) ixk€2G^jcan & X (ixk) < c (x ).  Sup.

1,T1009,D307 >--
(2 )  (3[myn62G^)(^(myn) = d (lxk ) & X(myn) = e (y ) )
1,2 >---
( 3 )  (3myn€2G^)(d(myn) = $ (ixk ) & e (y ) < e (x ))
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3,1,D307,T1006 >----
(4 )  (Vixk€2Gt )(ixk€2Gtkan —► X (ixk ) = e (x ) ) .

( 5 )  (5Tixk€2Gt )(X (ix k ) = e (x ) & -i ( ixke2G^kan) .

( 6 ) (5Tmyn€2Gt ) ( d(myn) = $ (ixk ) & e (y ) < e (x ))

( 7 )  (Pmyne2Gt ) ( e (y ) < X(myn))

( 8)  (Vixk€2Gt ) ( X (ixk) = e (x ) —► ixk€2Gtkan) .

4,8 >----T1010.

PRIMJERI

i
498 x€ ( B — ► ($ ( ix k )= ABABA &

(X (ixk )=  e (x ) —

U (ix k ) = BABABA & 
(X (ixk )=  e (x ) )  — ►

500 x€( B 
i

k
) — ► ($ (ixk )=  ABAB &

(X (ixk )=  4 + e (x ))

(ix k e 2Gtk 8n ) -

TEOREM 1011
(Vixkc2Gt )(ixk€2Gtl£an ► ((C a(x ) = 0 & RgU 1^

(Cfe(x ) = 0 & Eb(x i ,k

D o k a z
T1010,T992,T994, T884 >----
(1 )  (ixke2Gt & i i  = k )  ->  (ixke2Gtkan

C ( x )=0 & C. (x ) =0 & Ro(x i>k )=0 & R .(x i k̂ ) =a D a d

T1010,T281,T859,T254 >----
(2 )  (VixÌ€2Gt )(ix l€2G tkan e (x ) = 2Xs ( x ) ) .

2,T1003 5-----
(3 )(V ixÌ€2G t )(ix l€2G tkan ► £(x) = C (x )+R (x)-CQ(

Rq( x )-R fe( x ) ) .

Sup.

5,D307

5,6

5,7,T1006

e(x ) = 5 ) —► 

ixke20tkan-

e(x ) = 6 ) —► 

ixk€2Gtkan*

e (x ) = 5) —►

= 0 & 

= 0 ) ) ) .

=0 ) ) .

)-Cb(x )~
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3,D278,D279,T884 >----
(4 )(V ix ie2G t )(ixÌ€2G tkan CQ(x ) = 0 & Cb(x ) = 0 &

Ra(x ) = 0 ft Rb(x ) = 0 ) .
1,4,T834 >---- T1011.

P R IM J E R I

C a ( x )  = 1 

Bb ( x 1 *k ) =  1

m , k í V x ) - , ( i x k 62Gt k a n ) .

n (ix k s 2Gtkan).

TEOREM  1012
(Tixke2Gt ) ( ixk€2Gbkan *—► Xfl(x ) = C(x) & Xp(ix k ) = v (x ) -  2)*

D o k a z
T 1011, T 1003i T 1004 >--------

( 1 )  ( V i x k € 2G t  & - i  i = k )  - ► ( i x k e 2 G t k a n  Xs ( x )  = c ( x )  &
Xp ( i x k )  = v ( x ) -  2 ) ) .

T 1011, T 1003, T 949 >--------

( 2 )  ( V i x i e 2Gt ) ( i x Ì € 2Gtk Q n  XQ ( x )  = C ( x )  & Xp ( i x i )  = v ( x ) -  2 )

1,2 >-------- T 1012.

T 1012, D 279, T 836 ----------

TEOREM  1013
( i x k e 2G t  & n  i = k )  - ►  ( i x k € 2Gtk a n  Xfl( x )  = C ( x )  ft

Xp ( i x k )  = R ( x i ^ k ) ) .

P R IM J E R I

503 x € — —— o k — ► $ ( i x k )  = A & XQ ( x )  = C ( x )  = 0  &

Xp ( i x k ) =  v ( x )  - 2 = 0  & X ( i x k )  = c ( x )  = 1 .

504 X € 1o  A d ( i x k )  = ABABABAB & 

X0 ( x )  = C ( x )  = 3  & 

Xp ( i x k )  -  v ( x )  - 2 = 4  & 

X ( i x k )  = e ( x )  = 8
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4.12.2. IZOMOEFIZAM ALGEBRE KLASA OSTATAKA mt -DVOPOLA 

MODULO NULA I  m̂ .-STRUKTURE

DEFINICIJA 308
(ixk€ 2Gt & i^k) — ► |ixkl^. = {myn: myn€2Ĝ. & m̂ n ft

0(myn) = 0( ix k ) }  .

DEFINICIJA 309
2Gt 0 = {X: ixk€2Gt & i±k & X = |ixk|t >.

DEFINICIJA 310

At = X «—► ( x í Ì-^ -S  & X = | ixk11) •

DEFINICIJA 311

Bt = X *  ( x € Ì ^ - í  & X = | ixk11).

DEFINICIJA 312
(YX,Y€2Gt 0)(X  y = z ► ixk€X & myneY & -i ( ( 0  0 )= O )  ft

Z = | l(xk n̂)(y )m lt ) .

DEFINICIJA 313
(VX,Y€2Gt 9)(X  ^ Y = Z «—► ixkeX & myn€Y & -i ( ( 0  ® ) ) = 0  ft

Z = | i(x i ^n) (y nMc)n lt ) .

A3, T4 84-T486,D308-D313, T777,D263, T931-T933, T923 >—

TEOREM 1014
(S!F€SMJekc(2Gt 0,Mt ) ) (F (A t ) = A  & F(Bt ) = B  &

(VX,Ye2Gt 0 )(F (X  ^ Y) = F(X) v, F (Y ) &

F(X Y) = F(X) «  F( Y ) ) )
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4.13. m?-G R A F O V I

4.13.1. INTERPRETACIJA m-TOPOLOGIJE -GRAFOVA TERMINIMA 
TEORIJE GRAFOVA

DEFINICIJA 314
Ĝ  = {x : xeG & (Ex = 0 v ( Ve*Ex ) (u)x (g )e  {ba, ab } ) ) } .  

DEFINICIJA 315
2G? = { i x j :  xgG? & i , j € V x ) .

o ) ,  (o o —  o ) ,  
0

—► X€Ĝ  .

D314,D189 >----
TEOREM 1015 
(Vx€G^) (e (x)  =

D314,D275,D276,D273 >----
TEOREM 1016
(VxeG^) (x a(x ) = * b(x ) ~ * ( * ) ) •

T1016,D280,D281 >----
TEOREM 1017
(VxeG^) (Rft( x )  = Rfc(x )  = * ( x )  -  1) .

T1016,T1015,D282,D283 >----
TEOREM 1018
(VxeG^) (CQ(x )  = Cb(x )  = C ( x ) ) .

T921,T1015,T1017,D278 >----
TEOREM 1019
(Vx€Gj. ) ( -Xg (x )  = C(x)  + * ( x )  -  1) .

PRIMJER 505
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T1019 ------
TEOREM 1020
(VX€G^) ( * (x )  = 1 ->  -Xg(x) = C (x ) ).

D314,T878,D278,D279 >----
TEOREM 1021
(VxeG )(e(x ) = 0 -► xeG  ̂ & * (x )  = v (x ) & C(x) = 0 &

T1021,T1019»T1017 ------
TEOREM 1022
(Vx€G )(e(x) = 0  —► -Xs (x ) = v (x ) -  1 = Rft(x ) = Rb(x ) )

PRIMJERI

506 X6 o — *■ Xfl(x ) = - (1  - 1) = 0.

507 xe o -^ -o  — ► X8(x ) = - (1  - 1 ) = 0.

T947-T951,D278,T1015-T1020 >----
TEOREM 1023
(Vixk€2G? (n (x ) = 1 -► Xp(ix k ) = Xfl(x ) -  1 & X (ixk)

T950,T1015,T1017,T1021,T1022 >----
TEOREM 1024
( Vixk€2G) ( (  c (x ) = 0  & -i i=k) —► X_(ixk ) = X_(x) + 1P 8

X(ixk) = 2Xp(ixk))

R (x )=0).

1) = -3 .

1) = - 6.

2Xs( x ) ) .

&
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T967,T1020»D2?8,T966 >—  
TEOREM 1025
(Vx,yeG^ ) U (x )  = * (y )  = 1

({x} @ {y} '<— ► V = V & £(x) = c(y)))x y

PRIMJER 511

T1025,D278,T1020,T966 >-—  
TEOREM 1026
(?ix,j,kym€2Ĝ  ) (n(x) = n(y) = 1

U(ixj) = $(kym) C(x) = C(y)))

T1o26 >—
TEOREM 1027
(VxgG )(n(x) = 1 — ► (Vi, J, k,meVx) ($( ix,j) = £(kym))).

T1022,T967 >--
TEOREM 1028
(Vx,y€G) ( e(x) = e(y) - 0 — ► ({x} 9 {y} «— *■ V = V )).x y

PRIMJERI

513(xeè §) & y€o——--o & {x} 9 { y } )  — *  V = { i , k } .
v

ba
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4.13.2. IZOMOKFIZAM ALGEBRE KLASA OSTATAKA m?-DVOPOLA 
MODULO JEDAN I ALGEBRE SUDOVA

DEFINICIJE 316-319
316 ( V l x j € 2 G ^ H l i z j l g j '  = { m y n :  m y n € 2 G ^ &  q ( m y n )  = q ( i x j ) } )

317 2 G Ce i  = { X :  i x j c 2 G ? & X = | i x j  1C l * ’

318
T i " x *— ► ( X€ Ì 0 — — —— 0 j  & X = | i x j | ? 1 ) .

319 l i  = X *— ► ( x € l O ~ —  - O j  & X = | i x j | ? 1 ) .

D316-D319,T861,D267,D268,T862 >--
TEOREMI 1029-1035
1029 T-̂  = {ixj: ixje2G^ & q(ixj) = ba}.
1030 J-1 = {ixj: ixj€2G? & q(ixj) = ab}.

1031(ix,j€2Ĝ  & *(x) = 1) — * 1x^1^ .
1032 x€G^ — ► (Vi€Vx)(ixieT1).
1033(Vx,y€G^) (z€ ( (x) (y) ) — ► (VieVx ) ( V jeV^)( i x ).

1034 T 1m 1 = 0.
1035 = 2G^91.

DEFINICIJE 320-324 
X,Y€ 2G?01--- ►
320 -iXX = Y (ixjeX & kymeY & VxÍÌVy = 0 & q(ixj)= Dq(kym))
321 X &1 Y = Z ► (ixk€X & myn€Y & i±k & n &

z€ (x)—o ba c£-(y) & Z * |lzm|^ )

322 X V]L Y = Z

323 X — ^  Y =

324 X «— ►, Y =

(ixk€X & myneY & z€ ba 
Z = | i zn |  ̂̂  ) .  m

( ” 1^) vj Y.

k
ba
n

(X ->1Y) (Y X).
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D316-D324,D269,D256,D257 >--
TEOREMI 1036-1040
1036 -ii (Ti > = i. & -)iai) “Tx.
1037 X *i Y = T i «-* (X = Tj A Y = T i>
1038 X vi Y = -4 I >< II M A y = i 1)

1039 X - * i Y = 4 (X = T 1 A Y=-4>
1040 X <— ^  Y = T 1 X = Y.

PRIMJERI
514 ( X€io———o j A y€ko -- -om A V^ÍÌV = 0 A u€Q0) — ►

- ,1 | ix j|?1 = |kym|?1 .

515 x«(1o-^-o 0Í) — ► — = Tj .

t ) f ì  i « »

516 (x 6ÌocT^>k  & y€ (mo on) & z «(*oC  ^o- — ^-o11 om) )

|ixk|^1 &1 | myn | ̂  1 = |izm|?1 = ± 1

517 ( xcio———o j & y€mo-— -on & ze(ba ba) & u,v€C?0)

U x j l a  ▼ 1 |myn|?1 = |izn|?1

U x j la  — ^  |mynI^  ̂ = |izn|?1.

519 (x e lo  —--oj & ygmo- — -on & z€i<

|ixj|?i  |myn|?1 = |lzn|?1.

U---- oi v n

4 9 i
z€( bal Tba)) — ►

_óm °n

u

ba c
V

^ ^ > n  A utv€Q0) — ►

1
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D316-D324,D256,D257,T1035-T1040,D98,T433 >----
TEOREM 1041

(2G?01, - i l f  à v  v v  V  *“ *1 )€$alg.suđ. .

4.13,3. IZOMORFIZAM ALGEBRE KLASA OSTATAKA m?-DVOPOLA 
MODULO NULA I  STRUKTURE

DEFINICIJE 325-330

325 (Yixj€2G^)(|lxj|^ = {kym: kyme2G  ̂ & $(kym) = $ ( i x j ) } ) .

326 2G?0 = {X: lxj€2G? & X * | ix jL } .

327 (ba )? = X «—► ( X6 4--52-S & X = |ixk(5 ) .

ODCVi (a b )? = X <-h► ( X€ l -«s_s & X = |lxk|? ).

329 (TX,Yí2G?9)(X ^ Y = Z <—► (ixk€X & i^k & myn€Y ft

m+n ft z€ (x )—& ba &—(y) *  Z = |lzm|^)).

(ixk€X ft myneY ft 

|lzn|^ ) ) .

D325-D330,D256,D257,T923,T932,T933,D99,T462 5-----

TEOREM 1042

(R!F€SblJekc(2G?0,M?) ) (F ( (b a )? ) = ba & F ((a b )? ) = a b  ft

(VX,Í€2G?0)(F (X  ^ Y) = F(X) w F (Y ) ft 

F(X "  Y) = F(X) «  F (Y ) ) ) .

330 (VX,Y€2G?0)(X  «  Y = Z 

. , b l r ® - ? Í  a *
mA _ @ 4 n

z «
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4.13.4. INTERPRETACIJA RIJEČI m-TOPOLOGIJE FUNKCIJAMA 
ALGEBRE SUDOVA

D204-D207,D29,T809,T814,D247,D248,T925,T861,T868,T869

TABLICA KORESPODENCIJE FUNKCIJA ALGEBRE SUDOVA I  LJUSKE 
m -̂DVOPOLA OBUHVAĆENIH RIJEČJU m-TOPOLOGIJE

FUNKCIJA ALGEBRE SUDOVA FUNKCIJA LJUSKE mf -DVOPOLA

X€ u w q (ixk )

1 . Konstanta: T. M s - í — - ba

2. Konstanta: ± . - - ab

3. Identičnost: F(u) = u. ba
ab ...

ba
ab

4. Negacija: F (u ) ** -i u. ba
ab

- ab
ba

5. Konjukcija:
F(u,w) = (u & w).

ba
ba
ab
ab

ba
ab
ba
ab

ba
ab
ab
ab

6. DisjunkciJa: 
F(u,w) »  (u v w).

U
i O kw

ba
ba
ab
ab

ba
ab
ba
ab

ba
ba
ba
ab

7. Im plikacija :
F(u,w) = (u —► w) •

ū
i < > kw

ba
ba
ab
ab

ba
ab
ba
ab

ba
ab
ba
ba

8. Ekvivalencija: 
F(u,w) = (u <—► w ).

ba
ba
ab
ab

ba
ab
ba
ab

ba
ab
ab
ba

9. Ekskluzivna d l8junkcija: 
F(u,w) = (u *+► w )•

. w _k0- " -0_
u ū
i  <h H i

ba
ba
ab
ab

ba
ab
ba
ab

ab
ba
ba
ab

10. Shefferova operacija : 
F(u,w) = (u [ w )•

i a č > k
w

ba
ba
ab
ab

ba
ab
ba
ab

ab
ba
ba
ba

1 1 . Lukasiewiczeva operacija: 
F(u,w) = (u J w )•

i  5 0 *  i
ba
ba
ab
ab

ba
ab
ba
ab

ab
ab
ab
ba



Peti dio

ELEKTRIČKE MREŽE I m-BROJEVI

5.1. UVOĐENJE SIMBOLA ZA OSNOVNE TERMINE TEORIJE
ELEKTRIČKIH MREŽA

C ita t 5
"The main purpoee o f th is  chapter is  to provide a rigorous mathe- 
m atical foundation fo r  the d isc ip lin e  o f e le c tr ic a l network theo- 
ry, ju s t ify in g  many o f the fam ilia r statements and procedures o f 
network analysis.A  general fa m ilia r ity  with network analysis, in - 
cluding the Laplace transformation technique, is  assumed in  th is 
chapter,Therefore no time is  devoted to the "physical aspects" or 
to the re lationships to the other d isc ip lin es , e .g . ,  the equatio- 
ns o f  Maxwell and those o f Lagrange.
6-1. K irchhoff’ s laws. Since the purpose here is  to "prove" some 
properties o f K irchhoff’ s current and voltage equations,it is  ne- 
cessarv to begin with a precise(postu lational)form u lation  o f K ir- 
chhoff*s laws. A very b r ie f  discussion o f the concept o f a re fe ­
rence is  given f i r s t ,  to allow fo r  the corre la tion  o f the present 
formulation with the conventional ones.

E le c tr ic a l network theory is  formulated in  terms o f two varia- 
b les, current and vo ltage, associated with each network element 
(branch, in  conventional term inology)• As is  any other physical 
Science, these quantities are correlated with the reading o f cer- 
ta in  instrumenta, which in  th is  case are ca lled  ammeters and vo l-  
tmeters.Since our discussion here is  concerned with current and 
voltage as rea l function o f time, i ( t )  and v ( t ) , th e  meters should 
be o f the "instantaneous-value" kind. They might be centerzero 
D'Arsonval meters or oscilloscopes, fo r  instance.As is  w e ll known 
the sign o f the reading depends on the way in  which the instrume­
nt is  connected in the networkj reversing the terminale changes 
the reading from p os itive  to negative or v iče  versa^Hence, fo r  u- 
nlque corre la tion  o f theory with experiment, i t  is  necessary to 
specify , on the network diagram, how these quantitiee are to be 
measuređ. Such a sp ec iflca tìon  is  done by means o f current and 
voltage references.

D e fin ition  6-1.E le c tr ic a l network. An e le c tr ic a l network is  a d i-  
rected lin ear graph with two real-valued functions v and i  o f the 
rea l variab le t, which are o f bounded varia tion , associated with 
each edge, sa tis fy in g  the three postulates N p ^ i  and N̂  below.

255
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Postulate N-̂  K irchhoff’ s current

Àai ( t )  = 0,

where A is  the vertex matrix o fB

i  ( t ) =

i 1 ( t )
i 2( t )

law:

the đ irecteđ graph

L V ^ J
and i j ( t )  ls  assoclated wlth edge j .

Postulate Ng K irchh off’ s voltage law:

B v( t ) = 0Ol

(6-5 )

(6- 6)

(6 -7 )

where B_ io  a the C ircu it matrix o f the d irected  graph

v ( t )

v1( t )  
v 2( t )

and v ^ (t )  is  assoclated with edge j .

( 6- 8)

Since the properties o f incidence and C ircu it matrices are known, 
i t  su ffices  to restate these resu lts  as properties o f K irchhoff’ s 
current and voltage equations.

6-5 The th ird postulate. Postulates and N« are concerned only 
w ith the way in  which the network elementa are interconnected. 
The character o f the network elementa (res is tor,in d u cto r,capac i- 
to r ,g e n e ra to r ,e tc .) does not enter the discussion o f K irchhoff’ s 
laws in  any way. K irchh o ff’ s laws are assoclated purely with the 
topology o f the network* v
On the other hand, the character o f the ind ividual network e le -  

ment(whether i t  is  a re s is to r  or inductor or generator)is  c lea r- 
ly  independent o f where in the network the element happens to be 
located.The network element is  characterized by the re lationsh ip  
between voltage and current. Postulate N, concerns th is re la t ion ­
ship. The lndependence o f the two aspectB o f a network (the geo- 
matry,or interconnection aspect,and the character o f the network 
elementa) must be c le a r ly  borne in  mind.
The functions assoclated with each element o f a network, in  ad- 

d it ion  to sa tis fy in g  K irchhoff’ s laws, are required to sa t is fy  a 
system o f| Ìn teg rod iffe ren tia l equatiōnsr»These element equations 
have the general form

v ( t )  = i « i ŕ > ♦ R i( t )  + i (x )d x  + e ( t )  + vc ( 0+ ). (6-55)
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The en tries  in the matrices L, R, and D characterize the equat- 
ions and the network.

(a ) I f  the matrices are symmetric, the network is  b ila te ra l,o r  
rec ip roca l; otherwise i t  is  nonreciprocal.

(b ) Tf the entries in the matrices L, R, and D are independent 
o f the dependent variab les V: , and ij , then network is  l i ­
near; otherwise i t  is nonlinear.

(c )  I f  the entries in the matrices L,R, and D are functions o f 
the independent variab les t ,  but not o f ij and v. , the ne- 
twork is lin ear tim e-variable network.

(d ) I f  the matrices L, R, and D are p os itive  sem idefin ite or 
d e fin ite , and i f  e ( t )  = 0, the network id passive.

(e )  I f  the matrices R, L, and D contain only constants, the 
network is lin ear tim e-invariant.

The general princip les o f the discussions in this chapter are 
applicable to a l i  lin ear tim e-invariant networks. The discussi­
ons up to th is point are applicable to a l i  lumped networks. How- 
ever, fo r  the major theorems in the rest o f this chapter, a l in ­
ear, rec ip roca l, tim e-invariant network with pos itive  semidefin­
i t e  matrices is assumed.The reason fo r  th is re s tr ic t ion  is  given 
by means o f an example at the end o f Section 6-4.The type o f ne- 
twork to be considered is  characterized by the third postulate.

Postulate N^. The functions v ( t )  and i ( t ) are related by

v ( t )  = L | ^ i ( t )  + R i ( t ) + DJ ' i ( x ) ā x  + vc (0 ) + e ( t ) ,  (6-56)

where R and D are rea l diago°nal matrices with nonnegative en­
tr ie s  on the main diagonal, and L is rea l symmetric, with the
nonzero rows and columns o f L constitu ting a pos itive  d e fin ite
submatrix.

(Linear graphs and e le c tr ic a l networks,1961, s tr . 117 - 128).

KONVENCIJA 8
Termini "pasivna e lek trička  mreža, grana (edge) i  čvoriš te  (ver- 
tex)T, u defin icijam a 551 i 552 imaju značenje koje p ro iz la z i iz  
konteksta c ita ta  5 .

DEFINICIJA 551
Sei  rare2a = fx: x je pasivna e lek trička  mreža } .

DEFINICIJA 552
(VxgSe l mrega )((V £  je skup čvoriš ta  u x) & (E^ je skup grana u 

x & ( 1 ;̂ je  funkcija in cidencije  u x ) ) .

DEFINICIJA 555

N = { ( x 1 ,x2 ,x7):  xi « sei.mreža & x2eSinJekc(Vx ’ V) 

x3eSin jekc (Ei> E) >'
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DEFINICIJA 334

(VxeN) (Fmrg^a(x ) xi  *  Fime cvo r is ta (x ) “ x2 

Fime grane(x) = x3 ' ‘í~~> x = ( Xx,x 2 ,x3 ^ #

&

DEFINICIJA 335

(Vx*N)(Vx - Adom(Flme SvorlSta (x ) & Ex = Adom(Fime grane< * ) » •

DEFINICIJA 336
(VX6N ) ( IX = { ( e , { i , k } ) :  eeEx à i,k<=Vx & ( (Fmre« a(x ) = y &

Fime g r a n e (y )^  6 *  Fime č v o r is ta (y ) ^1; * *

Fíme žvoriàta(y)<k) = k’ > -  *;<•’> = h . k>»-

DEFINICIJA 337
(VxeN)(Vi,keVx )( ix k  = ( x , ( ì , k ) ) ) .

DEFINICIJA 338
2N = {z : xeN á i,keVx & z = ix k }.

C ita t 6
"D e fin ition  6-4.D riving-point impedance and driv ing-po in t ađmit- 
tance. Let N be an e le c tr ic a l network not containing any (inde- 
pendent) generatore, and le t  two v e r t ic e s (1 ,1 *)o f  N be designa- 
ted as input ve rtices . Then the ra tio  o f the transform o f v , ( t )  
to the transform o f i 1 ( t ) ,w ith  references as shown in F ig . 6-10, 
under zero in i t ia l  conditions, is  the d riv ing-po in t impedance at 
( 1 , 1 >):

Zd(s )  «
V1 (s )
īTTsT ( 6- 110 )

a l i  in i t i a l  conditions zero

F ig .6-10
The rec ip roca l o f Z^ís) is  the driv ing-po in t admittance:

Yd(s ) I l (s )
= v^rsT

a l i
( 6- 111)

in i t i a l  conditions zero
( I t  may happen that fo r  the given v , ( t ) th e r e  is  no solution i - , ( t )  
under zero in i t ia l  conditions.The d e fin it ion  re fe rs  merely to^the 
forma! procedure) " . (Seshu-Reeđ,Linear Graphs and E le c tr ic a l net- 
works,1961, s t r .149)
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KONVENCIJA 9
Termini "impedancija od x u (1,1*)" (driving-point impedance at 
(1»1*)» resp."admitancija od x u (1,1*)" (driving-point ađmitta- 
nce at (1,1*)) u definiciji 339» reap. 340 imaju značenje iz de­
finicije 6-4 u citatu 6.

DEFINICIJA 339
se** -► (Vixke2N)(Z(ixk) = (As)(z) ' (x) = x» &mre Za
z je impedancija od *’ u (1,1’) & Flme aVoričta(x»)(2)" 1 A
^ime čvorieta(x’  ̂ “ ^))* .

DEFINICIJA 340
8€E —► (Vixke2N) (y( ixk) = (As) (z) > (ĪL.- (x) = x’ &
* J® admitancija od x* u (1,1') & Fime ívorièta(x>)(1)= 1 4

mreža

^ime čvorišta^*) )  - K))

D339,D340,K9 >---
TEOREM 1043
(Vixk€2N)(Z(ixk) = Z(kxi) & Y(ixk) = Y(kxi))

KONVENCIJA 10
(i) (Vixke2N)(Z(ixk) = (Aa)(z) ' Z(ixk) = z)

(ii) (Vixke2N)(Y(ixk) = (As)(z) «----- Y(ixk) = z)

PRIMJERI

520 (1) xe io— 1|— o— ok
C L

Sup
l,D339,Cit.6

1 + LCs 
Cs

2
(2) Z(ixk) = (As)(
2,K10 2
(3) Z(ixk) = 1 y --LCa

521
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522

Z (ixk )=
R1R2(L i+ ^  > 8+< < Rl L2 ( h  +1*5 H *2 ( LjLg+IijL^+Lg1̂  ) )  e ^ L - ^ L^s3 

R1R2+( ) +R2 ( \+ l> 2  ̂  8+ ^ ( l i +i2 J

C ita t 7
” 7-2 D riving-point and transfer admittance. Figure 7-4 ahows a 
one term inal-pair network not containing any generators. VlíL,and 
I j  denote the traneforms o f the voltage current respectiv ly ,w ith  
references as shown. By D efin ition  6-4, the driving-poin t admit­
tance at terminale ( 1 , 1 *) is

V s )
(s )
TTšT (7-52)

with a l i  in i t ia l  conditions equal to zero. I f  node equations are 
w ritten  with 1 * as the reference node, then,

T ,( s) = - A -  , (7-55)a A1Jl

where Aand A ,,  are the determinant and cofactor (1 ,1 ) respecti- 
ye ly, o f the node-admittance matrix, as in  Eq. (6-116b). I t  is
important to note that the node-admittance matrix o f the network 
o f F ig .7 “ 4 (including I-,) is  the same as the matrix Yn(s ) fo r  the 
one term inal-pair alone, without I , ( s ) . ( I f  loop equations are u- 
sed, the matrices with and without1the d river are d i f f e r e n t ) . ” 
(Seshu-Reed,Linear graphs and e le c tr ic a l networks.1961,s t r .165).

KONVENCIJA 11
Termin "matrica admitancije čvorišta"(nođe-admittance m atrix), 
u d e f in ic i j i  541 ima značenje u smislu konteksta c ita ta  7.

DEFINICIJA 541
(i)(V ixk e2 N )(A (ix k ) = z *—► (F ___- _ (x) = x ’ & (z  je  deter-

Hir u Z a
minanta matrice admitanci je  čvoriš ta  od x* sa 1 * kao re fe -  
rentnim čvorištem) & Flme ĆTOrlSta( x » )< 1 ’ > = 1>>•

(ii)(V ixk € 2 N )(A i;L(ix k ) je  kofaktor (1 ,1 ) determinante A ( ix k ) ).

D541,K11 5-----
TEOREM 1044
(Vixk€2N )(Y (ixk ) = ^ f u k ) * '
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DEFINICIJA 342
(V ixke2N )(E lA(ix k ) = E l(A (ix k ), An ( i x k ) ) ) .  

PRIMJERI

2S

( 2 ) A (ix k ) =

2,D341 5-----
(3 ) A u (ix k ) =

2,3,D342 >----

(4 ) E lA(ix k ) =

( 4+2+6s) - ( 4+6s)

-(4+6e) (2+4+3s+6s)

18

524 (1 ) x€ i

3F

i + 9s

18 42 20
9 6 0
0 9 6

6F
__II_

4S

= 0,

Sup.

18s2 + 42s ♦ 20

Sup.

1,D341 >----

( 2 ) A (ix k )
(4+6s) -(4+6s)

( 4+6s) (5+9s)
18s‘ + 18s + 4.

2 , 1)341 5-----

(3 ) A 1 1 ( ix k ) *

2,3,D342 -̂----

(4 ) E lA(ix k ) *

9s + 5

18 13 4
9 5 0 n i o\ •

0 9 5
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C ita t 8
1.3 Network Elementa

We define three network elementa in  our model: resietance, in - 
ductance, and capacitance. The diagrammatic repreaentationa are 
ahown in  F ig .7 .

v ( t )  = R i ( t )  

(a )

v< t) * l3T 

(b )

i ( t )

v ( t )

i ( t ) 5t
(c )

F ig .7  Network elementō

The preciae d e fin it ion e  o f the elementa are given in  terma o f the 
relationahipa between the current and the voltage at the element 
terminala. These d e fin it ion e  are ahown in  F ig . 7 and are tabula- 
ted in  Table 1.

Element Symbol
Table 1

Voltage-current-relationships
Resistance R v = Ri

u>
•H

l«
II■rt Gv

Inductance L „  _ t d l  
v “  L dt

i ( t )  = i f v(x )dx  + i ( 0 ) 
J o

Capacitance C Ì - Cđà

v ( t )  -  è j f i (x )d x  + v (0 )
n

Note that theae expreesions are va lid  only fo r  the voltage and 
current referencea ahown on the diagrams.Reversing e ith er a cu­
rrent or a voltage reference w i l l  reverse the sign o f the cor- 
responding expresaion.(Seshu-Balabanian,Linear network analysis, 
1959,s t r .10-12)

KONVENCIJA 12
Termini "kapacitet” , "otpor” i  " in d u k tiv ite t" u defin icijam a 343“ 
345 znače grane, odnosno elemente pasivnih e lek tričk ih  mreža u 
smislu konteksta c ita ta  8.



DEFINICIJE 343-345

345 (VxeSel>mre-a)(E 5 (x ) = {z i  zeE1 ( x ) A "z je  kapacitet” } ) *

344 (Vx€Selím reža)(E ^ (x ) = {z i  z«E *(x ) A "z je  otpor” } ) .

345 < V «S el>mreža)(E £ (x ) = { z :  z «E *(x ) A "z je in d u k t iv ite t " } )

DEFINICIJE 346-348

346 NI ( 1  = {x : xeN & <Fmre ia <x) = * —► E»y = E£(y) U E £ (y )) } .

347 N j>0 = {x : x«N & * y - E»y = E£(y) U E p (y )) }•

348 N0, l  = <x! xeN 4 (Fmreia(x> = * - E*y = Ep(y) U E £ (y )) } .

PRIMJERI
2nF

525 X€ O----1|-----o  ►

20

526 xe  ►

30

527 X€ O-̂ 0 0 0 V— o—V Q Q Q J— O  ►

528 x<=£ ^  l   ►
U  0 0 0 ^ -1

xí(NI , l  U N1>0) .  

X«(NI(0  U N0 (1 ) .  

x«(N0 i i  U Ni ( 1 )

« Nī , r

XíMI > 0 .529 xeH H Q ^ l
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C itat 9
"D e fin ic ija  5» Otvoren put je  jednostavan ako su u njemu svaka 
dva čvoriš ta  r a z l ič i t a ” . (D. Blanuša, Viša matematika I ,  1965, 
s t r .194)

DEFINICIJA 549
( V ( e , f ) « { ( ī , l ) > ( ī i O ) , ( 0 , l ) } ) ( 2 N e f  = { z: x«Ne f  j,3ceVx & 
z = jxk & (svaka grana u grafu od x nalazi se bar u jednom je ­
dnostavnom putu (c i t .9 )  k o ji povezuju čvorišta  ” J” i  "k” ) } ) .

KONVENCIJA 15
" (V ( e , f ) e { ( l , 0 ) , ( l , l ) , ( 0 , l ) } ) (V i x k € 2 N e > f)X — (Vxike2Ne f )X.

PRIMJERI

531 (x€ i x j 62NI)0

1

555 ( « ( o - W V U o  o— 1|— o) & i ( JeVx ) -------- ►  i x Je2NI , o
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C ita t 10
"D efin ition  5-1. A graph G is  nonseparable l f  every subgraph o f 
G has at least two ve rtices  in  common with i t s  complement. A li  
other graphs are separable.
D efin ition  5-13. A one terrainal-pair graph G is  nonseparable i f  
the graph obtaineđ by adding an edge between the terminale is  
nonseparable” . (Seshu-Reed, Lin.Graphs, and e lec tr ic .n etw . 1961, 
s tr . 35 i  s tr . 53) .

D349,Cit.lO 5-----
TEOREM 027
(Vixke2Ne£.)(ixk je  "neseparabilan dvopol" ("a  nonseparable one 
term inal-pair graph” ) ) .

5.2. m-BROJEVI KAO TEMELJNE KARAKTERISTIKE DVOGENERATORSKIH 
ELEKTRIČKIH DVOPOLA

5.2.1. m-GRAFOVI DVOGENERATORSKIH ELEKTRIČKIH DVOPOLA

DEFINICIJA 350 
(Vx€N^>1 ) ( wx = { (e ,u ) :

u - A) & ^ime grane(

eíEx *  (F īme g ran e (x )(e)eEĆ(x ) 
x j(e )eE £ (x ) -► u = B ) } ) .

DEFINICIJA 351

(TxeNī i 0 )(u.x = { ( • . « ) :  «eEx & ( » 2 .  g rane (x )( e ) 6EĆ(x ) * *

u = A> 4 F l L  g rane (x )( e ) 6EB(x ) * *  “ = B ) } ) .

DEFINICIJA 352

(Vx€N0i i ) ( <-x = { ( e ,u ) :  e«Ex & ( F ^  gI.a„ e( x ) (e)eEŔ(x )

u = A) 4 (Fīme grane(x )(e )eE Ì (x )  u “  B )>) *

PRIMJERI

556 x« o-2— 1|---- -----------------------------► ux = { (e ,A ) ,  ( f  ,B ) } ) .

557 xe o 2 _ ---- o L W V ^  ------- ► « x = { ( e , A ) , ( f , B ) } ) .

558 x« wx - { ( e , A ) , ( f , B ) } )
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D350-352,T18 >----
TEOREM 1045
( V ( e , f ) € { ( ī , 0 ) , ( í , l M 0 , l ) } ) ( V x €Ne > f)(wx6Sfunkc(Ex ,Qt ) ) .

DEFINICIJA 553
(V ( e , f ) € { ( l , l ) i ( l , 0 ) , ( 0 , l ) } ) ( V x € N e f )(O e f (x ) = y *  y€0 & 

V Vx & V Ex *  I y=Ix *  wy=wx ) ‘

PRIMJERI

539 x€o— 1|— o -^ n n r - °  — ► ° ī , i (x )€ .

A

°i,i(x)6lO>k
B

D353,D333,D305 >----
TEOREM 1046
(V ( e , f ) €{ ( I , l ) , ( I , 0 ) , ( 0 , l ) } ) ( O e> f€Sfunkc(Ne f ,Gt ) ) .  

KONVENCIJA 14

DEFINICIJA 354
2Gn = {ixk : ixke2G & (āiyk€2Ne f ) ( ixk = 1 0 (y )k )}.
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5.2.2. IME IMPEDANCIJE I ADMITANCIJE DVOGENERATORSKIH 
ELEKTRIČKIH DVOPOLA

TEOREM 1047
0€E —► ( ( ( As) (F ) je  reaktancija  (reactance function, Reaktanz-
Funktion)) <—► ( as ) (F )€ T ^ ^ ).

D o k a z
(1) "Theorem 9. A real rational function i|>(s) is a reactance fun­ction if and only if (a) ali of its poles are simple and lie on the ju>-axis; (b) the residues are ali real and positive; (c) the function has either a pole or a zero at s»0 and s=oo j and (d) Re (ju>)=0 for some wM.(Seshu-Balabanian,Linear Network Analysis, 
1959,str.368),
1 >----
(2 ) funkcija  kompleksne va r ija b le  F (s ) je  reaktancija,ako i  samo 
ako eg z is tira ju  nenegativni rea ln i b ro jev i g,m, i  e g z is t ira  2n 
pozitivn ih  realn ih  brojeva .hn,k ^ .k n, (p r i čemu n može b i t i
i nula), takvih da je 

g n hj s
F (s ) * — + Z ( ----- 5— ) ♦ ®e.8 i=l
2,D137,D130,T670,T671 ----T1047.

DEFINICIJA 355
(V(e,f)€{(I,l),(ī,0),(0,l)})(Ze>f = {(ixk,z)J ixke2Ne>f &
Z(ixk) * z)).

DEFINICIJA 356
(Y(e,f)e{(I,Ì),(ī,0),(0,l)})(Ye>f « {(ixk,z): ixke2Ne>f &
Y(ixk) = z}).

PRIMJERI

(ixk,l+s)€Z0>1.

^  (ixk,1+s)€Yq

1Q IH544 x€

545 xe o-
IF

H h
1Q k

-o— —o
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TEOREM 1048
(V e , f6{ ( i , l ) , ( ì , 0 ) , ( 0 , l ) } ) ( Z e>f€SsurJekc(2Ne > f,Te > f) ft

Ye>f €Ssurjekc(2Ne , f ,Tf , é ) )  *

D o k a z
(l)"Theorem  11. A ra tion a l function o f s is  a reactance function 
i f  and only i f  i t  is  the driv ing-po in t impedance or admittance 
o f a loss less  network.
Theorem 14.A ra tiona l function F (s ) is  the driv ing-po in t impeda­
nce o f an RC network or the admittance o f an RL network i f  and 
only i f  a l i  o f i t s  poles are simple and are re s tr ic ted  to the f i ­
ni t i  ve negative rea l axis (including s=0 but excluding s=oo)with 
rea l p os itive  residues at a l i  poles and with F ( » )  re a l and non- 
negative.
Theorem 16. A ra tiona l function F (s ) is  the d riv ing-po in t impeda­
nce o f an RL network or the admittance o f an RC network i f  and 
only i f  a l i  o f i t s  poles are simple and are res tr ic ted  to the ne­
gative rea l axis, excluding the point s=0 (but including in f in i-  

) w ith F (0 ) rea l and nonnegative, and with a l i  the residues o fty )
F (s ) re a l and p o s it iv e ".
(Seshu-Balabanian,Linear Network Ana lysis ,1959»s t r .370-375)«

l(Thll),T1047,D339,D340,D346,T670,T671 >—
(2 )  s6H ( ( as) ( F ) cTj 2 O ix je2N ī>]L) ( Z ( i x j )  = ( as ) ( F ) )  &

(A s K F Íe T j^  (3ixj€2Ni |1) ( Y ( i x j )  = ( as ) ( F ) ) ) .

l(Thl4),D347,D348,D355,D356 >----  .
( 3 )  ( ix k ,F (s ) )€(Zī> 0 nY0>1) (3g,m6Re+) (F (s )  = j  + m v 

(ffh1, . .h n>k1, . .k n€Repoz) (F (s )  = |

3,D137,D130,T576,T577,T670,T671,D539,D340 é>-----
(4 )  seH ( ( as )(F )€ T j 0 (a ixje2N ī> 0 ) ( Z ( i x j )  = (A s ) (F ) )  &

(A s )(F )e T ^ '0 (3ixj€2N0|1) (Y ( i x j )  = ( ax ) ( F ) ) ) .

l(Thl6),D347,D348,D355,D356 >----- .
( 5 )  ( ix k ,F (s ))6 (Z 0>1n Yí> 0 ) (2g,m€Re+ ) (F (s )  = g + ms v

(3:h1, . • .kn€Repoz) (F (s )  = g + ^k^+s  ̂ + m8^ *

5,D137,D130,T576,T577»T670,T671,D339»D340 5-----
(6)seH -► ( ( as )(F )€T0 í 1 (5rixj62N0>1) (Z ( i x j )  = ( as) ( F ) )  &

( as )(F )€T0>1 ► (ffixje2N ī>0 ) ( Y ( i x j )  = ( as ) ( F ) ) ) .
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2,4,6 >----
( 7 )eeH ( V ( e , f ) € { ( l , 0 ) , ( l , l ) , ( 0, l ) } )

((A s )(F )€ T e>f (a ix je2Ne > f) (Z ( i x j )  = (A s )(F ) )  &
(A s )(F )€ Te ’ f  (£ ix j€ 2 N ^ - )(Y ( ix j )  = (A s ) (F ) ) )  .

7,D555,D356 >-----T1048.

T1048,D156,T652,Cit.6 >  T1049,T1050.
TEOREM 1049
(Ylxke2Ne f ) (Z ( ix k ) = HY(ixk) = YTĪxkT)e 

TEOREM 1050
(Yixk62Ne f ) (Y ( ix k ) = HZ(ixk) = gf

T1049, T1050,T721 ------
TEOREM 1051
(Yixk€2Ne f ) (^ (Z ( lx k ) )  = M (Y ( ix k ) ) ) .  

PRIMJERI

dZ(ixk) = ABA & 

$Y(ixk) * BAB .
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5.2.3. LJUSKA ELEKTRIČKIH DV0P0LA I  ALGEBRA REZIDUALNIH 
KLASA LRC-DVOPOLA MODULO JEDAN

5.2 .3 .1 . KORESPODENCIJA IZMEĐU LJUSKE IMPEDANCIJE, RESP.
ADMITANCIJE DVOGENERATORSKOG ELEKTRIČKOG DVOPOLA 
I  LJUSKE NJEGOVOG m-GRAFA

TEOREM 1052
(Vjxke2Ne f ) (q (Z ( jx k ) )  = q ( jO (x )k )) .

D o k a z
(1 ) jxke2N-j- 1 & q (Z (jx k )) = aa Sup.
1 , T610,D14o ) d141 5---
(2 ) l im (Z (jx k )) = lim (k1 s“ 1)=oo & lim (Z (jx k )) = lim íkps"1) = 0

s— 0 s —► 0J‘ s->oo s—>-00̂
2, D339»Cit.6 >---
(3 )  (U svakom putu u x, k o ji povezuje čvoriš ta  " j "  i  ” k” nalazi 

se bar jedan kapacitet) & (e g z is t ir a  put u x k o ji veze čvo­
r iš ta  " j"  i  "k” i  sve grane puta su k a p a c ite t i).

3 , D350-D353,D267,D268 >---
(4 )  (Vjxk€2N^1 ) (q (Z ( jx k )) = aa q (jO (x )k ) = aa)

(5 ) jxke2N^  ̂ & q (jO (x )k ) = aa Sup.

5, D350-D353,D267,D268 >---
( 6 )  (U svakom putu u x, k o ji povezuje čvoriš ta  " j H i  "k” nalazi 

se bar jedan kapacitet) & (e g z is t ir a  put u x k o ji povezuje 
čvoriš ta  " j "  i  "k" i  sve grane puta su k a p a c ite ti).

6 , D339,Cit.6 >--
(7 ) lim ( Z( jx k ) ) =oo & lim( Z( jx k ) ) = 0

S  — ► 0  S — >  00

5,7,T610,D140,D141 >-----
( 8 )  (Vjxk62Njj 1 )(q (JO (x )k ) = aa —► q (Z (jx k )) = aa)

4,8 >-----
(9 )  (VjxkeN^ 1 ) (q (Z ( jx k ) ) = aa q (jO (x )k ) = aa).

Iz  9 i  korespodentnih lema za ostale t r i  moguće vrijedn osti l ju ­
ske CL-dvopola, teorem 1052 v r i je d i za svaki CL-dvopol,a da v r i ­
jed i i  za svaki CR-dvopol i  za svaki RL-dvopol, dokazuje se ana­
logno.
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PRIMJER 548

L c
(1 ) ----- 1|---- í

1, D350,D339 >---

(2 ) Z (ixk ) = - 2 & 0 (x )€ M - o - ^ - Ì

2, D269 >--

(3 ) l im (Z (ix k )) =oo & lim (Z (ix k )) = oo & q (iO (x )k ) = ab
s—> 0 s—► oo

3 , T610,D140,D141 >---

(4 ) q (Z (ix k )) = ab = q (1 0 (x )k ).

T1052,T1051 ------
TEOREM 1053
(Vjxke2Ne f )(q (Y (J x k )) = D q (jO (x )k )).

Sup.
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5.2 ,3 .2 . ALGEBRA REZIDUALNIH KLASA LRC-DVOPOLA MODULO JEDAN

Limes funkcije impeđancije LRC-dvopola, kad "s" te ž i nu li, i l i  
je  jednak nu li, i l i  je  jednak beskonačnom,ili n ije  n i t i  prvo n i­
t i  drugo. Is to  v r i je d i i  za limes funkcije impeđancije kad "s" 
te ž i beskonačnom.Na osnovi ovakvog ponašanja funkcija kompleksne 
va rijab le  u nuli i  u beskonačnosti, razvrstane su i  funkcije im­
peđancije LRC-dvopola u devet ekviva lencijsk ih  klasa.Neka je sva­
koj od ovih klasa pridružen po jedan uređeni par iz  skupa{I,0, l }  
i  to tako, da je prvi član para ì ,  resp. 1 , resp. 0 jedino onda, 
ako impedancija reprezentanata ekviva lencijske klase ima u nuli 
pol, resp. nulu, resp. n it i  jedno n it i  drugo, dok je  drugi član 
para jednak 1 , resp. 1 , resp. 0, jedino onda ako impedancija re - 
prezentanta klase ima u beskonačnom nulu, resp. pol, resp. n i t i  
prvo n i t i  drugo. Neka se ovako, svakom LRC-dvopolu,pridružen par 
brojeva zove ” ljuska impeđancije LRC-dvopola” .

U an a lo g iji sa m-grafom dvogeneratorske mreže, m-graf RLC-mre- 
že karakteriziran  je  time, što se kod njega razliku ju  t r i  tipa  
grana, koje neka se zovu C-, resp. R-, resp. L-grane. Pretposta­
v l ja  se da je  odavde jasno, što se podrazumjeva pod C-putem, 
resp. C-rezom i  sličnim terminima uz prefikse R-, resp. L-.

Skup ovakvih m-grafova, odnosno skup m-dvopola k o ji se iz  n jih  
dobiva, također je  razvrstan u devet ekviva lencijsk ih  klasa, več 
prema tome i z  kojeg tipa  grana se sas to ji put, resp .rez u odnosu 
na čvoriš ta  dvopola.Neka je svakoj od ovih ekviva lencijsk ih  kla­
sa pridružen po jedan uređeni par iz  skupa simbola {C ,R ,L} i  to 
tako da je prvi član para jednak C, resp. L, resp. R, jedino ako 
reprezentant klase ima C-rez, resp. L-put, resp. nema n it i  prvo 
n it i  drugo, dok je  drugi član para jednak C, resp. L, resp. R, 
samo onda ako reprezentant klase ima C-put, resp. L-rez, resp. 
nema n it i  prvo n i t i  drugo.Neka se ovako svakom LRC-dvopolu p r i­
družen par simbola zove "ljuska  m-grafa LRC-dvopola".

Lako je  u oč iti da su obe p a r t ic ije  LRC-dvopola u ekviva lenci- 
jske klase, međusobno jednake, odnosno da kao gen era liza c ija  te ­
orema 1052 v r i je d i i  za svaka dva LRC-dvopola, da im je ljuska 
impeđancije jednaka, ako i  samo ako im Je jednaka i  ljuska p r i-  
padnih m-dvopola. Opisanu korespodenciJu prikazuje tab lica  1 .
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X q(Z(Ì3tk» q(iO(x)k)

o (1,1) a , c )

o (0,1) (R,C)

r-^n rìr-|

“U U ” (1,0) (L,R)

io-----1|-----ok (1,1) (C,C)

io—'VVV*—Ok (0,0) (R,R)

0

io— ° k (1,1) (L, L)

io-----1|-----o—A/S/S/>—ok (1,0) (C,R)

io—^VSA—o—̂ ^O^p—ok (0,1) (R,L)

io— 1|— o-^nn r-^k (1,1) (C,L)

Tb .l
Devet ekv iva lencijak ih  klasa LRC-dvopola prikazano je  u prvom 

stupcu preko reprezentanata klase k o ji imaju najmanji broj grana. 
U drugom, resp* trećem stupcu tab lice  naznačene su vrijed n osti 
ljuske impedancije, resp. ljuske m-dvopola koje pripadaju svakom 
dvopolu i z  korespodentne ekvivalencijake klase RLC-dvopola.

U a n a lo g iji sa kvazl uređenjem r  u t e o r i j i  m -broJeva,definira­
no je  u skupu ekv iva lencijsk ih  klasa LRC-dvopola parcija lno u- 
ređenje " r "  tako, da je  za svaka dva RLC-đvopola "x r  yM, onda i  
samo onda, ako prvi član ljuske impedancije od x n ije  manji od
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prvog člana ljuske impedancije od y i  drugi član ljuske impedan- 
c i je  od x n ije  već i od drugog člana ljuske impedancije od y.

Ako se "x r  y" tumači kao Mx je  n iž i  od y " , onda s lik a  1 Je 
Hasseov dijagram parcija lnog uređenja skupa ekviva lencijak ih  k la-

Algebra rezidualn ih  klasa LRC-dvopola modulo jedan je  algebra 
koja se dobiva uvođenjem, u sirup ekv iva lencijsk ih  klasa LRC-dvo- 
pola, dv iju  binarnih operacija  i  to preko seri jakog,resp* para - 
le lnog spajanja reprezentanata ekv iva lenc ijsk ih  klasa*Ova je  a l­
gebra izomorfna reše tc i ( la t t i c e )  koja se dobiva i z  parcija lnog 
uređenja, prema s l i c i  1 , uz supremum i  infimum kao binarnim ope­
racijama, p ri čemu "serijskom spajanju" korespondira operacija  
"sup", a "paralelnom spajanju" operacija  "in f".R ešetka  na s l i c i  1 
izomorfna je  kardinalnom produktu antiizomorfno uređenih troč la ­
nih lanaca, kao što su npr. {+1 < 0 < - l }  i  { -1  < 0 < + l } .
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5.2.4. KORESPODENCIJA IZMEĐU IMENA IMPEDANCIJE RESP.
ADMITANCIJE I  IMENA m-GRAFA DVOGENERATORSKOG 
ELEKTRIČKOG DVOPOLA.

C ita t 11
( l ) 8-l.Enumeration o f natural frequencies. The zeros o f the net- 
work determinant (e ith e r  loop or nođe)are re ferred  to as the na­
tural frequencies o f the network, fo r  these are the frequenciea 
o f the transient response. One o f the c la ss ica l problems is  to 
count the number o f natural frequencies o f a network by inspect- 
ion. An earlv  solution to th is problem is  an algorithm due to 
Guillem in(69)» applicable to networks which contain no a ll-capa- 
c ito r  or a ll-inductor loops. More recen tly , Reza(145) gave the 
solution fo r  networks containing only two types elementa.The co- 
mplete solution was obtained independently by Bryant(18), Bers
(10 ), and Seshu (in  unpublished n otes,1958).
D e fin ition  8-1. Order o f complexity. The order o f complexity o f 
a network is  the number o f f in i t e  non zero zeros o f the determi­
nant (loop  or nođe),w ith each R,L and C considered as a network 
element.

( 2 ) I t  is  convenient to use a formal method o f computing the num­
ber o f lin ea r ly  independent cut-sets o f G contained in  a subgraph 
and thereby introduce some usefu l notation .Let G be, fo r  instan­
ce, the L-subgraph, i .e . , th e  subgraph consisting o f a l i  the inđu- 
ctor.Consider sh ort-c ircu itin g  a l i  elementa o f G which are not 
inductors. From the vertex-p artition in g  in terpretation , o f a cut- 
set given in  Section 2-4 (immediately preceding D efin ition  2-12), 
i t  is  c lea r that every a ll-inductor cu t-set o f G remains a cut- 
set o f the resultant graph.Since the new graph contains only in­
ductors, the number o f lin ea r ly  independent L-cut-set o f G is  e- 
qual to the rank o f the graph obtained by sh ort-c ircu itin g  a l i  
other elementa.Let th is number be denoted by PLs» with a sim ilar
meaning fo r  PCq. S im ilarly , the rank o f the L-subgraph [=  (num­
ber o f inductors) -  (n u ll ity  o f L-subgraph)] can be founđ by o- 
pen -circu iting a l i  other elementa and can be denoted by PLo 9 
with a sim ilar meaning fo r  PCo.S im ila rly , PLq is  the n u llity  o f 
the graph obtained by de le tin g  ( open-circu iting) a l i  non-L-ele- 
ments, etc .

(3)Theorem 8-1. The order o f complexity o f a passive network w it- 
hout mutual inductances is

N Co Lo PCs "  PLs ( 8- 8)

with the above nota tion ". (Seshu-Reed, Linear graphs and e le c tr i  
ca l networks, 1961, s t r .197-200).
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KONVENCIJA 15
Za svako X€Neí., "red kompleksnosti od x" je  "order o f complexity 
o f a network” iz  d e f in ic i je  8-1 u c ita tu  1 1 ( 1 ) .

TEOREM 1054
(V (e , f  )e { ( 1 , 1 ), (1 ,0 ), (0 ,1 ) } )  (VxeNeí.) ( "Red kompleksnosti od x" 
jednak je  ( f - e )A  (0 ( x ) ) ) .

D

D o k a z
D186,D188,D280-283,D?53,(T025,T026),Cit.ll(2) >----- (1 ) , ( 2 ) , ( 3 )
( x ) ( v x «nI i 1 ) (  PL = Rb ( 0 ( x ) )  & Pc = Ra( 0 ( x ) )  at

s  s

PL = eB( 0(x ) )  -  Cb(0 (x ) )  = v (0( x ) ) -  1 -  Ra(0 (x ) )  &
o

Pc = eA(0 (x ) )  -  Ca(0 (x ) )  = v (0 (x ) ) -  1 -  Rb(0 (x ) ) ) .  
o

( 2 )  ( vx€Nx i ) ( PT = o at p„ = r„ (o ( x ) )  at pT = o at
i * 1 LB a o

pg = v (0 (x ) )  -  1 -  Rfe(0 (x ) ) .

(3 )  (Vx«N0 i l ) (  PL = Rb(0 (x ) )  at Pc = o a t  Pc = 0 4

P. = v (0 (x ) ) -  1 -  R (0 (x ) ) )#
Lo a

1,2,3,T921 >----- (4 ) , (5 ) .
( 4 )  ( VxeN? ,)<P , + p„ -  PL -  p„ = 2 (v (0 (x ) )- l-R  (0 (x ))-R b(0 (x ) )  

= 2Xg(0 (x ) ) ) .

( 5 )  (Vxe(N i(0  U N0(1)) (P Lo+ PCq-  PLg-  PCs = Xs( 0( x ) ) ) .

C i t .1 1 , (4 ), (5 ) >-----T1054.

PRIMJERI

549 (1 ) x€ Sup
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1,D353,D346

(2 ) 0 (x )€

2,D234 >---
(3) A (0(x)) = 2

O

& X 6 ^

2,3, T1054 5--
(A) red kompleksnosti od x jednak je (l-(-l))2 = 4.

550 xe
ì ì

red kompleksnosti od x jednak je (0-(-l))2 = 2. 
TEOREM 1055
(Vixk€2Ne .̂) (-i E1A( ixk) = 0 A (Y(ixk)) = A (iO(x)k))• 

P 8

D o k a z  
(1) ixke2Nef & El.(ixk) = 0
l,D342,T1044,Cit.ll(D8-l),T1054,T623 >-
(2) (ŕ-e)A (Y(ixk)) = (f-e)A(iO(x)k)

P 81,2 > —

(3)(Vixje2Nef)(-i ElA(ixk) = 0 
3,D324,T1044,T1054,T628 >--  T1055.

A (Y(ixk)) = A (iO(x)k) P 8

T1055 > T1051, T625 >- 
TEOREM 1056
(Vixk€2Nef )(-i ElA(ixk) = 0 «—
T1054”T1056,T1044 >--  T1057,T1053.
TEOREM 1057
(Vixk€2Nef)(Ag(Z(ixk)) < Ag(iO(x)k))• 
TEOREM 1058
(Yixke2Nef)(Ap{Y(ixk)) < Ap(iO(x)k)).

T1059,T1060.

Ag(Z(ixk)) = Ag(iO(x)k).

T1054-T1056,T1052 >~
TEOREM 1059
(Vixke2Nef)(^(Z(ixk)) = MiO(x)k) E1a(ixk) = 0)

Sup.
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TEOREM 1060
(Vixk€2Ne f )U (Y ( ix k ) )  = D d(iO (x)k ) - ,E lA(ix k ) = 0 ) .

T1057,T1058,T1052,T'561 >----- T106l,T1062.
TEOREM 1061
(Yixk€2Ne f ) (^ (Z ( ix k ) )  < $ (1 0 (x )k )).

TEOREM 1062
(Vixk€2Ne f ) (^ (Y ( ix k ) )  < D $ (iO (x )k )).

PRIMJER 551

1, D339,K9 >---

(2 ) Z ( ix j )  = 8 21 'f 22s * 8i^  & Z ( iy j )  = a f - j - f
5 + 7s + 2s

2 , T1048,D180,D140,D141,D147 >--
(3 ) M Z ( ix j ) )  = BABAB & d (Z ( iy j ) )  = BAB

1,D353,T1046

(4 ) 0(x ) ,  0 (y )e  1

4,D286 ?-----
(5 ) $ ( i0 (x ) j )  = d ( iO (y ) j )  = BABAB
3,5 »T361 >----
( 6 ) d (Z ( ix j ) )  = G (iO (x )j) & $ (Z ( iy j )  < & (iO (y ) j ) .

DEFINICIJA 357
(V (e , f ) ) (2 N ef(nedeg) = {ixk : ixk«2Ne f  & ElA(ix k ) = 0 } ) .

D357,T1059,T1060 >----- T1063,T1064.
TEOREM 1063
(Yixke2Nef(nedeg) ) ($ (Z ( i x k ) ) = $ (1 0 (x )k )).

TEOREM 1064
(Vixk€2Ne f(n ed eg ))U (Y ( ix k ) )  = D<K 1 0 (x )k ))•
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5.3. INTERPRETACIJA RELACIJE KONGRUENCIJE MODULO NULA 
mt -STRUKTURE U MODELU TEORIJE ELEKTRIČKIH MREŽA

5.3.1. IZOMORFIZAM DVOGENERATORSKIH ELEKTRIČKIH DVOPOLA 

DEFINICIJA 358
(V (e , f )6 { I , l ) , ( ī » 0 ) , (0 , l ) } ) (V ix k e 2 G N)

( 0“ ^;(ixk) = {myn: myne2Ne f ( nedeg) & mO(y)n «  ix k } ) .

PRIMJERI

552 x€ìo -A_oj -► (kyme0^1 ( i x j )  *  (ReRepoz &

R
yeko—V W —° m ) ) «

A B B

553 X€ÌCC 3 X ^ X Z ^ ^  (kym€0^ 1 ( i x j )  *
A A A

^ T ’̂ 2’̂ 3* ^ 4 * ^2eRepoz ^ ^1^3  ̂^2^4 *v<'2, '“'3 *^4* "2

) ) .

H eurističk i evidentan je 
TEOREM 1065
(VzeTe f )(V ixje2GN)U ( z )  = $ ( ix j )  - *  

(Ērkym€Oe^ ( i x j ) ) (Z(kym) = z ) ) .
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PRIMJERI

554 (1) z = s 0,7s2 + 0,05
l,7s4 + s2 + 0,05 & X € Ì

1,D166,T674,T602,D180,D286 >--
( 2) zeTj x & H z )  = $ ( ix j )  = BABA

1,2,T1065 >--
(5 ) P os to ji LC-dvopol sa impedancijom jednakom 

izomorfnim sa x, kao npr.

IH

l,D166,T647,T602,D180fD286 >--
(2 ) z€Tq & $ (z ) - $ ( ix j )  = ABABA

1,2,T1065 >--
(4 ) P os to ji RI/-dvopol sa impedancijom jednakom 

izomorfnim sa x, kao npr*

Sup.

z i  m-grafom

Z ( iy j )  = z)*

Sup.

i  m-grafom

Z ( iy j )  = z.
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5.3,2. PROSTOR IMPEDANCIJE I  PROSTOR ADMITANCIJE NAD 
SKUPOM IZOMORFNIH DVOGENERATORSKIH ELEKTRIČKIH 
DVOPOLA

DEFINICIJA 359
(Vixj€2GN)(ZO” £ ( lx j )  = {z :  kym€0~J(ixj) & Z(kym) = z } ) .  

DEFINICIJA 360
(Vixj€2GN) (Y 0 ^ ( i x j )  = {z :  kym€0” ^ :(lx j) & Y(kym) = z } ) .

PRIMJERI

B
556 x € l o ( z € Z 0^ 0( i x j )  «-►

A

i— — |

(C1 ,C2 ,R6Repoz A y€ icH  & Z ( iy j )  = z)

557 x€ A , - l(z€Y0^í0 ( i x j ) (C1,C2,L1,L2€Repoz

°—nnnp—

C1L1  ̂C2L2 & y« CjZI =IC£
i<3— -o

& Y ( iy j )  -

D359,D360,D358,D357,T1059,T1060 >—  T1066,T1067. 
TEOREM 1066
(Yz€Te f )(Vixj€2GN)(z€ Z 0 "J (ix j) < - *  H z )  = # ( i x j ) ) .  

TEOŔEM 1067
(Vz€Te f )(Vixj€2GN)(z€Y0“ £ ( ix j )  H z )  = D $ ( ix j ) ) .

TEOREM 1068
(Vixj,kym€2GN) (& ( ix j )  = $(kym) «  

(ā (e , f ) ) (Z O "J ( ix j )  = ZO"J(kym))).

D o k a z
(1 ) ixj,kym€2GN & $ ( ix j )  = $(kym)

).

&

z ) ) .

Sup.
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1 , T1065 >----
(2 ) z€ZO’ J ( ix j )  zeZO~J(kym) &

we^0^f ( kyra) -► W €ZO^(ixJ).
1,2, >-----'
( 3 )  (Vlxj,kym€2GN) ( ^ ( i x j )  = $(kym) - *  ZO~^(ixj) = ZO“J(kym))

( 4 )  (a:ixj,kyin6 2GN)(Z0“ J ( ix j )  = ZO“ ^(kym) = W) Sup.
4, T1065 >--
(5 )  (5TzeW)(0(z) = & (ix j) & (5Tw€W)(d(w) = $(kym))
5 , T1061 >---
( 6 ) d (z ) < $(kym) & 3(w) < $ ( ix j )
5 , 6  >------
( 7 ) # ( ix j )  < $(kym) & #(kym) < $ ( lx j )
7 , T 3 5 8  >— -
( 8 )  (Vixj,kym€2GN)(ZCf£(kym) -*■ i x j  9 kym).

3 , 8  >-------  T 1 0 6 8 .

T 1 0 6 5 , T 1 0 6 1 , T 3 5 8  >-------
T E O R E M  1 0 6 9
(Yixj,kym€2GN) (d ( i x j )  = $(kym) « —>

(S r (e ,f))(Y O ~ £ (ix j) = YO"J(kym))).

P R I M J E R  5 5 8

(2) $(ixj) = $(kym) = ABABA 
1,2,T1068 5---

B Đ
y€ &

A A

( 3 ) (C^ ,C2 »C^, C^ ,R ^, R2 €R« p0Z - >
( GĈ  ,Cg,Cy, , R^€RCp^z ) ( Z( iz  j ) = Z(kwm) &

C 5 , G 6 , C 7 , R 3 , R 4 e R e p o z
(GC1 ,C2 ,C5 ,C4,R1 ,R2eRepOZ)(Z(kwm) = Z ( iz J ) ) .

S u p .
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5.3*3. PROSTOR m-DVOPOLA NAD SKUPOM DVOGENERATORSKIH 
ELEKTRIČKIH DVOPOLA JEDNAKE IMPEDANCIJE, RESP. 
ADMITANCIJE

DEFINICIJA 361
(Vz«Te f ) (Z _ 1 ( z )  = { i x j :  ixje2Nef(nedeg) *  Z ( ix j )  = z } ) .

DEFINICIJA 362
(Yz€Te f ) (Y " 1 (z )  = { i x j :  ixj62Nef(nedeg) & Y ( ix j )  = z } ) .

PRIMJERI

1 0  I H
559 x€

1 F  I H
560 x€ to— 1|— c>-^7nnr~o-i

ÌX Z”"1( 1+8 ) •

-1 8
ix j€Y  A( ------- 5* )•

1 + ad

DEFINICIJA 363
(Yz€Te f )(OZ“ 1 ( z )  = { i x j :  i x j 62GN & (3 iy j€Z ” 1( z ) ) ( 10(y)J = i x j ) } ) .  

DEFINICIJA 364
(Vz€Te f )(OY” 1 ( z )  = { i x j :  ixje2GN & (a iy j€Y - 1 ( z ) ) (10 (y )J  = i x j ) } ) .

PRIMJERI
n B

561 x€{ io —— oj

(Vk€Repoz)(ix j€ O Z "1 (k s ) )

B , 1 + k ,s2
562 x€ (Tk1 ,k2€RepOB) ( i * j € 0Y~A( - - - í p A-  >).

D358-D364,D172,T1066-T1069,T1049,T1050 >—  T1070-T1075. 
TEOREM 1070
(Vz€Teí,) (Vixk€2GN) (ixk60Z""1( z) ► <Kz) = # ( ix k ) ) .  

TEOREM 1071
(Yz€Te f ) (Vixk€2Gjj)(lxkeOy""1( z) * —► $ (z ) = D # (ixK )).
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TEOREM 1072 
(VzeTe f )(OZ“ 1(z ) = OY“ 1( í* z ) ) .

TEOREM 1073 
(Vz€Te f )(OY” 1(z ) = OZ'1(n z ) ) .

TEOREM 1074 
(Yx,yeTf l f ) (x  8 y 0Z"1(x ) = OZ“ 1(y ) )

TEOREM 1075 
(Yx,yeTe f ) (x  8 y OY~1(x ) = OY“ 1(y ) )

5.4. KANONSKI DVOGENERATORSKI ELEKTRIČKI DVOPOU 

DEFINICIJA 565
(VxeNe;f) (  e (x ) = c (0 (x )) & v (x ) = v (0 (x ) ) ) .

D365,D334,D332,D186,D189 >----
TEOREM 1076
(Vx6Ne f ) (Fmre^a(x )  = y - *  (e (x )  = x(Ey) & v (x ) = k(V^ ) ) .

DEFINICIJA 366
( V ( e , f ) 6 { ( I , l ) , ( ì , 0 ) , ( 0 , l ) } ) ( 2 N ef(kan ) = { i x j :  ixj€2Ne f & 

(arkym6 2Ne^.)( Z(kym) = Z ( ix j )  —► c(x ) < e ( y ) ) } ) .

D366,T1048 >-----
TEOREM 1077

(Vz€Te f ) ( 3 i x J€2Nef (kan ) ) (Z ( ixJ )  = zK

TEOREM 1078
(Vixj62Ne f )(ix je 2 N ef(kan ) e (x ) = \ U (Z ( ix J ) ) ) ) .

D o k a z  
T1057» T281 5-----
(1 ) (Vixj€2Ne f ) (A (Z ( l x j ) )  < X ( iO (x ) j ) ) .

1 ,T1046,T1006 5-----
(2 ) (Vixj€2Ne f ) (A (Z ( i x j ) )  < e (0 (x ) ) )•
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2,T1077>T1065 > T1009 >----
(5 ) (Yz€Te f )(d ix jeZ ~ 1(z ) ) (X (Z ( ix j ) )  = e (0 (x ) ) ) .

2,3,D565,D366,T726 >-----T1078.

T1078,T290,T1051 >----
TEOREM 1079
(Vixj€2Ne f ) ( l x j €2Nef(kan ) e (x ) = X(* ( Y ( ix J ) ) ) .

T1078,T1059> T1010 
TEOREM 1080
(Y ix j€2Ne f )(lx j6 2 N ef(kan ) ^ n E l A( i x j )  = 0 & iO(x)j€2Gtkan).

PRIMJER 563

IH

Sup.

1, D339 >--

(2 ) Z ( i x j ) = l  —8 1 + 2 a ć

2 , T1048,D180 >--
(3 ) $ (Z ( i x j ) ) = ABAB
3, D029,D365 >---
(4 ) X (&(Z ( i x j ) ) = X(ABAB) = 4 = e (x )
1,4,T1078,D346 >-----

(5 ) i x J€2NI , i (k a n ) '

PRIMJER 564

( 1 )  X6 iO-----1|-----O

_||— o— A/S/V̂ —

— H ~ °—v V W —

YJ Sup.
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1.D353

A B
(2) 0(x )e  io-— -o—̂—o

2,D286,D189 >—
(3 ) * (iO (x )J ) = ABAB & e (0 (x> ) = 5

(4 ) \(ABAB) = 4 + e (0 (x ) )
4f T1010 >-----
(5 ) ^ iO (x )j€ 2G tkan

1,5»T1080,D347 >-----
(6 ) ->ixJ«Nìi0 (k a n ).

DEFINICIJA 367

(V z e T ^ M Z '^ íz )  = { i x j :  ixj€2NQf(kan) & Z ( ix j )  = z } ) .  

DEFINICIJA 368

(VzeTe f ) (Y kan(z )  = { i x j :  ixJe2Nef(kan ) & Y ( ix j )  = z } ) .  

PRIMJERI

10

565

10

0,5H

566

0,250
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DEFINICIJA 369

(Vz€Te f )(OZ|^n(z )  = {w: ixjeZ^^n(z )  A w = iO ( x ) j } ) .  

DEFINICIJA 370

(Vz€Īe f ) (0 Y ^ n(z )  = {w: ì k ^ í J ^ C z ) & w = 1 0 (x ) j } ) .

D367-D370,T1079»T1080 5-----
TEOREM 1081
(Vz<=Te f )(Yixk€20N)(ixk60Z^gn(z )  ixke2GtkanA $(ixk)=$(z)').

TEOREM 1082
(Vz€Te f )(Vixk6 2GN)(ixj€0Y^^n(z )  ► ixk€2Gtkan& $(ixk)=D$(z)).

PRIMJERI

A

567

A

X6 U{ B  ̂ „ A B  ̂ „ A  A B— o, o - đ J )---- o, o----
A

B

A

B
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5.5. m-RIJEČI KAO PRIRODNI REPREZENTANTI STRUKTURE 
DVOGENERATORSKOG ELEKTRIČKOG DVOPOLA

PRIMJER 569

(1 ) i x j  je  e lek tr ičk i dvopol i  impedancija, resp. admitanci ja  od 
ix j  je z i  z je  (e , f )- im ita n c ija  i  ime od z je  ABABAB. Sup.

Ime od z je ABABAB, sto povlaci 2 i  5.
(2 ) dijametar m-grafa od x n ije  manji (u smislu D74) od ABABAB i  

i x j  je  nedegenerirani e lek tr ičk i dvopol (E lA( i x j )  £ 0 ), ako 
i  samo ako je dijametar m-grafa od x jednak ABABAB. To je s t, 
imenom od z karakterizirana su topoloska svojstva svih dvo- 
generatorskih e lek tr ičk ih  dvopola impedancije jednake z. Ta­
ko npr., ako je

X€ , onda je dijametar od x jednak 
ABABAB, što im p lic ira  eg z is te ­
nciju  e lek tričkog (e ,f)-đ vop o - 

la  impedancije jednake z i  m-grafa izomorfnog sa x.

A +A1sf‘e+ApS2(f"e)+s3(f“e) /*\ Đe o 1_______ 2__________________
B +B-,sf ~e+B0s2 ( f " e)

je kanonska s-forma od z, 
ako i  samo ako svaka po­

četna glavna subdeterminanta matrice

Ao A1 A2 1 0 0
0 Bo B1 B2 0 0
0 Ao A1 A2 1 0
0 0 Bo B1 B2 0
0 0 Ao A1 A2 1
0 0 0 Bo B1 B;

je pozitivna. Imenom imitancije z, određena je korespodencija 
između parametara kanonske s-forme od z i glavne dijagonale 
matrice od z.
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Ljuska imena od z je  ab, éto povlači 4 i  5.

(4 ) Postoje p o z itivn i rea ln i b ro jev i k-̂  i  k2» takvi da je

lim (z ) = k ,se A lim (z ) = k?sf  
8 “ >  0  8 — ► oo

(5 ) ( i )  Ako je  z impedancija od ix j ,  onda ix j  ima ulazni e-rez
(cu t-se t) i  ulazni f - r e z .  Tako npr. ako je  z ( l ,0 )- im i-  
tancija , onda u x posto ji skup kapaciteta uklanjanjem 
kojih  se postiže razdvajanje čvoriš ta  " i "  i  " j " ,  i  pos­
t o j i  skup otpora uklanjanjem ko jih  se postiže razdvaja­
nje čvoriš ta  " i "  i  " j " .

( i i )  Ako je z admitancija od ix j ,  onda ix j  ima ulazni f-pUt 
i  ulazni 5-put. Tako npr. ako je z (ī,0 )- im ita n c i ja,on­
da čvoriš ta  " i ” i  "J" povezana su u x putem kojem su 
sve grane otpori i  putem kojem su sve grane induktiv ite­
t i .

Broj slova imena od z je  šest, sto povlači 6 i  7.

(6 ) Stupanj karakterističnog polinoma od z je  šest i  red matri­
ce od z je šest.

(7 ) i x j  je  kanonski e lek tr ičk i dvopol, ako i  samo ako x sadrži 
šest elemenata (grana).

Ime od z sadrži d v ije  s -jed in ice  (h iperslova BA) i  t r i  p - jed in i­
ce (h iperslova AB), što povlači 8, 9 i  10.

(8 ) Broj "unutarnjih polova" od z je  2 (ŕ -e ) i  b roj "unutarnjih 
nula" od z je  3 ( f - e ) .

(9 ) Red kompleksnosti ( order o f complexity, transient response, 
natural frequencies) od ix j  je  2 ( f - e ) ,  resp. 3 ( f - e ) .
Tako npr. ako je  z ( l,0 )- im ita n c ija , t j .  ako se radi o CR-, 
resp. RL-dvopolu, onda je red kompleksnosti od ix j  jednak 
dva, resp. jednak t r i .  Ako se radi o CL-dvopolu, t j .  ako je  
z ( I , l ) - im ita n c i ja ,  onda je  red kompleksnosti od ix j  jednak 
č e t ir i,r e s p . jednak šest.

(10 ) i x j  je kanonski (e ,f )-d v o p o l, ako i  samo ako broj temeljnih 
krugova (b ro j su v is lo s ti, prvi B etti b ro j) je dva i  b ro j te ­
meljnih rezova(fundamental cu t-set) u grafu cd x nakon iden­
t i f ik a c i je  čvoriš ta  i ,  j  je  t r i ,  resp. i x j  je  kanonski
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(? ,i)~ đ vop o l, ako i  samo ako broj temeljnih krugova u grafu 
od x je t r i  i  broj temeljnih rezova u grafu od x nakon ide­
n t if ik a c ije  čvoriš ta  i, j  je dva.

(11) Postoje dvadeset dva i  samo dvadeset dva po " algebarskoj 
form i” (u smislu poglavlja  2.7) r a z l ič it a  kanonska m-poli- 
noma u koje se ime od z može dekomponirati i  to

ABABAB A ^ (B ^ (A ^ (B ^ AB ))) 
A (B ^ (AB ^ BA))
A ^ (BA ^ (B n AB)) 
A '- '(B A '- ’ B A ^ B )
A ^ ((B  "  (A ^ BA)) ^ B) 
AB ^ (A ^ (B ^ AB))
AB ^ AB ^ AB
(AB ^ A) ^ (B ^ AB)
(AB ^ AB) v, BA
(AB ^ AB ^ A) ^ B
((A  ^ (B ^ AB)) "  A) w B

= A ^ (B ^ AB ^ AB)
= A ^ (B "  ((AB r. A)^ B ))= 
= A ^ ( (BA ^ B) ^ AB)
= A w(((BA ^ B) ^ A) v, B)= 
= A ^ ((BA n AB) v B)
= AB ^ (AB ^ BA) =
= AB ^ ( (AB ^ A) ^ B)
= (A B ^ A )  ̂ b a ^ b =
= (AB ^ (A ^ BA)) ^ B 
= ( ( A ^ BA ^ B) ^ A) ̂  B =
= ( ( (AB ^ A) ^ B) ^ A) ̂  B

sto im p lic ira  12 i  13.

(12) z se može ra s ta v it i,  točno na dvadeset dva, n e tr iv ija ln o  ra­
zna načina, u serijsko-paraleInu sumu od šest generatorskih 
im itanci ja  i  to u korespodenciji sa m^-polinomima iz  (11 ). 
Tako npr. u vezi sa prvim m^-polinomom iz  (11 ), v r i je d i :  po­
sto je  p o z it ivn i, realn i b ro jev i k^, k2» k^» k^, k  ̂ i  kg tak­
v i da je

z = k^se + (k2Sŕ + (k^se + (k^s^ + (k^se + k gS ^ )))) =

= k-, s +

k2s k,,Se +
_ L _  + __________ 1____ _
k.S^ kc-8® + k̂ r s

+
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(13) Ako je z impeđancija od ix j ,  onda ix j  je  kanonski, serijsko- 
paraleln i ( e ,ŕ )-d vopo l, ako i  samo ako m-graf od x pripada 
jednom od s lijed eća  dvadeset dva skupa m-grafova:



GLOSARIJ m-SIMBOliA

1 a ( i )  subatom (p r im itivn i simbol) sistema M.
( i i )  j a k :: j i  k povezani su a-putem

u m-grafu x. D266

2 A m^-atom. m^-slovo. D6

3 Ae , f skup A-generatora t^ -s tru k tu re D133

4 At skup m^-dvopola đijametra A D310

5 (ab)^ skup m^-dvopola đijametra ab D328

6 skup p-jed in ica  t strukture D136

7 b ( i )  subatom (p r im itivn i simbol) sistema M
( i i )  j  b k ::  j  i  k povezani su b-putem

u m-grafu x. D265

8 B m^-atom. m^-slovo. D7

9 Be , f skup B-generatora t eí,-strukture D134

10 Bt skup m^-dvopola đijametra B D311

11 (ba)^ skup m^-dvopola đijametra ba D327

12 (BA)e f skup s-jed in ica  t ̂ -s tru k tu re D135

13 °P x Cp y :: x je  neposredni p-prethodnik od y D71

14 cs x c8 y :: x je  neposredni s-prethodnik od y D70

15 C suvis lost, resp. broj temeljnih p e t l j i  grafa 
m-grafa #. . D278

16 Ca a-suvis lost, resp. broj temeljnih a -p e t l j i  
m-graf a D282

17 Cb b-su vis lost, resp. broj temeljnih b -p e t l j i  
m -grafa, D283

293
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18 d đ (x ) :: desni završetak, resp. svršetak od x
( i )  svršetak m-broja
( i i )  m-valuacija svršetka imi tanci je
( i i i )  d (jxk ) = a :: j i  k povezani su a-putem

u m-grafu x.
d (jxk ) = b :: j i  k povezani su b-rezom 

u m-grafu x.

19 3 dual svršetka m-broja

20 dt ( i ) t-svršetak m^-polinoma
( i i ) t-svrsetak imitanci je

21 3t dual t-svršetka m^-polinoma

22 D ( i ) óperator dualnosti sistema M
( i i ) operator dualnosti m.-strukture
( i i i )  autoizomorfizam dualnosti t ep-struktura

23 D,p permutacija dua liteta  dvogeneratorskih im itancija

24 skupovi dualnih simbola za prirodne brojeve u de­
kadskom brojevnom sistemu

25 E ( i )  p rim itivn i simbol m -topologije
( i i )  Ex :: skup grana m-grafa x
( i i i )  E :: skup imena grana imenovane e le k tr i-

x čke mreže x.

26 Ea Ea ( x ) : :
skup grana karaktera A, resp. A-grana 
u m-grafu x.

27 Eab
skup grana karaktera ab, resp. ab-grana, 
resp. praznih grana u m-grafu x.

28 Eba Eba(x )
skup grana karaktera ba, resp. ba-grana, 
resp. kratkospojnih grana, resp. geome­
tr i js k ih  grana u m-grafu x.

29 Eg Eg(x) ::
skup grana karaktera B, resp. B-grana 
u m-grafu x.

D ll
D141

D263

D13

D116
D167

D118

D29
D126
D155

D159

D101

D183
D185

D335

D187

D187

D187

D187
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50 E’ TP > . *Ex skup grana u e lek tr ičk o j mreži x. D552

51 E£(x) :: skup grana sa kapacitetom u pasi­
vnoj e lek tr ičk o j mreži x. D543

52 EL E£(x) :: skup grana sa induktivitetom u pa­
sivnoj e lek tr ičk o j mreži x. D343

55 EŔ Ep(x) :: skup grana sa otporom u pasivnoj 
e lek tr ičk o j mreži x. D344

54 E1P E lp(x ,y ) :: p-'-eliminanta im itancija  x i  y. D150

55 E18 E ls (x ,y ) :: s-elim inanta im itancija  x i y. D149

56 e ia E1a ( ixk) :: eliminanta admitancije e lek t­
ričkog dvopola ixk

D342

57 f k ( i )  f k(x ,y ) : :  nadoveza m^-polinoma x i  y D125
( i i )  f k(x ,y ) : ì nadoveza m-grafova x i  y D193

58 pomoćna r e la c ija  za opravdanje uvođenja ope­
ra c ije  s-zbrajanja m-brojeva D55

59 pomoćna re la c ija  za opravdanje uvođenja ope­
ra c ije  p-zbrajanja m-brojeva D37

40 Fime Ćv. Fime čv .( \ : :  drugi član imenovane elek­
tričk e  mreže x D334

41 Fime gr. Fime g r . ( \ :: t re ć i član imenovane elek- 
' tr ičke  mreže x D334

42 Fmreža Fmreža^x* :: prvi član imenovane elek­
tričk e  mreže x D334

45 Fper Fper(X) :: perioda ( t o r z i ja )  m-skupa X. D85

44 g g (x ) :: gra f m-grafa x. D190

45 G skup m-grafova D184

46 Gt skup m^-grafova D305

47 skup m^-grafova D314

4* 2G skup m-dvopola D260
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49 2GN skup neseparabilnih m^-dvopola D354

50 2Gs-p skup serijsko-para le ln ih  m-dvopola D264

51 2G0 skup klasa ostataka m-dvopola modulo nula D295

52 2Gt skup m^-dvopola D506

55 2Gtkan skup kanonskih m^-dvopola D507

54 2Ot 0 skup klasa ostataka m^-dvopola modulo nula D509

55 2Ĝ skup m^-dvopola D515

56 2G^e1 skup klasa ostataka m^-dvopola modulo jedan D517

57 2G^0 skup klasa ostataka m^-dvopola modulo nula D526

58 h h (x) ::  defekt (spo l, rod) od x 
( i )  defekt m-broja D55
( i i )  defekt im itancije D144
( i i i )  defekt m-dvopola D285

59 R dual defekta m-broja D56

60 I ( i )  operator inverznosti m-brojeva
( i i )  I x (e )  = { j » k }  :: e je incidentno sa

D32

j  i .k u m-grafu x . D185
( i i i )  I  :: funkcija in cidencije  u imeno­

vanoj e lek tr ičk o j mreži x D356

61 I* I* :: funkcija  in c idencije  u e lek tr ičk o j 
mreži D332

62 Jp p-jezgra m-broja D44

65 Js s-jezgra  m-broja D45

64 K operator komplementarnosti m-brojeva D31

65 1 l (x )  :: l i j e v i  završetak, resp. početak od X

( i )  početak m-broja DIO
( i i )  m-valuacija početka im itancije  D140
( i i i )  l ( jx k )  = a :: j  i  k povezani su a-rezom

u m-grafu x.
l ( jx k )  = b :: j  i  k povezani su b-putem

u m-grafu x. D267



66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

JŽC

M

M*

ī ( x )  : :  dual početka od x

( i )  t-početak polinoma
( i i )  t-početak im itancije

dual t-početka m^-polinoma

skup m-istina i  m-neistina kongruentnih 
modulo *

m^-logika periode (reda) *

( i )  skup m-brojeva. Skup m -riječ i
( i i )  M :: m-skup periode n f resp. reda n

skup r i j e č i  formiran alfabetom {a ,b }

m-struktura 

skup m^-polinoma

M
5

M(0) n

M.

Mpoz

Mneg

Mnepoz

m^-struktura

m-Zeroid

m^-struktura

skup klasa ostataka m-brojeva modulo n

m-sistem klasa ostataka m-brojeva modulo n

skup s-nenegativnih m-brojeva

skup p-nenegativnih m-brojeva

skup s-negativnih m-brojeva

skup p-negativnih m-brojeva

skup pozitivn ih  m-brojeva. Skup m^-brojeva

skup negativnih m-brojeva

skup nepozitivn ih  m-brojeva



298

87 Mneneg skup nenegativnih m-brojeva D65

88 c'^2G0 m-struktura klasa ostataka m-dvopola 
modulo nula D304

89 Mođ Mod (M ) :: modul nad u, m-siatema 
u * reda * D87

90 N? skup bro jk i dualizirane aditivne 
pourgrupe prirodnih brojeva D102

91
polu

dualizirana aditivnai'grupa prirodnih 
brojeva D102

92 N skup imenovanih pasivnih e lek tričk ih  
mreža D333

93 2N skup pasivnih e lek tr ičk ih  dvopola D338

94 Nī , l skup e lek tr ičk ih  CL-mreža D346

95 NI,0 skup e lek tr ičk ih  CR-mreža D347

96 N0 , l skup e lek tr ičk ih  RL-mreža D348

97 2NI,1 skup neseparabilnih e lek tr ičk ih  CL-dvo- 
pola D349

93 2NI,0 skup neseparabilnih e lek tr ičk ih  CR-dvo- 
pola D349

99 2N0,1 skup neseparabilnih e lek tr ičk ih  RL-đvo- 
pola D349

100 2Neŕ(kan) skup kanonskih ( e ,f)-d vop o la D366

101 2Nef(nedeg) skup nedegeneriranih ( e ,f)-d vopo la D357

102 0 0 ~(x) : :  m-graf e lek tričke (e ,ŕ )-m re- 
e ’ f  že x D353

103 O” 1 0” ^ »(ix k ) : :  skup izomorŕnih nedegeneri-6 t1
ranih e lek tr ičk ih  ( e ,f)-d vop o la  iznad 
m-grafa ixk D358

104 0 Y ~ 1 OT^Cz) :: prostor m-dvopola nad skupom 
nedegeneriranih e lek tr ičk ih  dvopola admi- 
tanci je z D364
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105 o y : 1kan 0YkQn( z ) :: prostor m-dvopola nad skupom 
kanonskih e lek tr ičk ih  dvopola ađmitancije z D370

106 oz” 1 OZ ^ (z ) : :  prostor m-dvopola nad skupom 
nedegeneriranih e lek tričk ih  dvopola impedan- 
c i je  z D363

107 0Zk L OZk^Cz) :: prostor m-dvopola nad skupom
kanonskih e lek tričk ih  dvopola impedancije z D369

108 pd P^(x), resp. xP :: desni sljedbenik od x 
( i )  d-sljedbenik m-broja D16
( i i )  d-sljedbenik m^-polinoma D120

109 pà P£(x), resp. xP’ :: desni prethodnik od x 
( i )  d-prethodnik m-broja D22
( i i )  d-prethodnik negeneratorske im itancije D169

110 ( i )  d-sljedbenik n-tog reda m-broja D18
( i i )  d-prethodnik n-tog reda m-broja D20
( i i i )  d-sljedbenik n-tog reda m^-polinoma D122
( i v )  d-prethodnik n-tog reda im itancije D171

111 p.Id p.Id (M ) :: p -ideal nad u m-sistema reda * D89

112 p .IdA(Mt ) p .id ea l m^-strukture nad A D in

113 p.IdB(Mt )
s

p .id ea l m^-strukture nad B D114

114 px P1(x), resp. Px :: l i j e v i  sljedbenik od x 
( i )  1-sljedbenik m-broja D15
( i i )  1-sljedbenik m^-polinoma D119

115 pí P^(x), resp. P»x : :  l i j e v i  prethodnik od x 
( i )  1-prethodnik m-broja D21
( i i )  1-prethodník negeneratorske im itancije D168

116 *1 ( i )  1-sljedbenik n-tog reda m-broja D17
( i i )  1-prethodnik n-tog reda m-broja D19
( i i i )  1-sljedbenik n-tog reda m^-polinoma D121
( i v )  1-prethodnik n-tog reda im itancije D170
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117 P° izomoríizam t  ̂ -s tru k tu re D154

118 pO permutacija id en tite ta  dvogeneratorekih 
im itancija D158

119 q ( i )  ljuska m-broja D14
( i i )  ljuska imitanci je D142
( i i i )  ljuska m-đvopola 
qx :: ljuska m-grafa x

D269

120 q q ( x ) i :  dual ljuske m-broja x D30

121 qp ( i )  p-ljuska m-broja D46
( i i )  p-ljuska m-dvopola D271

122 % ( i )  s-ljuska m-broja D45
( i i )  s-ljuska m-dvopola D270

123 +
qt q^(x) : :  ljuska m^-polinoma x DUO

124 Q ( i )  q-sljedbenik m-broja D25,D26
( i i )  q-sljeđbenik m^-polinoma D108

125 Q* q-prethodnik m-broja D27,D28

126 Qn ( i )  q-sljedbenik, resp. q-prethodnik 
n-tog reda m-broja D23,D24

( i i )  q-sljedbenik n-tog reda m .-poli- 
noma D109

127 r kvazi uređenje m-brojeva D41

128 ŕ dualno kvazi uređenje m-brojeva D42

129 R ( i )  recipročn i izomorfizam t-struktura D156
( i i )  rang (b ro j temeljnih rezova) grafa 

m-grafa D279

130 Ŕ dualno recipročn i izomorfizam t-struktura D157

131 Rrp permutacija re c ip ro c ite ta  dvogeneratorekih 
im itanci ja D160

132 Rrp permutacija dualnog rec ip ro c ite ta  dvogene- 
ratorskih  im itancija D161
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134

135

136

137

138

139

140

141

142

143

144

145

146

147

14 8

149
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Ri

RQ(x) :: broj temeljnih a-rezova (a-rang) 
m-grafa x
R^(x) :: broj temeljnih b-rezova (b-rang) 
m-grafa x
sljedbeničke funkcije dualnih Peanovih sistema

Sel.mreža xeSel.mreža !! *rJlaPa8ÌVna elektrlćka

s.Id s.Id (M„) :: s-ideal nad u m-sistema re-u ti ,da 7i

s.IdA(Mt)
s.IdB(Mt)
Slog

s-ideal m^-strukture nad A
s-ideal m^-strukture nad B
Slog(x) :: slog parametara kanonske s-forme imitancije x

m skup m-skupova

m-sist.{a,b}skup m-sistema nad {a,b}

m-subgr.

e,f

y€Sm-subgr.(x) 1: y <3e m-subgraf od x 
skup dvogeneratorskih imitancija 
skup (e,f)-imitanci ja

Te f (9)

V

V

te£-struktura
skup klasa ostataka (e,f)-imitancija modulo nula
(i) broj čvorišta m-grafa
(ii) broj čvorišta imenovane električke mreže
(i) primitivni simbol (skup čvorišta) m-topologi je
(ii) Vx :: skup čvorišta m-grafa x
(ili) V :: skup imena čvorišta imenova- x ne električke mreže x.

D280

D281

D101

D331

D88

D113

D112

D145

D81

D82

D191

D131

D130

D132

D174

D186

D365

D183
D185

D335
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150 V’ :: skup čvorišta  u e lek tr ičko j mreži x D332

151 w valuacija  ljuske dvogeneratorske im itancije D143

152 wd valuacija  svršetka im itancije D139

153 W1 valuaeija  početka im itancije D139

154 J T skup r i j e č i  m-topologije D258

155 Y Y(ixk ) : :  admitancija električkog dvopola ixk D340

156 Y~^(z) :: skup nedegeneriranih e lek tr ičk ih  dvo­
pola admitancije z D362

157 Yī . l funkcija admitancije CL-dvopola D356

158 Yī,o funkcija admitancije CR-dvopola D356

159 Y0,1 funkcija admitancije RL-đvopola D356

160 Yk L y7  ̂ ( z )  : :  skup kanonskih e lek tr ičk ih  dvopola 
011 admitancije z D368

161 Y° ; ' f prostor admitancije nad skupom izomorfnih ne­
degeneriranih e lek tr ičk ih  (e ,f )-d vop o la D360

162 z Z(ixk ) : :  impedancija električkog dvopola ixk D339

163 Ze , f funkcija impedancije ( e ,f )-dvopo la , t j .  CL- , 
resp. CR- , resp* RL-dvopola D355

164 z' 1 Z-1 (z )  : :  skup nedegeneriranih e lek tr ičk ih  
dvopola impedancije z D361

165 zkan Z : l ( z ) i :  skup kanonskih e lek tr ičk ih  dvopo- 
811 la  impedancije z D367

166 zo;^ f prostor impedancije nad skupom izomorfnih 
nedegeneriranih e lek tr ičk ih  ( e ,f )-dvopo la D359

167 r skup Č e tir i ju  osnovnih permutacija m-brojeva D33

168 rT skup č e t i r i ju  osnovnih permutacija dvogene- 
ratorskih im itancije D162

169 5 6(x ) : :  dijametar m-prostora nad m-grafom x D289
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170 A (1) permutacija đualiteta  u dualiz iranoj 
ad it ivnoj grupi prirodnih brojeva D102

( i i )  A (ixk ) ::  determinanta matrice admi- 
tancije  čvorišta  električke mreže x 
sa referentnim čvorištem i D341

( i i i )  An(ixk) ::  kofaktor (1 ,1 ) determinan­
te matrice admitancije čvorišta  e lek t­
ričke mreže x sa referentnim čvorištemft J »f D341

171 E ( i )  broj nepraznih grana m-grafa D189
( i i )  broj grana imenovane e lektričke mreže D365

172 ĒA broj A-grana m-grafa D138

173 Sb broj ab-grana (praznih grana) m-grafa x D188

174 Sa broj ba-grana (kratkospojnih grana) m-grafa x D188

175 EB broj B-grana m-grafa x D188

176 9 ( i )  $(x) : :  ime ( e , f ) - im ita n c i je  x D180
( i i )  $|x| ime klase ostataka ( e , f )- im itan -  

c i ja  modulo nula D181
( i i i )  $ ( jx k ) : :  razmak čvorišta  " j w i  "k" u 

m-grafu x D286
& ::  m-pro8tor nad m-grafom x D286

( i v )  $|ixk|:: ime klase ostataka m-dvopola 
modulo nula D296

177 skup ( e , f ) - im ita n c i ja  imena x D182

17 8 ^2G $2q( x ) • • skup m-dvopola imena x D297

179 e x 0 y :: x i  y su kongruentni modulo nula
x 0ny : :  x i  y su kongruentni modulo n
( i )  r e la c i ja  kongruencije modulo n sistema M D76
( i i )  r e la c i ja  kongruencije modulo nula 

t e£-strukture D172
( i i i )  r e la c i ja  kongruencije modulo nula 

m-topologije D293

180 9i r e la c i ja  kongruencije modulo jedan m-topologije D292
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181 X ( i ) o-duljina m-broja D57
( i i ) broj pribrojnika u C,- i C^-formi

m^-polinoma D124
( i i  1 ) red matrice im itancije D147

182 XP ( i ) p-duljina m-broja D50
( i i ) "stupanj brojnika" kanonske s-forme 

imitancije D148
( i i  i ) broj "temeljnih rezova" m-grafa D287

183 Xs ( i ) s-duljina m-broja D49
( i i ) "stupanj nazivnika" kanonske s-forme 

im itancije D148
( i  i  i ) suvislost (bro j "temeljnih p e t l j i "  ) 

m-grafa D284

184 xt ( i ) broj simbola za operacije zbrajanja 
u kanonskoj formi m^-polinoma D123

( i i ) broj "unutarnjih polova i  nula" imitancije D146

185 XI broj neophodnih pari zagrada u F - ,  i  F -formi 
m^-polinoma p DUO

186 M p(x) : :  matrica im itancije x D166

187 71 * (x ) : :  broj maksimalno povezanih subgrafova 
grafa m-grafa x D273

188 a na(x ) : i broj maksimalno povezanih a-subgrafo- 
va u m-grafu x D275

189 *b * b(x ) broj maksimalno povezanih b-subgrafo- 
va u m-grafu x D277

1901 n n(x) : :  karakterističn i polinom im itancije x D151

1902 n g p a rt it ivn i skup, skupa m-grafova D291

191 Pp pp(x) : :  p-rastav m-broja x D52

192 Rs P8(x ) : :  s-rastav m-brojaX D51

193 I sljedbenićka funkcija dualizirane aditivne
grupe prirodnih brojeva D102
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196

197

198

199

200

201

202

203

204

205

206

207

208

209

210

211
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+0 operator o-ŕormiranja r i j e č i  m-topologije D209

♦l operator 1-formiranja r i j e č i  m-topologije D210

*2 operator 2-formiranja r i j e č i  m-topologije D211

\KW) :: skup m-sistema nad skupom simbola W Dl

^t{A ,B }í :  skup m^-struktura generiran 
m^-atomima D103

U ) u>x (e )  karakter grane e u x 
( i )  karakter grane u m-grafu D185
( i i )  karakter grane u CL-mreži D350
( i i i )  karakter grane u CR-mreži D351
( i v )  karakter grane u RL-mreži D352

fì baza sistema M. Skup m-atoma, resp. m-slova D4

° e , f skup generatorskih (e , f ) - im ita n c i  ja D127

Qo skup m-atoma (m0-s lova ) sistema M. Skup nula 
(s-nula i  p-nula) m-strukture D9

QP p-baza m-strukture D48

Qp (e , f ) skup p-ireducibiIn ih  ( e , f )- im itan c i ja D165

° S s-baza m-strukture D47

° 3 ( e , f ) skup s-ireducib iln ih  ( e , f )- im itan c i ja D164

Qt ( i )  skup m^-atoma (m^-slova) sistema M D8
( i i )  skup generatora m^-strukture D105

skup primitivnih m^.-polinoma D106

£2(0) 0(0 ) : :  baza m-sistema klasa ostataka 
m-brojeva modulo n D79

°2Ge baza m-strukture klasa ostataka m-dvopola 
modulo nula D301

A  x A  y = xy ::  y nadovezano na x D2,D3
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212 s : : dualno s D5

213 * (1) kompozicija ( r e la t ivn i  produkt) osnovnih 
permutacija m-brojeva D34

( i i ) kompozicija osnovnih permutacija dvogene- 
ratorskih imitancija D163

214 ( i ) operacija serijskog zbrajanja m-brojeva D36
( i i ) s-operacija generiranja m,-strukture D104
( i i i )  s-zbrajanje u skupu klasa ostataka 

( e , f ) - im ita n c i je  modulo nula D178
( i v ) s-nadovezivanje u skupu klasa ostataka 

m-dvopola modulo nula D302
(v ) s-nadovezivanje u skupu klasa ostataka 

m^-dvopola modulo nula D312
( v i ) s-nadovezivanje u skupu klasa ostataka 

m^-dvopola modulo nula D329

215 r\ ( i ) operacija paralelnog zbrajanja m-broje­
va D33

( i i ) p-operacija generiranja m.-strukture D104
( i i i )  p-zbrajanje u skupu klasa ostataka 

( e , f ) - im ita n c i ja  modulo nula D179
( i v ) p-nadovezivanje u skupu klasa ostataka 

m-dvopola modulo nula D303
(v ) p-nadovezivanje u skupu klasa ostataka 

m^-dvopola modulo nula D313
( v i ) p-nadovezivanje u skupu klasa ostataka 

m^-dvopola modulo nula D330

216 <a l f uredajna re la c i ja  subalfabeta sistema M D40

217 +s 1 +p operacije neprave dekompozicije m-strukture 
u tenzorski produkt rešetke ( l a t t i c e )  i 
c ik ličke  grupe D53s,D54

218 <s x s y :: x je s-manje od y, resp. 
y je s-veće od x D66

219 <
p x <P y ::  x je p-manje od y, resp. 

y je p-veée od x D67

220 <-s X

1 
A

CD

y :: x je s-manje i l i  jednako y D68

221 cu
V

 
1 x ÍP y :: x je p-manje i l i  jednako y D69
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222 [ ] . x ,yl :: zatvoreni s - in terva l m-brojeva 
Js od x do y D72

223 [ 3p
j xiyI :: zatvoreni p -in terva l m-brojeva 

p od x do ,y D73

224 < x < y  :: x je manje od y, resp. y je veće 
od x D74

225 < x < y :: x je manje i l i  jednako y D75

226 i l Ix| :: klasa ostataka m-brojeva modulo n, 
sa reprezentantom klase x D77

227 To m-istina beskonačnog reda (periode nula) D90

228 K m-neistina beskonačnog reda (periode nula) D91

229 — 'm m-negacija D92

230 &m m-konjukcija D93

231 vm m-disjunkcija D94

232 m m-implikacija D95

233 * *m m-ekvivalenci ja D96

234 o,tr in ic i ja ln i  elementi dualnih Peanovih sistema D101

235 + ( i )  operacija s-zbrajenja u dualiz iranoj adi' 
t ivno j grupi prirodnih brojeva D102

( i i )  operacija s-zbrajanja u skupu funkcija 
kompleksne varijab le D128

236
r\+ ( i )  operacija p-zbrajanja u dualiz iranoj adi- 

t ivno j grupi prirodnih brojeva D102
( i i )  operacija p-zbrajanja u skupu funkcija 

kompleksne varijab le D129

237 V J oxi  xo + X1 + ••• + xn D137

238 A n
A

i  —o 1

r\ r\

xo + X1 +
r\+ Xn• • • D138
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239

240

241

242

243

244

245

246

247 

243

249

250

251

252

V A " : : izomorfizam t strukture i
t , - s t ru k tu re  gh

D152

A e»f/4 g,h= = dualni izomorfizam t strukture 
i t . ■-strukture D153

1 lo lx|o :: klasa ostataka ( e ,f )- im itanci,ja  
modulo nula D173

x «  y  :: x i y su izomorfni
( i )  izomorfizam m-grafova D192
( i i )  izomorfizam m-dvopola D261

0 skup m-grafova ko ji sadrže samo jedno čvori­
šte i  nemaju n i t i  jedne grane D194

/A skup m-grafova ko ji sadrže samo jedno čvori­
šte i  samo jednu singularnu A-granu D198

bao------ 0 skup m-grafova ko ji sadrže dva čvorišta  i  
jednu nesingularnu ba-granu D205

Bo
A

skup m-grafova ko ji se sastoje od paralelne 
kombinacije jedne B- i  jedne A-grane D243

ba©A serijska kombinacija disjunktnih m-grafova 
x i  y, povezivanjem kratkospojnom granom 
čvorišta  "k" u x i  čvorišta  ”n" u y. D256

( ) i ( x )k ,  resp. ixk 
( i )  m-dvopol D259
( i i )  e lek tr ičk i dvopol D337

xi>J :: " id e n t i f ik a c i ja ” čvorišta  " i "  
m-grafa x sa čvorištem - " j " D263

i x* ::  operacija uklanjanja praznih grana 
iz  m-grafa x D272

|j| :: skup čvorišta  u m-grafu x povezanih
ax a-putem sa " j "  D274

skup čvorišta  u m-grafu x povezanih 
b-putem sa " j "  D276
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255

256

257

258

259

260

261

262

263

309

I jxk| ::  skup m-dvopola kongruentnih modulo
nula sa jxk D294

1 lt |jxk|^ :: skup m^-dvopola 
lo nula sa jxk

kongruentnih modu-
D303

1 |jxk|^ ::  skup m^-dvopola 
lo jedan sa jxk

kongruentnih modu-
D316

T 1 skup m^-dvopola sa ljuskom jednakom ba D318

J-l skup m^-dvopola sa ljuskom jednakom ab D319

' l negacija u 20^0^, t j .  u skupu klasa ostataka 
m^-dvopola modulo jedan D320

&1 konjukcija u 20̂ 0-^ D321

V1 disjunkcija u 2G^0^ D322

*i implikacija u 2G^0^ D323

ekvivalencija  u 2G^0^ D324

|jxk|^ ::  skup m^-dvopola kongruentnih modu- 
lo nula sa jxk D325



Miro Šare, inženjer elektrotehnike, rođen je u Šibeniku 1918. 
Srednju školu je završio u rodnom mjestu, a studirao na Tehnič­
kom fakultetu u Zagrebu, na kojem je i diplomirao 1951. godine. 
Od 1948. zaposlen je na Zavodu za osnove i mjerenja u slaboj 
struji, Tehničkog, kasnije Elektrotehničkog fakulteta u Zagrebu, 
na kojem i sad obučava iz predmeta Elektronička mjerna teh­
nika. Radeći u tom području, otkrio je u proljeću 1957. godine 
mogućnost reprezentacije strukture električkih mreža linearnim 
kombinacijama triju simbola, koje je nazvao m-brojevima. Ogra­
ničivši se samo na dvogeneratorske električke mreže, ubrzo je 
našao glavne zakonitosti mt-strukture, iz kojih je razvio Algebru 
dvogeneratorskih imitancija, Sistem M i m-Topologiju, onako kako 
su i prikazane u ovoj knjizi.
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